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1 Example 2: Present-Value Model

The law of motion for y; = [y1+,y2+] is of the form

0 1/r ,
Yg = +up, u=Au+ €
0 1

The variables y1 ; and y2 ; have to satisfy the following relationship:
FEi q|yit+y2: — (L4+7r)y1| =0.

Note that

1
Yit = ;(yz,t —ug) + Uy

Thus,

1
yig+yer — (1 +r)yie— = Y21 + Apjur g1 + Asrug 1 + €1y
+y2,1—1 + Araut -1 + Aspuo 1 + €2
1
—(1+7) |:T(y2,t1 —ug—1) + Ul,t1:|
= |:A11 + A — (1+ T)] Ul -1
1+r

+ [A21 + Ao + ]U2,t—1 + €1+ €2t



Taking conditional expectations with respect to ¢t — 1 information yields the restric-
tions

A+ Ag = (1 + T‘), T(A21 + AQQ) = —(1 + 7”)-

2 Example 3: Linear-Quadratic Programming Problems

2.1 General Setup

Let {F:}?2, denote an increasing sequence of o-algebras defined on an underlying
probability space and IEy[-] the conditional expectation with respect to F;. More-
over, assume that {n;} is a conditionally homoskedastic martingale difference se-
quence, which obeys F;_1[n:] = 0 and F;_1[n:m;] = I. The linear quadratic dis-
counted stochastic regulator problem is to choose a m x 1 control process {z;}

adapted to {F;} to maximize

IFg Z ﬁt[ngSt + x;th + 2$2H8t] (5)
t=0
subject to
St41 = Asy + Bxy + Eny (6)
Eo 32720 8 (Isef* + [e]*)] <00 (7)

Here s; is a | x 1 state vector with initialization sg. The transversality condition (7)
can be viewed as an infinite horizon counterpart to a terminal condition on wealth
in finite horizon economies. The optimal policy is of the form z; = —F's;. The

matrix F' is implicitly given by the following system

= R+ BAPA— (BAPB+ H')(Q+ 3B'PB) ' (8B'PA + H),

= (Q+ BB'PB)"Y(8B'PA + H). (8)



2.2 Model Economy

Consider the following stylized model of consumption behavior. A consumer chooses

consumption {C}}72, to maximize the expected utility

—%EO [§<1ir>t(ct—zt—a)2] 9)

subject to the constraints

Ziy1 = PCi+eny (10)
Wi = (Q+r) (W= Cy) + Ligp1 + o (11)
L1 = p(l—09)+ oL+ ey (12)
L1 = ez (13)
2.3 Transformation of Model
Define C;y = Cy — a/(1 — 1) and Z; = Z; — pa/(1 — v). Thus,
Yo i b t(é — 7y)? (14)
90 pard 147 ¢ t

and Zt+1 = Tl}ét + €1,t4+1- Define _ZtLt = Il,t — U, and I~27t = I27t. 'I‘hllS7 I~17t+1 =

¢1: 1,t+1 + €2.¢+1. The wealth accumulation can be written as

(0%

8]
1—w]_1—¢

Wipi = (1+7) <Wt — [Ct - > + 1+ g+ oy + 2441 + €344

~ a(l+r ~
= 14+rWy—Q4+r)Cp+ pu1 + p2 — i_w) + ¢lot + €441 + €341 (15)
Now define
- 1/a(l+7)
Wy=W; — | ———= —uq1 — 16
t t r( 1— H1 M2>; ( )

and rewrite the wealth accumulation as

Wit = +7)We — (14 7)Ci 4+ ¢lg + a1 + €341 (17)



2.4 Solution of the Model

For the remainder of this section we will assume 1) = 0. Let § = 1/(1 + r). Define

z; = Cy and s; = [Wt, I Lt Zt]’ . The system matrices of the objective function are

00 0
1
R=100 0 , Q=-3 H=[0 0 1/2] (18)
00 —1/2

The system matrices of the transition equation are

/8 ¢ 0 -1/p
A=| 0 ¢ 0|, B= 0o |- (19)
0 00 0

We will now solve the Riccati Equation. Note that

203
+8B'PB) = —""C 20
@ pppmyt = 2 20
Moreover
/8 0 0 P11 P12 Di3 1/ ¢ 0
BA'PA = B| ¢ ¢ 0 P21 P22 D23 0 ¢ O
| 0 00 p3t p32 p33z | | O 0 0]
p11/B P12/ 0 /8 ¢ 0
= B (pu+p2)¢p (pi2+p22)p 0 0 ¢ O
i 0 0 0_ i 0 O 0_
p11/8 (p11 + p12)@ 0
= (p11 +p21)¢  (p11 + pia + pa1 + p2a)Bd® 0
0 0 0
and
/8 0 0 P11 P12 P13 -1/8
BAPB+H = 3| ¢ ¢ 0 P21 P22 P23 0 +H'

0 00 P31 P32 D33 0



/g 0 0 —p11/B
= Bl ¢ ¢ 0 —pa1/B | +H'
0 00 —p31/B
—pn/ﬂ

= —(p11 +p21)¢
1/2

Therefore,

(BA'PB + H')(Q + BB'PB) ' (BB'PA + H)

28 —p11/f
= ooy g | “putp)d/ || —pu/B —(putpa)d 1
i 1
28 i pii /B p11(p11 + p12)o/ 0 —p11/
T %u-8 p11(p11 4+ p21)d/B  (p11 + p12)(p11 + p21)9*  —(p11 + p21)9
—puf —(p11 + p21)0@ 1

Note that F' does not depend on p13, p22, pa3, and p33. Moreover P is symmetric.

Hence, we only have to solve for p;; and pia. pi11 has to satisfy the following

relationship:
p11 = p11/B — ip%/ﬂ2 (21)
2p11 — B
Thus,
p113(2p11 — B) = p11(2p11 — B) — 2p3;.
Hence,
21168 — B2 = -
and
1
P11 = 5(5 -1) (22)

The off-diagonal elements are given by the relationship

p12 = ¢(p11 + P12) — p11(p11 + p12)d/B (23)

20
2p11 — B



which implies that

1¢p(8—1)
= 24
b2 =57 P% (24)
We can now proceed with the calculation of the policy function:
1
F = ﬂ(—2ﬂ)(—1/62)§(ﬂ —-1)
= (-1
1 $B(B—1)
Fip = —-28)(— = -1+ —
12 B(=28)( ¢/ﬁ)2 (B-1)+ 1— o8
_ #B(B-1)
1—¢8
1
Fiz3 = (—25)5
This leads to
- 1—-0)- -
Ci = (1-p)W;+ ¢81 —5) Ly + BZy (25)
1—9¢p
T~ 10} ~ T
= Z 26
T+r ' (A+r—@)(1+r) 147" (26)
2.5 Inverse Transformation
The optimal decision rule for 1 = 0 in terms of the original variables is
1 r or r
Cy= %% Iy — 27
! 1+7“M+1—|—7" t+(1—|—7"—¢>)(1+7“)( Lt 'ul)+1—|-'r61’t (27)
The law of motion for wealth is
Witi = p+0+r)W— (1 +7)Ci+ ¢(L1e — p1) + €241 + €341
1—
= Wi+ M(h,t —p) —rers + €41 + €341 (28)
In terms of lagged state-variables consumption evolves according to
1 r ¢r(2—9)
C, = —p+—Wia+ Ly —
t T+t T Tt (1+7‘—¢>)(1+r)(1’t1 )
+T (gt enet en) — — (29)
L (et T ezt ese) = g€



We obtain the following system:

¢r(2—¢)
Ci = ﬁ (1+T’T—¢)(1+T) Wi
AW, | = 0 0 e 1 (30)
I 0 m o) (I1,4—1 — 1)
2
T Th T || “15 0 0| e
+ 0 1 1 e | + —r 0 0 €241
0 1 0 €5, 0 0 0] | esss

2.6 The Unrestricted Model

Define y1¢ = Cy, you = [AWy, Ingl's @10 = Wier, @20 = [L Il ye = Y14, 924)'
and z; = [7 4, 25 ,]. The regressor x1; is I(1), the regressor xo; is 1(0). We consider

the an unrestricted model of the form

Y1t Al AL Tt U1t
_ 11 21 " (31)
Yot 0 A ot U ¢
or in matrix form
Y=XA4+U (32)

Define the rotation matrix (and its inverse)

110 0

R=|0l1 pul|, R'= (33)

010 1

The model can be expressed in terms of rotated regressors X and parameters A as
follows:

Y =XR'RA+U=XA+U (34)

Notice that the rotation preserves the zero restriction Ai5 = 0. Define v, = (X1 —
p1) + €24 + €34 — €14—1. Assume that % qu} vy = B(r) = BM(Q2), where Q is

the long-run variance of 1.



2.7 Likelihood Estimation

For notational simplicity we drop the™ Suppose that u; ~ i2dN(0,X) and that X is

known. Define a = vec(A),

Aqy A1
a1 = vec , a9 = vec . aij = vec(4;j)

Aoy Az
and P, = M ® P, where
M= [ 0y2><y1 Iy2 } , P= [15131’0962]

M and P, are partitioned according to y; and z;, respectively. The zero-restriction

of the A-matrix can be expressed as Pya = 0. The likelihood function is of the form
1
p(Y|X,A) x exp {—2(a —a)(Z'®@ X'X)(a - a)} , (35)

where

a=(I®(X'X) ' X" vec(Y)

subject to the constraint P.,a = 0. The maximum likelihood estimator of a is

-1
a=a—- 2o (X'X) P <P*[Z ® (X’X)_l]P,ﬁ> P.a (36)

We will subsequently manipulate the maximum likelihood estimator by exploit-

ing the Kronecker structure of the estimator:
—1
o = a— 2o X'X) M P <[M @ PZ® (X' X) M o P’]) [M ® Pla
-1
= a—-[ZeX'X) M e P <MZM’ ® P(X’X)—1P’> [M ® Pla

— A= (e (X e P8 o [POCX) P M e Pl

~ / -1 0 0 / ! —1 pn-—1 ~
= a-[DeX'X)Y ® PIP(X'X)"'P)"'P | &
0 5
0 Zpp¥5y
- G- 22 o (x'X) P [P(X'X) PP | a

0 Iy



Thus,
a = a— <21222—21 ® (X’X)lP’[P(X’X)lP’]P> aso (37)
ay = dg— <12 ® (X’X)_lP’[P(X’X)_lP’]P> as (38)
Now we analyze the partitions of a seperately. Notice that
a; = [L @ (X' X)L X vec(Y;) (39)

Consider the estimator as. It can be easily verified that the elements of as that
correspond to Ajo are zero. The elements that correspond to Ay are obtained by

OLS estimation of Yo = X5 A9 + Us, that is

a2 = [l ® (X3 X2) ™' Xjlvee(Ya) (40)

Let [72 be the OLS residuals of Y5. We will show that the likelihood estimator

of a; corresponds to the OLS estimator of the following model

An At
Yi=X + Uzdigy o1 +V (41)

A2y

The term UQZ§21221 reflects the conditional expectation of Uy given Ug. Vectorizing

the equation yields

vee(Y1) = (I ® X)ar + (212555 @ Ir)vec(Us) + vee(V) (42)

= (@ X)ay + (1225 @ Ir)vec(Ya) — (L1255, @ I1)(Ia @ X)ag + vec(V)
Thus,

= [ e X'X) ' X vee(Y1) — [ @ (X'X) ' X' [Z12255 ® IT]Uec(Y2)>

+Ih @ (X' X)X ([21222—; @ Ir](Is ® X)aQ)
= [ X' X)X vee(Y1) — [212855 @ (X' X)X Jvec(Yz)
+H[Z1235 @ (X' X)X (I @ X)as

= a1 — [Z1220 @ (X'X) uec(X'V2) + 21285 @ (X'X) ' X')(I; ® X)az
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—[Z12Y5 @ (X' X)) X')(I ® X) <12 ® (X’X)lP’[P(X’X)lP’]P> s
= ai— [21222_21 & (X/X)fl]vec(X'Yg)
+[Z12855 @ (X' X) X)L ® X)[I2 ® (X'X) Huee(X'Ya)

_ (21222; ® (X’X)—lp’[P(X’X)—lp’]P> an
= a — (21222—; ® (X’X)lp’[P(X'X)lP’]P>az

which is identical to the expression in Equation (37).

2.8 Limit Distribution

The limit distribution of G9o is determined by

AQQ = A22 + (XéXQ)_lXéUQ (43)
Notice that
Uy = Xo(Agy — Agg) + Uy (44)

Define the matrix M; = I — X;(X!X;)"1X/. Thus,

A = (X{MoX1) X[ Ma[Y1 — Xo(Azo — A2) S5y Yot — Us Sy Yoi]

= A+ (XM X)) P X My (Uy — UsSy, S01)

Moreover,

~

Ay = (X5MyXo) ' XEML[[V1 — Xo(Agg — 1422)2521221 — Us¥5y Yo1]

= Agy + (X5M X)L XMy (U — UsS5, 591) + (Agy — Agp) T By

We now examine the behavior of the sample moments. We are again omitting
the "to denote rotated regressor.

1

T

%X{Xl = /BlBi =Qn

XéXQ - E[.I‘QJJ/Q]EQQQ

1

d W, [ B
T3/2 >

1
XX = D
T3/ t=1 | Xo4Wy 0
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1 / 1 / -
= Qu— Q21Q11 Q12 =Qu2
Ly L Loy )

= Q20— Q1205 Qa1 = Q1

Define Uy 5 = Uy — Uz X5, Y21 with covariance matrix S11.2 = %11 — 21255, Y.

Now consider

——vec(X4Us) = ! (I, ® X})vec(Us) = MN(O Y22 ® Qg >

1
T1/2 T1/2

1 1 1
Tvec(X{MgUl_Q) = Tuec(X{Ul_Q)—Tvec(X{XQ(XQXQ)*IXQUl_Q)

1
= T(Il ®X{)U€C(U1.2)

i () () e
= M/\/(O, 2112® Q11.2>
ﬁvec(Xé)ﬁ (X1X1) "' X{U19)
I ® X})vec(Uy 2)

1
——vec(XHM Uy o) = erc(XéUl,g)f

1
T1/2(

1 1 -1
_T |:I1 X <T3/2 X2X1> (T’2X1X1> Xi:| 'UBC(ULQ)

= MN(O, Y112® Q22.1>

1
T1/2

Notice that —1zvec(X5Us) is asymptotically independent of fvec(X|MUy 2) and

Tt/

Tl/g vec(X5M Uy 2) because the covariance of Uy o and Us is zero by construction.

Moreover, U o is independent of the random matrices Q112 and Q22.1.
Overall we obtain the following limit distribution for the (rotated) parameters
T(an — an)
f( — agl) - 771/2/\/(0, I), (45)
VT (a2 — ass)
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where
(112 ® Q1) —(Z112 ® Q119Q12Q5) 0
=1 —(Z112© Q2 Q210115 (Z112® Q1) + (1255 221 ® Q3)) (12 ® Q3)
0 (S21 ® Q3) (D22 ® Qo)

2.9 Time Series Extension

In our application the u; process is not i¢d. It can be expressed as a moving-average
of past €’s

Uty = C(L)Gt, € N~ ZZd(OEE) (46)

Using the approach of Phillips and Solo (1992), we decompose the MA-process as
follows

uy = C(1)e, + C(L)(L — 1)e (47)

In our model u; is an MA(1) process and the expansion is of the form

U = (Co + 01)615 + C (Gt—l - Et) (48)

The OLS-estimator of a can be interpreted as a pseudo-maximum likelihood
estimator if the u;’s follow a linear process. For the estimator to be consistent we
have to assume that IE;_;[z;u;] = 0, which is the case for our structural model. The
limit distribution of the estimator is obtained by replacing ¥ with C(1)X.C(1)".
Since the stationary component of the model has serially correlated errors, the

quasi-maximum likelihood estimator is not fully efficient.



