PERPETUAL AMERICAN OPTIONS UNDER LEVY PROCESSES

S.I. BOYARCHENKO* AND S.Z. LEVENDORSKIIf

Abstract. We consider perpetual American options assuming that under a chosen equivalent martingale measure the
stock returns follow a Lévy process. For put and call options, their analogs for more general payoffs, and a wide class of
Lévy processes, which contains Brownian Motion, Normal Inverse Gaussian Processes, Hyperbolic Processes, Truncated
Lévy Processes and their mixtures, we obtain formulas for the optimal exercise price and the fair price of the option in
terms of the factors in the Wiener-Hopf factorization formula, i.e. in terms of the resolvents of the supremum and infimum
processes, and derive explicit formulas for these factors. For calls, puts and some other options, the results are valid for
any Lévy process.

We use the Dynkin’s formula and the Wiener-Hopf factorization to find the explicit formula for the price of the option
for any candidate for the exercise boundary, and by using this explicit representation, we select the optimal solution.

‘We show that in some cases the principle of the smooth fit fails, and suggest a generalization of this principle.
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1. Introduction. Consider a market of a riskless bond and a stock whose returns follow a Lévy
process. If the Lévy process is neither a Brownian motion nor a Poisson process, the market is in-
complete. According to the modern martingale approach to option pricing [16], arbitrage-free prices
can be obtained as expectations under any equivalent martingale measure (EMM), which is absolutely
continuous w.r.t. the historic measure.

Let the riskless rate r > 0 and the dividend rate A > 0 be fixed, let S = {S;}+>0, St = exp X; be
the price process of the stock, and let Q be an EMM chosen by the market. Let {X;} be a Lévy process
under Q, and (92, F,Q) the corresponding probability space (for general definitions of the theory of
Lévy processes, see e.g. [33], [5] and [34]). Let g(X:) be the payoff function for a perpetual American
option on the stock (e.g. for a put, g(x) = K — e®, and for a call, g(z) = e* — K, where K is the strike
price; for the formulation of our results, it is more convenient to use g(X;) rather than max{g(X;),0}).
Set ¢ = r+ )\, and denote by V. (z), where z = In S, the rational price of the perpetual American option.
It is given by

(L1) V(@) = sup B*[e " g(X,)],

where E® denotes the expectation under Q, and the supremum is taken over a set M of all stopping
times 7 = 7(w) satisfying 0 < 7(w) < 00, w € N (see e.g. [35], XVIII, 2).
Suppose that the optimal stopping time is the hitting time of the exterior of an open set C C R:

(1.2) . =inf{t>0| X, ¢C}.

In the pure diffusion case, one finds a candidate for the optimal stopping time (1.2) or equivalently a
boundary of C by using the smooth fit principle, as in [21] and in [28]; see also [35]. When jumps are
present, this principle may fail. This effect was demonstrated in [31] for sequential testing problems
for the Poisson process, and in [7], [8] and [10]-[12] for a discrete-time model of the investment under
uncertainty, the perpetual American put in discrete time, and the perpetual American put in continuous
time, respectively (in [7], [8], and [10]-[12], only the free boundary value problem was considered).

We use a direct reduction of the problems for puts and calls to the free boundary problem based
on the Dynkin’s formula, and we solve this problem directly by using the Wiener-Hopf factorization
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method in the form which is standard in the theory of pseudo-differential operators (PDO) (see e.g.
[20]).} Similar but less direct approach was used in [29] for pure jumps and jump-diffusion mixtures
of special forms; only puts and calls were considered. In [15], the perpetual call for random walks was
considered, and the answer in terms of the supremum process was obtained. In [30], the paper [15] was
used to derive results in the same non-explicit form for calls and puts and any Lévy process.

We do not use the smooth pasting principle but make the direct comparison of expected payoffs
for different choices of candidates for the exercise price. We formulate the optimality conditions for a
relatively general payoff, and verify them for puts, calls and other options with payoffs of the form

(1.3) g(z) =Y ¢j exp(y;z);
=1

the list of examples can be extended. An example of (1.3) is an option which gives its owner the right
to sell the stock for K + a+/S;.

We obtain the optimal solution in the class Mg of hitting times of semi-infinite intervals; the
verification in the class M is made for Brownian Motions (BM), Normal Inverse Gaussian processes
(NIG) and their generalizations, Hyperbolic Processes (HP), Truncated Lévy Processes (TLP) and any
finite mixture of independent BM, NIG, HP and TLP.

The results are formulated in terms of the infinitesimal generator and the factors in the Wiener-Hopf
factorization formula (equivalently, in terms of the resolvents of the supremum and infimum processes);
in this form, they make sense for any Lévy process. We prove the results by using explicit analytic
expressions for the factors, obtained in the paper for a wide class of Lévy processes. This class can
be loosely characterized as a class of Lévy processes with the Lévy measures exponentially decaying at
infinity and having polynomial singularity at the origin; we call these processes Regular Lévy Processes
of Exponential type (RLPE)2. Notice that BM, NIG, HP and TLP, and any finite mixture of independent
BM, NIG, HP and TLP are RLPE.

We exclude Variance Gamma Processes (VGP), since they need special treatment at many places;
in particular, the explicit formulas for the factors in the Wiener-Hopf factorization formula, which we
use, need regularization in the case of VGP.

Not only BM, but the other mentioned processes as well have been widely used to describe the
behavior of stock prices in real financial markets:

Variance Gamma Processes have been used by Madan and co-authors in a series of papers during
90th (see [23], [24] and the bibliography there);

NIG were constructed in [2] and used to model German stocks in [3];

HP were constructed and used by Eberlein and co-authors [17], [18], [19]; hyperbolic distributions were
constructed in [1];

TLP constructed in [22] were used for modeling in real financial markets in [6], [14] and [27]; a gener-
alization of this family was constructed in [9], [11], [12]. As A.N. Shiryaev and O.E. Barndorff-Nielsen
remarked, the name TLP was misleading, and so from now on we will call this family of processes
KoBoL family.

Earlier, non-infinitely divisible truncations of stable Lévy distributions had been constructed and
used to model the behavior of the Standard & Poor 500 Index by Mantegna and Stanley [25], [26].

Notice that the Lévy measure of any Lévy process can be approximated by a sequence of Lévy
measures of RLPE so that the factors in the Wiener-Hopf factorization formula also converge, and in

INotice that the stochastic version of the Wiener-Hopf method was used to solve boundary value problems for stochastic
processes in Queuing Theory and Insurance (see [13] and [32]).
2In [9])-[12], a misleading name Generalized Truncated Lévy Processes was used. Here we use the name suggested in

[4].



the case of payoffs of the form (1.3), the answers and conditions are formulated in terms of these factors.
Hence, for these payoffs, our results are valid for any Lévy process. Whether they are valid for any Lévy
process, when payoffs are more general than (1.3), remains an open question.

As it is well-known, simple formulas for the factors in the Wiener-Hopf factorization formula can
be obtained in few cases only. Here we obtain them (in two versions) by using only one integration,
and for model classes HP, NIG, and KoBoL family, we derive really simple approximate formulas, with
small errors if the rate of decay of the tails is large. As empirical studies in [3] and [27] suggest, usually
this is the case, and so these approximate formulas may be of some interest.

The plan of the paper is as follows. In Section 2, we introduce the class RLPE, give examples, and
prove several properties of the characteristic exponents of RLPE. In Section 3, we derive two sets of
explicit formulas for factors in the Wiener-Hopf factorization formula, and necessary bounds for these
factors; for model classes of RLPE, we also obtain approximate effective formulas for the factors.

In Section 4 (resp., Section 5), we solve the problem for the perpetual American put (resp., call)
and similar more general payoffs, in the class My. In Section 6, we formulate the free boundary value
problem, prove that its solution solves the optimal stopping problem in the class M, and for model
classes of RLPE and mixtures of independent processes of the model classes, we verify that the explicit
solutions found in Sections 4-5 for puts, calls and some other options with the payoffs of the form (1.3),
solve the free boundary value problem, and hence, solve the problem (1.1).

In Section 7 we show that in some cases the smooth pasting condition fails, and offer its gener-
alization, which is valid for RLPE; in Appendix, we prove the most technical statements of Sections
2-6.

2. Regular Lévy processes of exponential type.

2.1. Some basic facts about Lévy processes. (See e.g. [33] (1990), Section 1.4, [5], p.p. 3, 13,
and [34], p.3). We assume given a filtered probability space (2, F, (F¢)o<t<+oo, P) satisfying the usual
hypotheses.

DEFINITION 2.1. An adapted process X = (Xi)o<t<too With Xo = 0 a.s. is a Lévy process if and
only if

(i) X has increments independent of the past, i.e. Xy — X is independent of Fs,0 < s <t < 400;

(i5) X has stationary increments, i.e. Xy — X has the same distribution as X;—5,0 < s <t < +00;

(i3) X is continuous in probability.

There exists a nice formula (the Lévy-Khintchine formula) which explicitly describes a Lévy process
in terms of its characteristic exponent, ¢, defined by E[e%X:] = e~¥(&). Since we consider only 1-
dimensional Lévy processes here, we formulate the corresponding theorem in the 1-dimensional case
only.

THEOREM 2.2. (i) Let X be a Lévy process on R. Then its characteristic exponent admits the
representation

2
(2.1) WO = FE —ine— | (€~ 1= il (@)(d),

where o >0, v € R, and Il is a measure supported on R\ {0}, which satisfies

—+oo

2.2) m({0}) = 0, / (j2 A D)TI(dz) < oo.

— 00

(i) The representation (2.1) is unique.

(iii) Conversely, if o > 0, v € R, and II is a measure supported on R\ {0}, which satisfies (2.2),
then there exists a Lévy process X with the characteristic exponent defined by (2.1); X is uniquely
defined in law.



The triple (02,11,7) is called the generating triplet of X. The 0% and II are called the Gaussian

coefficient and Lévy measure of X. When II = 0, X is Gaussian, and if ¢ = 0, X is called purely
non-Gaussian.
The infinitesimal generator, L, of a Lévy process X acts as follows:

2

(2.3) Lf(z) = 7

+oo

(@) + (@) + / (@ +1) = 1) =y ()10 () T(dy).

—00

Apply —L to an oscillating exponent f(z) = e?*¢, and use (2.3):

. 2 +OO . . .
R (D= [T e [ - - ey ) ¢ = v,

By decomposing a sufficiently regular function u into the Fourier integral

+oo
u(z) = (2m) ! / €7a(6)de,
where
—+oo
(2.5) a(e) = / ¢ € u(r)do

is the Fourier transform of a function u (this is the standard definition in the literature on pseudodiffer-
ential operators (PDO)), and using (2.4), we conclude that —L as a pseudo-differential operator with
the symbol 9(£):

—L =y(D).
Recall that a pseudo-differential operator with the (constant) symbol a is defined by
N R
aDu(z) = 2n)" [ ea@ile)ds

For an introduction to the general theory of PDO, see [20].

2.2. Lévy processes of exponential type.
DEFINITION 2.3. Let A_ < 0 < Ay. We call X a Lévy process of exponential type [A_,A.] if its
Lévy measure satisfies

(2.6) /1 e 2T (dx) + /+<><> e *-*TI(dz) < .
1

—00

LEMMA 2.4. Let X be a Lévy process of exponential type [A_, A;+]. Then

(i) the characteristic exponent v is holomorphic in the strip SE € (A_,Ay), and continuous up to
the boundary of the strip;

(i) there exist C and v > 0 such that for all & in the strip I € [A_, \{],

(2.7) [9(©)] < CA+ (&)

(i) for any q > 0, there exist § > 0 and o_ < 0 < o4 such that for any [w_,wy] C (6-,04) and
all & in the strip SE € [w_,wy],

(2.8) q+Ry(§) =6,
4



where § = §(w_,w4) > 0;
(i) if
(2.9) q+¢(i(o- +0)) >0, and g¢+(i(oy —0)) >0,

then (2.8) holds.
(v) for any q > 0, the equation

(2.10) q+9(&) =0

has at most one purely imaginary root in the lower half-plane, call it —iB+, and at most one, —if—, in
the upper one half-plane;
(vi) the root —if+ exists if and only if

(2.11) g+ 9@rL F¥0) <0,

and if it exists, it is a simple root

Proof. (i) is immediate from (2.6), and (ii) can be easily deduced from the Lévy-Khintchine formula,
by considering separately the integral over |z| < [£|~! and |z| > |€|7!.

(iii)-(iv) Set M;(o) = fj—;o e~ 7ul(dz), where p'(dz) is the probability distribution of X;. By
differentiating twice, we conclude that M; is convex, and clearly, M;(0) = 1 < e?. Hence, there exist
w_ <0< w,; and § > 0 such that for all o € [w_,wy], M;(0) < 0.

Now, for any £ € R, and these o,

exp(—R(€ +io)) = |exp(—y(§ +i0))| =

+oo +oo
= [ e < [T emia)

—00

therefore (2.8) holds with o_ = infw_, o4 = supwy, and (2.9) implies (2.8).
(v)-(vi) Notice that by the proof of (iii), ¢ — ¢q + 9 (io) is concave and equals to ¢ > 0 at 0. O

2.3. Two definitions of Regular Lévy Processes of Exponential type. For the sake of
brevity, we consider processes with Lévy measures (almost) symmetric in a neighborhood of the origin.

DEFINITION 2.5. Let A\_ <0< A} and v € [0,2). A purely non-Gaussian Lévy process is colled a
Regular Lévy Process of Exponential type [A\_,Ay] and order v if its Lévy measure satisfies (2.6) and,
in a neighborhood of zero, admits a representation (dx) = f(x)dx, where f satisfies the following
condition:

there exist V' < v, ¢ >0, and C > 0 such that

(2.12) (@) = cla|™ 7Y < Cla| ™7, V2| < 1.

If the sample paths of a Lévy process have bounded variation on every compact time interval a.s.,
one says that the Lévy process has bounded variation. A regular Lévy process of exponential type has
bounded variation if and only if v < 1, since this is equivalent to fj:;(|w| A DII(dz) < +oo (see e.g.
[5], p-15).

Straightforward calculation (see [9]) shows that an RLPE of order v > 0 in the sense of Definition
2.5 is an RLPE in the sense of the following definition.

DEFINITION 2.6. Let A_ <0< A; and v € (0,2]. A Lévy process is called a Regular Lévy Process
of exponential type [A\_,Ay] and order v > 0 if the following two conditions are satisfied:

5



a) the characteristic exponent admits a representation

(2.13) P(§) = —ing + ¢(8),

where ¢ is holomorphic in the strip SE € (A, A1), is continuous up to the boundary of the strip, and
admits o representation

(2.14) $(§) = clgl” + O(l¢™),

as & — oo in the strip SE € [A_, Ay], where v; < v;
b) there exist vo < v and C such that the derivative of ¢ in (2.13) admits a bound

(2.15) 16" (I < CA+[EN™,  SE €A, Ay

One can easily generalize both definitions by using ¢+ > 0 in (2.12) on the half-axis +x > 0, and in
(2.14)—(2.15), as RE — +oo.

2.4. Model classes of Regular Lévy Processes of Exponential type. All model classes listed
in Introduction but VGP are RLPE:
e BM are RLPE of order 2, and any exponential type;
e a KoBoL process of order v € (0,2), with steepness parameters A\_ < 0 and A > 0, is an RLPE
of orger v and exponential type [A_, A;]. An (asymmetric) version can be defined as a purely
non-Gaussian Lévy process with the Lévy measure

(2.16) I(dz) = cyz” ter"da + c_z”" teMdz,

where £, = max{z,0}, and ¢+ > 0. An RLPE in the sense of Definition 2.5-Definition 2.6
obtains with ¢y =c_.

Direct calculation show that if v € (0,2),v # 1, and ¢, = ¢ = ¢, then the characteristic
exponent of a KoBoL process is of the form

(2.17) (&) = —ipl + L(=v)N] — A +i6)" + (=A)" = (=A- —i§)"].

In the case v = 1, the formula differs from (2.17) (see [9], [12]).

e a Normal Tempered Stable Lévy process of order v € (0,2), with parametersd > 0,a > 8 > —a,
is an RLPE of order v and exponential type [—a + 3,a + f]; in particular, NIG processes are
RLPE of order 1. The characteristic exponent is of the form

(218) 1/)(5) = —i'u£+ 5[(@2 _ (ﬂ _}_ié‘)z)b’/? _ (a2 _ ,82)V/2];

e a HP with parameters § > 0,a > > —a, is an RLPE of order 1 and exponential type [A_, A{],
for any [A_, A\y] C (—a+ B,a + B). Its characteristic exponent is equal to

e [L0d KRG/ EFED)
(2.19) V() = =g~ | e ST

2.5. Properties of the characteristic exponent of RLPE.

2.5.1. General properties. Clearly, an RLPE is a Lévy process of exponential type, therefore
the properties listed in Lemma 2.4 hold for any RLPE.
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2.5.2. Additional properties of the characteristic exponents from model classes. In order
to derive simple approximate formulas for the factors in the Wiener-Hopf factorization formula, we need
the following lemma, which we managed to prove only for model classes, on the case-by-case basis. We
conjecture that this lemma holds for a much wider variety of RLPE if not for all RLPE.

LEMMA 2.7. Let X be one of the model processes, of order v > 0 and exponential type [A_, Ay].

Then (i) the ¢ in (2.13) admits the analytic continuation into the complex plane with two cuts:
(—i00,iA_] and [idy, +io0), and outside any neighborhood of i\ and i\, satisfies the following esti-
mate:

(2.20) [9(&)| < C(L+ €)%

(i) all the roots in the plane with the cuts are purely imaginary.
Proof. See Appendix. O

3. The Wiener-Hopf factorization.

3.1. General Lévy processes. Let (2, F,P) be a probability space, on which a one-dimensional
Lévy process X is defined, and let Q¢ be a subset of Q such that for each w € Qg, the trajectory X.(w)
is right-continuous with left limits. Define, on Qg, M; = supg<,«; Xs; and N; = info<;<; X5. On Q\ Qo,
both M; and Ny are set to be 0. M = {M;} and N = {N,} are called the supremum process and the
infimum process, respectively. The Laplace transform (in ¢) of the distribution of Xy, or more precisely,

qE” [/Oo e etk dt] =q(g+ (&)1,

0
can be factorized by using the Laplace transforms (in t) of the distributions of the supremum and infimum
processes. Among many factorization identities, we will use only the simplest one ([34], Theorems 45.2
and 45.5; for more detailed exposition, see [34], Section 45).

Let p! be the law of X.

THEOREM 3.1. (i) Let ¢ > 0. There exists a unique pair of infinitely divisible distributions uj

and p; supported on (—oc,0] and [0, +00), respectively, such that their Fourier transforms d)j and ¢,
satisfy

(3.1) a(q+9(€)7" =7 ()¢, (6), E€R.

(i1) The functions (;5;1" and ¢, admit the following representations

+o0 +oo
(3.2) ¢j(§) = q/ e 1 E[e®M]dt = q/ e_nt[eiE(Xt_Nt)]dt,
0 0
“+oo +oco
(3.3) 67 (6) = / et B[N dt = g / o=t Bei€(Xi=M) gy
0 0
and
+oo +oo
(3.4) (€)= exp [ /0 t Lty /0 (e — l)pt(dw)] ,
+oo 0 )
(3.5) 67 (€) = exp [ /0 et gy /_ (e l)ut(daz)] .
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Notice that ¢ (£) (resp., ¢, (£)) admits the analytic continuation into the upper half-plane I¢ > 0
(resp., lower half-plane ¢ < 0) and does not vanish there. Thus, (3.1) is a special case of the Wiener-
Hopf factorization introduced in solving integral equations by Wiener and Hopf in 1931, and widely
used in the theory of boundary value problems for PDE and PDO.

The formulas (3.2)—(3.3) are by no means explicit though very convenient for theoretical consid-
erations, and (3.4)—(3.5) are rather involved. Simple explicit analytical formulas can be obtained for
special cases only.

Ezample 3.1. Let X be a Brownian motion with the drift v and variance o?. Then the characteristic
exponent is ¥(§) = %2.52 — €. It is clear that for ¢ > 0, the equation g + ¥(£) = 0 has two roots —if_
and —if, in the upper and lower half-planes, respectively, and therefore, q(q + ¥(£))~! admits the
factorization (3.1) with

+ _ ﬂ-ﬁ- — _ _B—

(36) GO=g T =5
Clearly, ¢, is the Fourier transform of the exponential distribution with parameter —3_, and q);r is the
Fourier transform of the dual to the exponential distribution with parameter 3.

3.2. Lévy processes of exponential type. We fix a branch of In by the requirement Ina € R
for a > 0. We also fix w_ < 0 < w4, for which (2.8) hold.
THEOREM 3.2. Let X be a Léuvy process of exponential type, let there exist C,c,v > 0 such that

(3.7) RY(&) 2 c(1+ €))7, SE€fw,wyi],

and let there exist ¢ > 0 such that for w = w4,

ook ()|
3.8) /_W L+ ) (g + Ry 1 <+

Then a) ¢;]'“ (&) admits the analytic continuation into a half-plane SE > w_ and can be calculated as
follows:

(3.9) 65 () = exp [(%m‘)—l /_ T:: : f'f;?()n) o 3 dn]

o [ S

b) 67 (€) admits the analytic continuation into a halfplane S€ < w. and can be caleulated as follows:
(3.11) 67 (€) = exp [—(2#1‘)1 [ ::T ) f’ f:()n) 1n " - ¢ dn]

(3.12) - l_ i1 /_::Jr: 511;(5; ﬁgn)) dn] ;

c) d)&“(ﬁ)_l (resp., ¢, (€)~1) admits the analytic continuation into a wider half-plane I& > A_
(resp., SE < Ay ) by

(3.13) ¢5 ()7 =a" g +¥(€)e; (©), e, w];

(3.14) ¢ )7 =q g+ ¥y (), SEE [wi, Ay).
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Proof. a) Consider the expression under the exponent sign in (3.4):

+oo ,—qt ptoo
GE =/0 % i (€6 — 1)t (d)dt

+oo et +oo +oo .
:/0 ; /0 (e'¢ —1)(277)*1/ e @) dndzdt

On the strength of (3.7), we may apply the Cauchy theorem and shift the line of integration:

+oo efqt +oo +oo+iw_ )
&)= / / (et —1)(2m) ™" / e~ =t dndgdt.
0 0

t —0o0+iw—

Now the inner double integral converges absolutely, hence we can apply the Fubini theorem and integrate
w.r.t. z first:

+oo+iw—

+oo t
=[Sy [ et gt

—o0+iw—

Integrate by part:

+oo —qt +oo+iw_ _
:/ € (27m) 1/ nn 5tzb'(n)e*“/’(")dndt

co+iw_

+oo +oo+zw_ 77 §
(2mi)~ / / 1= 8 ()=t ) .

co+-iw_

From (3.8), the integral above calculated in the reverse order dtdn converges absolutely. Hence we can
apply the Fubini theorem once again and obtain (3.9); integrating in (3.9) by part, we arrive at (3.10).

b) The dual process X is of exponential type [=Ay,—A_], its characteristic exponent is v, and
[—wy, —w_] plays the part of [w_,w,] in Lemma 2.4. Write down the Wiener-Hopf factorization for X
and apply the complex conjugation; then the “+”-factor for X becomes the “”-factor for X, and (3.9)
for X becomes (3.11) for X.

c) follows from (3.1) and Lemma 2.4, (i). O

Remark 8.1 1f X is an RLPE in the sense of Definition 2.6, then (3.8) and (3.7) hold; hence, Theorem
3.2 holds as well.

LEMMA 3.3. Let w_ and w4 be as in Theorem 3.2.

Then there exists C' > 0 such that in the half-plane £3€ > fw-, ¢flt admits estimates

(3.15) (L+1EDC < lgg ()] < (1 + (€D

Proof. In (3.9) and (3.11), make change of variables n — |{|n and use (2.7) to notice that the
expressions under the exponential sign admit an estimate via C'ln(2 + |¢|). O

(3.15) is insufficient for the proofs in Sections 4-6. More information about properties of the factors
is obtained below.

3.3. Regular Lévy Processes of Exponential type. Let 0 < 0 < o4 be from (2.8). Fix
A > max{—o_,0+}, and set AL(§)* = (AFi€)® = exp[sIn(A Fi&)]. Next, choosed >0 and k_,k1 € R
so that

(3.16) B() :=d AL (&) A_(E) " (g + (&)
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satisfies

(3.17) Jim B() =
Choices of d, k4 and x_ depending on properties of ¢, hence on v, u and ¢ in (2.13)—(2.14), we have to
consider four cases.

1. Ifve(l,2)orve(0,1]and p =0, weset d =c,ky = k_ =v/2.

2. fve(0,1)and p >0, weset d=p, ki =1,k =0.

3. fre(0,1) and p <0, weset d = ||, k4 =0,k_ = 1.

4. fv =1, weset d = (¢ + p*)'/?, ke = 1/2 + 7~ arctan(u/c).
In all cases, (3.17) follows from (2.13)—(2.14). In the first three cases, (3.17) is immediate, and in the
last case, the simplest way is to check that In B(§) — 0 as £ = +o00:

lim 1nB(§)::t7T—Zn+:F7T—ln I

_ -— — —Kk_+1)1
oo 9 9 (C2+M2)1/2+( Ky — k- +1)In|k|

)
= +(k4 — H,)% ¥iarctan% =0

by our choice of k4 and x_.

The last factor in (3.16) assumes values in a half-plane Rz > 0 by (2.8), and the same is true of the
product of the first three factors, since the first one is positive, A_(§) and A4 (&) assume values in the
half-plane but in different quadrants, and 0 < k1 < 1. Hence, for all £ € R, —7 < arg B(§) < 7, and
therefore, b = In B is well-defined on R. Fix w_ < 0 < w4 such that o_ < w_, wy < o4, where o are
from (2.8), and notice that all the arguments above are valid on any line S¢ =0 € [w_, w4 ].

Next, for 7 >w_, 71 € [w_,7) and real £, set

i +oo+iT1 b(Tl)
3.18 b \T) = — —td
(3.18) 4 (€ +i7) 2w/m+m i

(by the Cauchy theorem, by (n + i7) is independent of a choice of 71 ), and for 7 < wy, 7 € (7,wy] and
real &, set

+oo+iT2 )
1 - ——dn.
(3 9) (é- * ZT / oo+1iT2 § +iT — n 7

It follows from (2.13), (2.14), (3.16) and (3.17) that there exist Cy,p > 0 such that for any 7 in a strip
I € [w-,w4],

(3.20) b(m)] < Ci(1+[n)~".

Hence, the integrals in (3.18)—(3.19) converge, and by (&) (resp., b_(£)) is well-defined in a half-plane
SE w- (resp., FE < wy). We set a+ (&) = AL (§)"* exp b (§).

THEOREM 3.4. a) a4 (resp., a_) is holomorphic in a half-plane S > w_ (resp., € < wy). It
admits the analytic continuation into o wider half-plane & > A_ (resp., S€ < A1), and the continuous
extension up to the boundary, by

ay(§) =a(§)/a—(§), SEe[r,w ],

a_ (&) =a(§)/ay(§), SEE [wi,A4],
where a(€) = d~" (¢ + ¥ (£));
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b) on a strip SE € [A_, A4],
(3:21) g+ ¥(§) = day(§a—(8);
c) there exist C,c > 0 and p1 > 0 such that in o half-plane SE > w_,

(3.22) c(1+[E)™ <lar (O] < O+ [E)"™;

(3-23) lap (6)F = Ay ()™ < O+ e +r;
and in a half-plane & < wy,

(3.24) c(1+E)* <la- () < CL+[ED",

(3.25) la(§)*! = A ()| < C(L+ [gh*r =7
d) factors in (3.1) and (3.21) are related by

(3.26) g (6)" = ax(6)/ax(0).

Proof. a) The first statement is straightforward from (3.20), and once ¢) is proven, the second one
follows since a(&) is holomorphic on a strip $¢€ € (A_,A;), and admits the continuous extension up to
the boundary of the strip.

b) By the residue theorem, we have for 7 € (w_,3€) and 7 € (SE,wy)

B L +o00+iT1 B +o00+iT2 M L +oo+iTo M _ B
b+(£) o 21 (/—oo-i—in /—oo-i—z"rz > §_ ndn - 2m ‘/—0°+i72 ‘f_ ndn - b(f) " (6)

Hence, exp by (&) expb_(§) = B(£), and (3.21) is immediate on a narrow strip w— < $¢ < w4; on a
wider strip ¢ € [A_, A4], it holds by construction.
c¢) By using (3.20), we obtain

(€ +ir—m) "B < C(1L+ 1€ — )~ (1 + In) .

By considering separately a region, where |£ — | > |£|/2, and its complement, it is easy to show that
the RHS admits an upper bound via

Cr+ ) @A+ n) 7 + G+ ) A+ 1€ —nl) 7,
where p; = min{1, p}/2 > 0. By integrating, we obtain for £ in a half-plane ¢ > w_ (see (3.18)—(3.19))
(3.27) b+(&)] < Cs(1+ (€)™,

and (3.22)—(3.25) follow from (3.27) and the definition of a4 .

d) Notice that a+, 1/a+, ¢F and 1/¢F are bounded by a polynomial in the half-plane 3¢ > +w=,
therefore, by comparing (3.1) and (3.21), we conclude that aiqﬁqi is holomorphic, polynomially bounded
and non-vanishing on the complex plane. By the Liouville theorem, this is constant, and taking into
account that ¢F (0) = 1, we obtain (3.26). O
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3.4. Approximate formulas for the factors in the case of NIG, HP and KoBoL. We can
write these formulas down for the both representation (in (3.1) and (3.21)). In the case of the former,
the argument and formulas are shorter. We use (3.9) and Lemma 2.7 to transform the line of integration
into the contour along the banks of the cut (—ioo,iA_]. In empirical studies (see e.g. [3] and [27]), the
A+ and —A_ are usually large, of order 40-50, and then for typical values of other parameters, both
roots —if+ in Lemma 2.7 exists. Therefore, in the process of transformation, the contour crosses the
simple pole at = —¢. By the residue theorem, we obtain, for £ in the upper half-plane,

_ —ify
¢j(§) = exp {ln B, —¢ + ‘I);r(f) )
where
L M Wz =0)  ¢iz+0) | -z
+e) — 1 _
(3.28) wE=0n" [ [q Tz —0)  q+ulint 0)] =
Thus,
_ B+
(3.29) 50 = e (O,
Similarly, from (3.11), we deduce, for £ in the lower half-plane,
_ -B- _
(3.30) ?q &= m exp &, (6
where
oy — oo [T iz - 0) ' (iz + 0) z+i€
(3.31) & (§) = (2m) /}\Jr [q+¢(iz ~0) " g+ 0zt 0) In > dz.

If —X_ (resp., Ay ) is large, |} (&)| (resp., |®(£)|) is small uniformly in £ in the upper (resp., lower)
half-plane, which can be easily seen from the explicit formulas for the characteristic exponents and
(3.28) (resp., (3.31)). Hence, we may calculate the integrals in (3.28) and (3.31) with large relative error
and still obtain ¢/ (£) from (3.29) and ¢, (£) from (3.30) with good accuracy. This observation can be
used to developed effective numerical procedures. In fact, even the simple approximations

e g~ —
By — i€ —p- +i
produce errors of several percent only, for many typical parameters values.

The comparison of (3.6) and (3.32) provides an analytical explanation why a simple adjustment of

parameters of the gaussian model can give fairly good fit even in a very non-gaussian situation.

(3.32) g (€) ~

4. Pricing of the perpetual American put and similar perpetual options.

4.1. Sufficient conditions for the solution for the perpetual put-like options, in the
class My of hitting times 7(a) of segments (—00,a]. Let Q be an EMM chosen by the market, and
assume that X under Q is an RLPE with the characteristic exponent 1 and the infinitesimal generator
L. For g(X;) the payoff, set

(4.1) V(h,a) = E* ™M g(X, )],

where E® is the expectation operator of the process X started at x, under Q.
12



LEMMA 4.1. Let there exist h, with the following properties:
a) if h < hy, then there exists x such that

(4.2) V(h,z) < g();
b) for any x > h,

(4.3) V(h*,z) > g(x);

¢) if h > h*, then for any x > h,
(4.4) V(h*,z) > V(h,z).

Then 7(hy) is an optimal stopping time of the class M.
Proof. Clearly, the rational price of the option must satisfy (4.3), hence (4.2) excludes h < h,. Due
to (4.3), h, is an admissible choice, and (4.3)—(4.4) ensure that a choice h > h, is no better than h,. O
To apply Lemma 4.1, we need an explicit formula for V' (h,z). We derive it by using the Dynkin’s
formula and the solution to the Wiener-Hopf equation. Let U? = U% be the potential operator (the
resolvent) of the process X:

UIW (z) = E° [/0+Ooe_‘1tW(Xt)dt _

If V € () is sufficiently regular, for instance, (¢ — L)V € Cy, then
(4.5) Ul(g— L)V =V.

(see e.g. [34], V.31). We will need (4.5) for not so regular V.
LEMMA 4.2. Let W := (¢ — L)V := (¢ + ¢(D))V belong to L1 and

(4.6) (g +RY)"'W € Ly.

Then (4.5) holds.
Proof. Since W € L1, we have

+oo
(VW) (x) = /0 e (P, (x)dt

+OO . A
= / e *(2m) " / e H@E)—t(®) f(£)dedt.
0 n

Due to (4.6), the last integral computed in the reverse order dtdé converges absolutely, and hence we
can apply the Fubini theorem and obtain UW = (¢ + 4(D))~'W; (4.5) follows. O

If W is universally measurable, then for any stopping time 7, the Dynkin’s formula is valid (see e.g.
[34], (41.3)):

(4.7 UW(z) = E® [/ e‘th(Xt)dt] + E* [e‘qTUqW(XT)] .
0
It follows that (4.7) holds for g € L; := L;(R™), which admits a representation g = g1 + g2, where
g1 € Cp and g is a non-negative (or non-positive) function of the class L;. Denote the class of such
sums by UL := UL(R"™). This class is sufficiently wide for all the applications, which we will need in
the paper.
13



LEMMA 4.3. Let W := (¢ — L)V := (¢ + ¢(D))V € UL satisfy (4.6). Then

(4.8) W(z) = E* [/OT e "(qg— L)W (Xy)dt| + E* [e "W (X,)].

Proof. Apply (4.7) to W. Due to (4.6), (4.5) holds, and hence, (4.7) becomes (4.8). O
Let o4 > 0 be from Lemma 2.4. Let ¢¢®) = D*g, s =0,...,m, be measurable, and let

. z)| < et Tz <

(4.9) Y 199 (@) < Cehr, z <,
0<s<m

. r)| < Ce™ ’—, x>0,

(4.10) > 19 (@) < Ceme-® >0
0<s<m

In Subsection 4.3, we will prove the following theorem.
THEOREM 4.4. Let g satisfy (4.9)-(4.10) with w'_ < !, < o4 and m = 2. Then
I for any h € R, a solution of the problem

(4.11) (g—L)V(z) =0, =z>h,

(4.12) V(z) =g(z), =z<h,

in the class of measurable functions, bounded on [h,+00), exists.
II. (i) if k_ =1, then a continuous bounded solution is unique. It is given by

(4.13) V = ¢, (D)1(—com 67 (D)™ g;
(i) if k— € (0,1), then a bounded solution is unique. It is given by (4.13), and it is continuous;
(i11) if k- =0, then a bounded solution is unique. It is given by (4.13), and it is continuous if and

only if (¢; (D)g)(h) = 0;

(w) if k- € (0,1], then V'(h — 0) = V'(h +0) if and only if (¢, (D)g)(h) = 0.

Remark 4.1. a) The condition x_ = 0 is equivalent to v € (0,1) and g > 0. This is the case of the
process of bounded variation, with the positive drift.

b) The regularity condition on g can be relaxed: for some s > k_ 4+1/2, and v’ < W/, < oy,

(e7“-% 4 e~“+*)"lg € H*(R).

¢) (4.13) can be written as

(4.14) Vi(h,) := V() = QU1 comyw(-),
where
(4.15) w:= ¢, (D)~'g =Uj (¢ - L)g,

and U}, and U}, are the resolvents of the supremum and infimum processes, respectively.

We continue to study the optimal stopping problem. If k_ > 0 or k_ = 0 and w(h) = 0, then the next
lemma provides the representation of W := (¢ — L)V, which implies that W € UL and (4.6) holds. The
lemma is formulated and proven under simplifying assumptions, which hold for models classes. We also
require more regularity of g.

Thus, in these cases, we may use (4.8) due to Lemma 4.2. If k_ = 0, the condition w(h) = 0 can
be used formally to find the optimal exercise boundary as the only boundary for which the solution is
continuous, and in Section 6, we will show that this is really the optimal boundary (for model classes,
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at least). Otherwise, we cannot justify the usage of the Dynkin’s formula for discontinuous V. This is
the reason why we exclude the case v € (0,1) and p > 0 below.

LEMMA 4.5. Assume that vi = v —1 in (2.15), and (4.9)—(4.10) hold with m = 3. Then

a) if Ky < 1, then W is continuous on (h,+00), exponentially decays as x — +oo, and admits the
following representation in the right neighbourhood of h:

(4.16) W(z) = ar(0) ' w(h)T(1 = k4) "z = h) " (1+ O((z = I)™) + O((z = h)™),

for some 1,72 > 0.

b) if k4 =1 and w(h) =0, then W is continuous on (h, +0o0) and exponentially decays as x — +00;
in addition, W (h + 0) ezists.

¢) if kx = 1, and (2.14) holds with v = 2 and vy < 1 (that is, the process X is a mixture of a
Brownian motion with independent RLPE of order less than 1), then the statement in b) holds.

d) In all cases, W satisfies (4.6).

Proof will be given in Subsection 4.4.

Thus, our further considerations in this Section do not apply in the case of the mixture of a Brownian
motion with RLPE of order > 1. Notice that we will not use the additional conditions when we verify
the sufficient optimality conditions in Section 6, for all mixtures of processes from model classes and
put options.

Under conditions of Lemma 4.5, we can use (4.8); from (4.11)—(4.12), we conclude that V' is nothing
else but V(h, z) given by (4.1). Hence, (4.13) is the formula for V(h,x) we need, and we can formulate
a simple sufficient optimality condition in the class M.

THEOREM 4.6. Let p,, the (generalized) density of the distribution pq i Theorem 3.1, be contin-

wous, let (4.9)-(4.10) hold with ' < ', < o4 and m = 3, and let there exist hy < hy such that the
following conditions are satisfied:

(4.17) w(z) >0, V< h;
(4.18) w(z) =0, VY h << hyy;
(4.19) w(z) <0, Y x> hs;

Then for any h € [711,712], 7(h) is an optimal stopping time in the class M.
Proof. Write (4.13), for & > h, as

h
(4.20) V(hz) = / Py (@ — y)w(y)dy,
and as

+o0
(4.21) V(hz) = g(z) — /h Py (@ — y)w(y)dy.

If h < hy, then we notice that suppp,; C [0,+00), and therefore from (4.17) and (4.21), we conclude
that there exist x such that V(h,z) < g(x), which violates the necessary optimality conditions. Now
consider h on the half-axis (ha, +00), and & > h. By differentiating (4.20) w.r.t. h and using (4.19), we
find

Vi(h,z) = pg (z — h)w(h) <0,
hence for these h,z, V(h,z) < V(hs,z). Finally, for hy < h < hy and = > h, we have from (4.18)

Vi(h, ) =p, (z — h)w(h) =0,
15



hence
V(h,x) = V(h1,2), Y h€ [h1,hs] and z > h.

We conclude that any h € [hy, ho] is an optimal exercise boundary. 0O
Let us show that if (2.15) holds with any v; € (v — 1,v) (this condition is satisfied for model
processes), then p;~ is continuous on (0, +oc). For z > 0,

+o0o

(4.22) p;<x>==<2w)*1jf e g (€)de

— 00

By choosing v; sufficiently closely to v — 1, it is possible to refine the proof of (3.25) and obtain (3.25)
with any p; € (0,1) (and C depending on p;). Then from (3.25) and (3.26), we deduce

(4.23) ¢y (€) = a_(0)(A +14&) ™"~ + f(£),

where f(£) = O((1 + [€])™*), as € — oo, with some s > 1. Hence, f, the inverse Fourier transform of f,
is a continuous function, and since for v < 1

+oo
(4.24) / e~ @y lem Ay = D(—v)(\ + i),
0

we deduce from (4.22)—(4.23) that
(4.25) Py (&) = a—(0)(k=) "' Lo too)(@)z"~ e + f(2)

is continuous on (0, +00).
Ezample 4.1. Let g be given by (1.3). Then

1
(4.26) w(x) = Z Cj¢q_(—i’)/j)_1€7j$,
i=1

and it is easy to verify the sufficient conditions of Theorem 4.6 in concrete cases. In particular, if they
are satisfied then 711 = ilz; call it h.

For instance, if the option owner has the right to sell a share of the stock for K + av/S, where S
is the spot price, then g(z) = K + ae®/? — €%, w(z) = K + ad; (—i/2)"'e™2/2 — ¢7(—i)~'e”, and the
optimal exercise price is V'Y, where Y is the only positive root of

K +ag, (-i/2)7'Y —¢, (=) 'Y? =0.

When an optimal his found, we can calculate the rational price by using the explicit formulas for
¢q:
+oo+io

(4.27) w&mzmm*/ 6, (€)a(h £)de,

—oo+io

where o € (w!,, Ay) is arbitrary, and @ is the Fourier transform of

u(h,z) := Lo,y (@)w()

wr.t. z. If 4(€) and ¢ are holomorphic in the upper half-plane with pole(s) and/or cut(s), then we
can reduce the calculation of the integral in (4.27) to the sum of terms corresponding to poles, and
integrals over these cuts. This procedure allows one to derive more effective formulas. We illustrate this
procedure for puts.
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4.2. Perpetual American put. For puts, g(z) = K —e€?, (4.9) and (4.10) hold with w/ = 0 and

w' = —1, respectively, and any m, and h is defined from

K - ¢ (=i)"'e” =0,
that is,

(4.28) e" = K¢, (—i) = KqE [ / e 1Nt | Ng = 0] .
0

Take o € (0, Ay), and calculate for ¢ = o:

a(h,€) Z/h e K — ¢ (i) e")dw

Ke—ihé _Ke—ih¢

(i1 —i§)  &E+1)

By substituting into (4.27), we obtain the formula for the rational perpetual put price

- +oco+io xpli _ il _

where o € (0, ;) is arbitrary.

Assume that ¢ in (2.13) admits the analytic continuation into the upper half-plane 3¢ > 0 with
the cut [iA;, +ico) and satisfies (2.20) there (if ¢(£) = a&? + ¢1(£), we assume that ¢ satisfies (2.20)
with 11 < 2, in the upper half-plane with the cut). Assume also that ¢ + ¢ has the only zero —if_ in
the upper half-plane, 0 < —f_ < A;; by Lemma 2.7, these conditions are satisfied for model processes.
Then ¢, admits the analytic continuation into the upper half-plane with one simple pole at —i—, and
the cut [iAy, +ic0), by

(4.30) ¢y (€) = alg +(©) " o (O
For z € (A4, +00), set
(4.31) @, (2) = iql(q +¥(iz +0)) ' — (g +9(iz = 0) ey (i2) .

By transforming the contour in (4.29) into the integral over the banks of the cut [{A, +ic0), we meet
the simple pole, which gives the first term in (4.32) below; in the integral over the banks of the contour,
we make the change of variables £ = iz, and, finally, obtain for z > h

igK explB_(z — )] + ! /+°° K%, () exp[—(« — )]
. 3 T

P (=iB-)¢q (—iB-)(=B-)(1 — B-) At 2(1+2)

As the empirical studies of financial markets reveal, usually A is large, hence, the second term in (4.32)

is small. Therefore, one may calculate it with a large relative error. This observation facilitates the

numerical implementation of (4.32). The leading term is a decaying exponential function, as in the

Gaussian case, when there is no cut at all, and the second term in (4.32) is zero.
In particular, in the Gaussian case,

(4.33) (a+9(©)/a= (=B~ +i&)/(=B-)) (B+ —i6)/B+) = ¢5 (&) "5 (&),

and hence

dz.

(4.32) V(h,z) =

g ' (=ipo) = i(—B-) et (—ip-) Tt
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By substituting into (4.28) and (4.32), we obtain the optimal exercise price

R KB
(4.34) el = 51

and the rational put price, for z > h:

g 1-8_
(4.35) Viha) = & expl[ﬂ__/gz: Ml _ (1 _Kﬂ> (=p_)—F-eh-s.

This is Merton’s result.
One can easily calculate @ for payoffs of the form (1.3), and obtain the analogues of (4.29) and
(4.32), and in the gaussian case, of (4.34) and (4.35) as well.

4.3. Proof of Theorem 4.4. We need several basic definitions and facts of the theory of PDO.
For the sake of completeness, and in order to demonstrate the role of the conditions, which we impose,
we give the proof of two crucial facts (for more details, see [20]).

H?(R™) is the space of generalized functions on R™ with the finite norm

(4.36) loll = ([ s iepriara)

Denote by H *(R4) (resp., by H ¥(R_)) the subspace of H*(R) consisting of generalized functions
supported on [0, +00) (resp., on (—o0, 0]).

THEOREM 4.7. Let s,m € R, and let ¢ be a measurable function, which admits the following
estimate, for £ € R:

(4.37) l9(&)] < C(1+ [€))™.
Then
(4.38) ¢(D) : H*(R) - H*~™(R) s bounded.

Proof. Apply the Fourier transform and the definition of the norm (4.36). O

We call ¢ a symbol of order m, and ¢(D) is called a PDO of order m.

THEOREM 4.8. Let s,m € R. Let ¢4 be holomorphic in the half-plane £3& > 0, continuous up to
the boundary and admit the estimate (4.37) in the closed half-plane.

Then

a) for any v € C§((—00,0)) (resp., v € C§°((0,+0)), the function ¢ (D)v (resp., ¢_(D)v) is
supported on (—00,0) (resp., on (0,+00);

b) for any s € R, ¢ (D) :H*(Rs) —H*"™(R.s) is bounded.
We call ¢, (resp., ¢_) a positive (resp., negative) symbol of order m.

Proof. Consider ¢~ (D) and v € C§°((0,+00)). a) Let x¢ := infsuppv(> 0). We will prove that
¢_(D)v(z) = 0 for all z < zy. By changing the variable, we may assume zy = 0. Take z < 0 and
calculate

+oo
(4.39) 6Dy = 20 [ s @)
Change the line of integration in (4.39):
+oco+tio )
(4.40) 6-(Opi@) =@ [ o (@ue)as



where ¢ < 0. Since u € C§°((0,+00)), its Fourier transform admits the following estimate in the
half-plane $¢ < 0:

(4.41) 4] < Cn(1+ €)Y,
for any N. From (4.37) and (4.41), we conclude that the integrand admits the bound via
CNefml:(l + |§|)mfN,

for any N. By choosing N > m + 1 and passing to the limit ¢ — —o0 in (4.40), we obtain 0.

b) Since C§°((0,+00)) is dense in ﬁs(R+), we deduce b) from Theorem 4.7 and a). O
By the change of the variable  — h + z, we reduce the proof of Theorem 4.4 to the case h = 0.
Next, for w!, < oy in (4.9), take any v € (w/;,04), and set V, (z) = eV (z). Denote

a(D) :=q+¢[D)=q-L,
insert V(z) = e 7"V, () into (4.11), after that multiply (4.11) and (4.12) by €"*, and use the equality

(4.42) e"”a(D)e 7" = a(D + iy).
We obtain

(4.43) a(D +iy)V,(z) =0, z>0;
(4.44) Vy(z) = g,4(z), = <0.

Notice that g, decays exponentially as  — —oo: from (4.9), on (—o0, 0],

(4.45) Z |g§s)(:c)| < Ceell,

0<s<2

where € = v — w! > 0. Construct G, which coincides with g, on R_ and admits a bound (4.45) on R,
and set u, =V, — G4, Fy = —a(D + i7)G.,,. Then u, solves the problem

(4.46) a(D +iy)u,(z) = Fy(z), z>0;

(4.47) uy(z) =0, z<0.

(4.45) implies that G, € H*(R), and from (2.13)—(2.14) we conclude that F., € H>~?(R), where v = v,
ifv>1or p=0, and 7 = max{v, 1} otherwise. Recall that we are looking for V', which is measurable
and bounded on (0, +00). Hence, u, is measurable and admits a bound via Ce?”. We want to reduce to
the case of an unknown function of the class La(R.y). Since o < 0, we can choose 7' € (0 — v, —7).
Set uy 4 (x) = €7 *u,(x), insert u,(z) = e 7 *u, () into (4.46) and (4.47), and after that multiply
(4.46) by e7'*. By using (4.42), we obtain

(4.48) a(D +i(y +7"))ty,y (2) = Fy e (2), >0
(4.49) Uy () =0, z<h.

Now u,,, € La(Ry), and on the strength of (2.13)—(2.14), Theorem 4.7 gives a(D +i(y +7'))u,,y €
H~7(R). Hence, we can write the Wiener-Hopf equation (4.48) in the form

(4.50) a(D +i(y + 7))ty = Fypyr + F-,

where F_ €[ “7(R_). Multiply by ¢!, and then apply ¢ (D + i(y +7')). Since in the strip S¢ €
A A4)(D (0-,04) D (0-,0))

¢ 'a(€) = o5 ()¢, (O
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and by our choice, v ++' € (6_,0), we obtain
(451) G7(D+ity+ 7)) My = K+ K
where

K:=q'¢f(D+i(y+7"))Fy
=g '¢F (D +i(y+7"))e"*(~a(D +iv))G,
= —¢,(D+i(y+7") LG,

and

K :=q¢f(D+i(y+7")F-.

By construction, G, € H2(R), and u, . € Ly(Ry) =H°(R.), F- €H ~?(R_). From Theorem 3.4, we
know that for any o € (0_,04),

(L4 (€)™ < g7 (E)] < C(L+ €)™+, 3¢ > o0,

therefore, by applying Theorem 4.7 and Theorem 4.8, we conclude that

¢y (D+i(v+7") uyy €T (Ry), K- €H " (R-), Ke€H " (Ry).

Notice that k_ € [0, 1], and consider two cases: a) k_ € [0,0.5); b) k_ € [0.5,1].

In the case a), H *-(R) is the direct sum of the subspaces g n- (R4), the projections being 6,
the closures of the-multiplication-by-1g, -operators defined on a dense subset Ly(R) C H "~ (R) (see
[20], Theorem 5.1 and Lemma 5.4). Hence, from (4.51), we deduce

(4.52) ¢ (D +i(y + 7)) gy = =046, (D +i(y + ¥)) e’ "G,

Next, we multiply (4.52) by ¢, (D +i(y + 7)), which establishes an isomorphism between i (Ry)
and LQ (R+):

(4.53) Uy = =g (D +i(y +9))048, (D +i(y +7) 'e"*G.
Then we multiply (4.53) by e 7% and use (4.42):

uy = —¢; (D +iv)01.6, (D +iv)7'G,.
After that, we return to

Vy=Gy+u,
=Gy =7 (D +i7)046; (D +i7) 7' G,
= ¢, (D +im)0-¢; (D +i7) "Gy,
and notice that since G, coincides with g, on R, Theorem 4.8 ensures that supp@, (D +iv) (G, —
gv) C [0,+00). Thus,

6_¢, (D +iv) ‘G, =6_¢,(D +iv) ‘g,
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and in the formula for V,,, we may replace G, with g,. By using (4.42), we finally arrive at
(4.54) V=6, (D)0_¢q_(D)_1g.

Due to (4.9)-(4.10) and Theorem 4.7, w := ¢ (D)~'g € H* %~ (R). Since 2 — k_ > 1/2, we can apply
Lemma 5.5 in [20], and obtain

(4.55) 0_¢, (D) 'g =w(0)(1—iD) "6+ (1—iD)'6_(1-iD)¢, (D) 'g,

where ¢ is the Dirac delta-function. Notice that for any € > 0, § € H~'/2~¢(R), and 6_(1 —
iD)¢, (D) 'g € H°(R). Hence, if - > 0, we obtain V € HY?**(R), for any p € (0,x_). But
for s > 1/2, H*(R) C C(R), and therefore, V is continuous. By using (4.42) and (4.9), it is easy to
show that the RHS in (4.54) decays exponentially.

If k_ =0, we have from (3.25) and (3.26)

(4.56) ¢, (D) = a—(0) + T (D),
where T'(¢) admits an estimate (4.37) with m < 0, therefore from (4.54) and (4.55), we conclude that
(4.57) V =a_(0)w(0)(1 —4iD)~ ' + V1,

where V; € C(R). It is straightforward to check that the Fourier transform of 1(_., gj€” is (1 — i)™,
therefore (1 —iD) 16 = 1(_o op€”, and we conclude from (4.57), that V is continuous if and only if
w(0) = 0.

In the case b), we notice that for s € (—3/2, —1/2), the decomposition of H*(R) into the sum of
the subspaces IZT 5(R4) is not direct, the intersection of the latter couple being C - §, where § is the
Dirac delta-function. It follows that in (4.52), an additional term C§ may appear, and in (4.54), the
term C¢ (D)d, where C' is a constant.

If k. =0, we use (3.25) and (3.26), and conclude from (4.55), that V = C§+V;, where V; € H*(R),
for some s > —1/2. Since § € H*(R), for s > —1/2, and V is bounded, we conclude that C must be 0.

If K € (0,1), we can show with the help of (3.25) and (3.26), that

+oo
6 (D)) = 2m) " [ e (e
—0o0
is unbounded as x — +0. Further, for k_ > 0, V in (4.54) belongs to H*(R) for some s > 1/2, and
hence, is continuous, we conclude that C'¢, (D)é +V is bounded only in the case C = 0, and so we are
left with the same (4.54). Finally, if k_ = 1, then the argument in part a) shows that V in (4.54) is
continuous, and the same argument shows that ¢, (D)d(z) is discontinuous at 0. Hence, in order to get
a continuous solution, we need C = 0. This finishes the proof of part I and part II, (i)-(iii). The last
part II, (iv) can be proven by the same argument, after differentiating in (4.54).
Theorem 4.4 has been proven.

4.4. Proof of Lemma 4.5. As in the proof of Theorem 4.4, we change the variable so that h = 0,
and the usage of (4.42) establishes the exponential decay at the infinity. The main difficulty is the
regularity at 0. We have

(¢ = L)V =a(D)V = ¢*(D)"'0_¢, (D) 'g.

Under our regularity assumption on g, we can use Lemma 5.5 in [20] with one more term than in (4.55),
and obtain

(458) (q — L)V =Wy + Wy +Ws,
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where

Wi = ¢*(D) 11 —iD) (¢, (D) '9)(0)5,
Wy = ¢*(D)~'(1 —iD)*(¢; (D)~ (1 - iD)g)(0)d,
W3 = ¢+ (D) "' (1 -iD)?0.(1 —iD)’¢, (D) 'g.
The equality (4.58) holds provided for some s > 5/2, ¢ (D)~ lg € H*(R) (locally) By using (4.9)-

(4.10), we conclude that, locally, g € H3(R), and by Theorem 4.7, ¢7(D)"'g € H* %~ (R). Since
k— € [0,1], (4.58) holds.

For |s| < 1/2,6_ : H*(R) —>I§5(R,) is bounded, and since k4 < 1, we conclude that W3 GIo{s(R)
for some s > 1/2. For such s, H*(R) C C°(R), hence W3 is continuous and vanishes on [0, +00). Since

SeH —$(R) for any s > 1/2, and k4 < 1, we obtain Wy EIOJQ*'”*S(R,). If k4 < 1, we conclude that
Wy €H*(R_). If k4 =1, we use (3.23) and represent ¢+ (D) (1 —iD) 2 in the form

(4.59) ¢t (D)1 (1 -iD)"? = a (0)~'(1 —iD)~' + T(D),

where T'(£) is a positive symbol of order less than one. Hence, f := T'(D)¢ is continuous and vanishes
on [0,+00), and

(4.60) (@*(D)7'(1 = iD)7?0)(z) = a4 (0) "' L(—co0)(2)e” + f(2).

It remains to consider W;. Since in part b), w(h) = 0, and hence, Wy = 0, the application of (4.60)
finishes the proof of part a). Let k4 < 1. By using (2.14) with v; = v —1 and the same sort of argument
as in the proof of (4.25), we obtain

(4.61) 7 (D)™ (1 —iD)'6 = Dlwy — 1) 0 (0) (oo (@)(—2) "¢ + fi(2),

where f; is continuous and vanishes on [0, +00), and (4.16) follows from (4.61).

The proof of the last part c) differs from the one above. We represent ¢ — L in the form ¢ — L =
a2(D) + a,/ (D), where ax(D) is a differential operator of order 2, and a, (D) is a PDO of order v' < 1,
and consider separately as(D)V and a,(D)V on (—o0,0). Since ay(D) is local, we obtain, for z < 0:

az(D)V (z) = ¢, (D)8+¢ (D) " ax(D)g(a).

By Theorem 4.7, ¢~ (D) 'a2(D)g € H3> *-72(R) = Ls(R), since k- = 2 — k4 = 1, and hence, by
the same theorem, ¢, (D)6 ¢~ (D) 'az(D)g € H'(R). Hence, this is a continuous function. Since
v/ <1, and the order of ¢, (D) is —k_ = —1, the continuity of a,,(D)V = a,(D)¢; (D)0_¢; (D)~
is established as in the proof of part a) above.

It remains to verify d). In the course of the proof of a)-c), we have shown that

VEl<ca+ehr,

therefore from (2.13)—(2.14),

(g +R(©) W) = (4 + R(6) (g + DOV (E)| < C(L+ [e)~HH+.

If k- >0, then v — k4 > 0, and (4.6) holds.
Lemma 4.5 has been proven.

5. Pricing of the perpetual American call and similar perpetual options.
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5.1. Sufficient conditions for the solution for the perpetual call-like options, in the
class Mj of hitting times 7(a) of segments [a,+00). The substitutions —z for z, and the dual
process X for X transform a problem for an RLPE X on (h,+00) into a problem for an RLPE X
on (—oo,—h). Therefore, all the statements and proofs for call-like options are obtained by changing
the direction on the real axis and the reflection of the complex plane w.r.t. the real axis, from the
corresponding statements for put-like options. The boundedness conditions (4.9) and (4.10) allow for
the growth of the payoff in the direction to —oo, so the growth of the payoff for the call option is not a
problem as far as the main considerations in the proof of the analog of Theorem 4.4 can be restricted to
a strip € € (0,04 ), where the real part of a(¢) = g + ¥(€) is positive. In the case of calls, the payoff
g(z) = e® — K, hence we need a(—i) = ¢ + 1¥(—i) to be positive. If there is no dividend, ¢ = r, and the
EMM-condition for the measure means that ¢ + 1)(—¢) = 0. This provides the formal explanation why
we need the condition ¢ > r in the case of calls; and standard considerations can be used to show that
in the no-dividend case, it is non-optimal to exercise the call option ever.

The analog of Lemma, 4.1 is obtained by inverting signs in all the inequalities there, and we will not
state it explicitly. The reformulation of Theorem 4.4 is also straightforward; in addition to changing
signs of inequalities and reflections, the condition w’ < w!, < o4 must be replaced with o_ < w’ < w/.

Notice only that we consider a problem

(5.1) (g—L)V(z)=0, =z<h,

(5.2) V(z) =g(x), z2>h,

in the class of measurable functions, bounded on (—oo, h], and its solution is
(5.3) V =65 (D)1(n 4o0)bf (D)9

The solution can be written as

(5.4) Vi(h,) ==V () = UL (n,100)w ("),

where

(5.5) w =Ux (g — L)g,

and U}, and U}, are the resolvents of the supremum and infimum processes, respectively.
THEOREM 5.1. Assume that vi =v —1 in (2.15), and (4.9)-(4.10) hold with o_ < w' < !, and
m = 2, and let there exist by < hy such that the following conditions are satisfied:

(5.6) w(z) <0, V< h;
(57) HJ(.CC) = 0, A4 ill <z< ilz;
(5.8) w(z) >0, Vx> hs.

Then for any h € [h1, hs], 7(h) is an optimal stopping time in the class M.
5.2. Perpetual American call. For calls, g(z) = ¢* — K, (4.9) and (4.10) hold with w/, = 0 and

w' = —1, respectively, and any m. So, we have to assume that o_ < —1, which is equivalent to ¢ > r.

h is defined from ¢ (—i)~'e” — K =0, that s,
-~ oo
(5.9) e" = K¢} (—i) = KqE [/0 e Mgt | Mo = 0] .

When an optimal & is found, we can calculate the rational price by using the explicit formulas for qﬁj:

B +oo+io N
(5.10) Ve = ot [ et o,
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where o € (A_,—1) is arbitrary, and @(€) is the Fourier transform of u(h, z) := 17, 4oo) (@w(2):

400 ) Ke_“]g —Ke_iilg
N _ —iz€ " lpr _ = =
)= [ e i) e~ Kde = e = e

By substituting into (5.10), we obtain the formula for the rational perpetual call price

~ +oo+io aypls _B _
(5.11) Wmm=—%__¥ GW%@3§%®%7

where o € (A_, —1) is arbitrary. One can easily calculate @ for payoffs of the form (1.3), and obtain the
analogue of (5.11).

Assume that ¢ in (2.13) admits the analytic continuation into the lower half-plane ¢ < 0 with the
cut (—ioo,iA_] and satisfies (2.20) there (if (&) = a&? + ¢1(€), then we require that ¢; satisfies (2.20)
with 11 < 2, in the lower half-plane with the cut). Assume also that g + ¢ has the only zero —ify in
the lower half-plane, A_ < —f4 < 0; by Lemma 2.7, these conditions are satisfied for model processes.
Then c;Sj admits the analytic continuation into the the lower half-plane with one simple pole at —if3,
and the cut (—ioco,iA_], by

(5.12) ¢ (&) = alg + () o7 (O
For z € (A4, +00), set
(5.13) @7 (2) = igl(q + ¢(iz = 0)) 7" — (g +9(iz +0) g, (i2) 7"

By transforming the contour in (5.11) into the integral over the banks of the cut (—ioo,iA_], we meet
the simple pole, which gives the first term in (5.14) below; in the integral over the banks of the contour,
we make the change of variables £ = iz, and, finally, obtain for z < h

dz.

~ iqK -h A~ K& (2) exp[—(z — h)z

(5.14)  V(a) = ——dfeplfi@=h)] H%ﬂ/ i (2) expl—(z = bz
V'(—if4) g (—iB+)B+(B+ — 1) —o0 z2(1+z)

As the empirical studies of financial markets reveal, usually —A_ is large, hence, the second term in

(5.14) is small. Therefore, one may calculate it with a large relative error. This observation facilitates

the numerical implementation of (5.14). The leading term is a decaying exponential function, as in the
Gaussian case, when there is no cut at all, and the second term in (5.14) is zero.

6. Reduction to the free boundary value problem and verification of optimality in the
class M.

6.1. Main Lemma. Consider the following free boundary value problem:
Given a non-negative continuous function g, find an open set C and a function V such that

(6.1) (g—L)V(z)=0, zeC,
(6.2) V(z) =g(z), z€&C;
(6.3) V(z) > g(z), z€C;
(6.4) (@-L)V(z)>0, z¢C.

LEMMA 6.1. Let (C,V) be a solution of (6.1)-(6.4), let 7. be the hitting time of C, and let

(6.5) W :=(¢— L)V be universally measurable;

(6.6) UIW =V.
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Then 7, and V, =V solve the optimization problem (1.1).

Proof. Due to (6.1) and (6.4), W is non-negative, and by (6.5), it is universally measurable, therefore
for any stopping time 7, (4.7) holds, and by substituting from (6.6), we obtain (4.8). From (4.8) and
(6.4) and (6.1), we conclude that for any stopping time T,

(6.7) V(2) > B [e V(X))

and from (4.8) and (6.1), for a chosen stopping time 7,

(6.8) V(z) = B [e—qnf/(xn)] :

By using (6.3) and (6.2), we deduce from (6.7) and (6.8)

V(z) > Ef[e”"g(X,)],

V(z) = Ef[e " g(X,)].

But this means that a pair (, V), where V, =V, is the optimal stopping time and the rational price.
ad

6.2. Verification of conditions of Lemma 6.1 for puts and options with payoffs (1.3).
Assume that conditions of Theorem 4.4 hold. Let h be defined by conditions (4.17)—(4.19), and set
C = (h,4+00). Define V(z) = V(h,z) by (4.11). Then (6.1)~(6.2) hold by Theorem 4.4, and by
repeating a part of the proof of Theorem 4.6, we see that (6.3) hold. It remains to verify (6.4)—(6.6).
We formulate sufficient conditions, which hold for puts and many other payoffs of the form (1.3).

Of the process, we require

(i) the function ¢ in (2.14) admits the analytic continuation into the lower half-plane with the cut
(—i00,4A_], and admits the bound (2.20) in this half-plane, outside a vicinity of ¢A_; and if v = 2, there
exist ¢ and 1 < 2 such that ¢(£) — c€? satisfy (2.20) with v, instead of v;

(ii) in a neighborhood of iA_, ¢ may have a weak singularity:

(6.9) 1¢(&)| < ClE—ir_ |77,

for some a < 1;
(iii) for any z € (—o00, A_), the limit

(6.10) U_(z) =i[p(iz — 0) —¢(iz + 0)] exists and is non-positive.
LEMMA 6.1. Let X be a mixture of independent BM, HP, NIG and KoBoL.
Then (i)-(%i) hold.

Proof. See Appendix. 0
THEOREM 6.2. Let X be an RLPE of exponential type [A_, Ay], let (i)-(iii) hold, and let

!
(6.11) g(z) =K — che”’ﬂ,
j=1

where K > 0,¢; >0, and —ivy; € [io_,0), j=1,...,L
Then a) the solution of the optimal stopping problem (1.1) in the class M ezists and belongs to Mo;
b) the optimal exercise price, h, is the solution to the equation

l
(6.12) K=Y cj¢, (—iv;) eV
j=1
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¢) the price of the option can be calculated from (4.27) with any o € (0,04), and
1
(6.13) W(€) = K(=i&) ' =) cjb, (=iv)) (v —i6) .
j=1

Proof. Notice that & admits the meromorphic continuation into the complex plane with the finite
number of simple poles at points {0, —ivy1,...,—ivi} C (iA_,i0), and it has the following asymptotics,
as £ = oo:

(6.14) W(€) = €™ + e + 0l 77).

Under condition (6.12), ¢; = 0, which means that the candidate for the optimal solution is more smooth,
than a solution for a generic h. Hence, much simpler considerations than in the proof of Lemma 4.5 for
a generic h, and without additional conditions, show that (¢ — L)V € UL (in fact, it turns out to be
even bounded), and therefore, (6.5) and (6.6) hold. It remains to verify (6.4). The conditions (6.4) and
(6.12) are evidently “additive” w.r.t. g in the sense that if g1 and g, satisfy (6.4) (resp., (6.12)), then
g1 + go satifies satisfy (6.4) (resp., (6.12)) as well. Hence, it suffices to prove that if g is a payoff of the
form

(6.15) g(x) = A— Be™?,
where A,B > 0,0_ <7 <0, and
(6.16) A— B¢y (—iy) "t =0,

then V = ¢, (D)1(—co,n)¢, (D) *g satisfies (g — L)V > 0. The payoff (6.15) being essentially the same
as the one for puts, the calculations leading to (4.29) give

_ A /+°°+"" expli(z — h){]d, (€)
2 ) io (—E)(y —i€)

where o € (0, \}) is arbitrary. By applying (¢— L) = ¢+ (D) to (6.17), we see that it suffices to prove
that the following function is non-negative on (0, +00):

L R expling](g + $(€)dy (€)
W() = (2m) /mm (—i&)(7 - i€)

By using (i)-(iii), we can transform the contour of integration, and reduce to the integral over the banks
of the cut (—ioo,iA_]. In the process of the transformation, the contour crosses two simple poles at
& =0 and £ = —iry (if —ivy is a root of g+ 1(£), as it the case of puts on a non-dividend paying stock,
there is no second pole, but there is no need to consider this case separately: the corresponding term
below will be automatically 0), which gives the first two terms; in the integral over the banks of the cut,
we make the change of the variable £ = iz. The result is

(6.17) V(z)

de,

de.

A — (i2) expl—
(618) W) = /= (1/)a+ 6o (-imer + () [ TN DA,

For z < 0, ¢, (iz) > 0, and since A_ < —v, the denominator of the integrand is positive. From (6.10),
the integrand is negative, hence it is a decreasing function of x on (—o00,0). Since 0 < v < —0_,
(1/7)(qg + ¥ (—=iv))p~ (—iy) > 0. It follows that W is decreasing on (—o0,0), and hence it suffices to
show that W (+40) > 0.
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If k4 < 1, the integrand is absolutely integrable uniformly in z € (—o0, 0], and therefore

A /.
W(+0) = W(0) = (¢/2) - (1) a+ w(-im)o (~im) + () [ T2

dz.
o 2(2H+7) g

By transforming the contour of integration back, and taking into account that (g + ¢(€))¢, (§) =
qq&j (€)71, we arrive at

+oo+io d§

W(+0) = W(0) = q(2m) " [ K
—cotio P7 (E)(—i€)(y — i€)
The integrand is holomorphic in the upper half-plane ¢ > 0 and admits an estimate via C(1+|€]) =25+,
for S¢ > o > 0. Hence, we can push the line of integration up, and in the limit ¢ — 400 obtain zero.
This finishes the proof in the case kK < 1.
If k4 = 1, we can represent (¢ + 9(€))¢; (§) = goF (§)~" in the form

(a+9(8)d, (€) = qa+(0) (=€) + x(§),

where a(0) > 0, and x enjoys all the properties of (g + v(£))¢; (§) in the case k4 < 1, which have
been used above. Hence, if we use x instead of (g +1(£))¢, (§) in the constructions above, we obtain a
non-negative function. To finish the proof, it remains to notice that

Wi(z) = (2r)! /+°°+”" explia€lga+ (0) (=€) ;.

B m— (=i&)(y —if)
= qa+(0)711(_00,0] (x)e™ > 0.

a
Now we consider the general case of payoffs of the form (1.3).
THEOREM 6.3. Let the following conditions be satisfied
1) the equation

(6.19) chqﬁ —iy;) et =0

has the unique solution, call it h;
2) g can be represented in the form

l i

(6.20) g9(z) = cFexplyz] = ¢ exply; al,
k=1 k=1
where ckjE are positive, fyff € (—o4,—0_] are not necessarily different, and satisfy
(6.21) MW <%, Yk
(6.22) czr¢q_(—i’y,j) =cp by (=7, )~ L V.

Then a) the solution of the optimal stopping problem (1.1) in the class M exists and belongs to My,
the h being the optimal exercise price;

27



b) the price of the option can be calculated from (4.27) with any o € (max;v;,04), and
1
(6.23) (€)= D _ejbg (—ing) My —i€) "
j=1

Proof. First, notice that for payoffs (6.11), 2) follows from 1).

Second, the conditions 1) and (6.4) are evidently “additive” w.r.t. g in the sense that if g; and g
satisfy 1) (resp., (6.4)), then g1 + g also satisfies 1) (resp., (6.4)). The condition 2) allows one to reduce
to the case of the payoff of the form

g(z) = A" — Be? @,

where A, B > 0, and 0_ < —y* < —y~ < o. Further, by using (4.42), we can reduce the verification
to the case of the payoff (6.15), where v = v~ —~T > 0, and ¥ (- —iy1) instead of 1. Since the conditions
(i)-(iii) are invariant under such a shift in the argument of the characteristic exponent, we can repeat
the end of the proof of Theorem 6.2. 0

6.3. Verification of conditions of Lemma 6.1 for calls and options with payoffs (1.3). In
all formulations and proofs above, change the signs and make the reflection w.r.t. the origin.

7. The smooth fit principle. Consider the case of put options.
THEOREM 7.1. Let ¢, satisfy

+oo+io
(.1 | o= < 4o,
—oo+1i0
for some o € (0,04).
Then the price of the perpetual American put satisfies the smooth fit principle.
Proof. By differentiating under the integral sign in (4.27), we obtain V' = v, where
K +ootioc _
v(z) = —o— e MEG (€)(1 —ig) ' dE < +oo.
27 —oo+io I
Hence, V is smooth if and if only v is continuous. Under condition (7.1), the Fourier transform of v is
of the class L; (R), hence v is continuous, and the smooth fit principle holds. O
THEOREM 7.2. Let ¢ admit a representation ¢, (§) = ¢+ x(), where ¢ # 0, and x satisfies (7.1).
Then the principle of the smooth fit fails.
Proof. This time we obtain that v = vy + v2, where v; is continuous, and

cK (1T expli(z — h)E]dE i
= T — _eK1 - z—h
ww == [ O K1y (@)e™ P,
which is discontinuous. O
Notice that for RLPE, (7.1) fails if and only if g > 0 and v € (0,1).
As our results in Sections 4 and 6 show, the natural candidate is determined from the equation
w(z) := ¢, (D) 'g(z) = 0, and it can be singled out formally in one of the following forms:

L If there is a unique h such that V (h; ) is continuous, this h is the candidate; if V (h;-) is continuous
for all h, the candidate is chosen by the standard smooth fit principle.

(This observation was used in [31] for a jump process with the drift).

II. If there is h such that V,)(h; H £ 0) are finite, then h is the optimal boundary.

The second principle works for purely non-Gaussian RLPE, i.e. for RLPE of order v < 2.

In all cases, one may say that the optimal choice of h makes V(h,-) “more smooth” at h than
generically.
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8. Appendix.

8.1. Proof of Lemma 6.1. The verification of (i) for NIG (and more generally, Normal Tempered
Stable Lévy processes (NTSLP)) and KoBoL is trivial due to the simplicity of the analytic expressions
(2.18) and (2.17). In both cases, the characteristic exponents are continuous at the ends of the cuts,
and there is no singularity mentioned in (ii).

Verification of (iii) for NTSLP: here A\_ = —a + 3, and for z < —a + §,

T_(2) = id[(a® — (B +i(iz — 0)2)"/? — (@ — (B + i(iz + 0)%)"/?]
=id[((a+B—2z—i0)(a—B+2+1i0))"? = (a + 8 — 2+ i0)(a — 8 + z — i0))"/?]

i6(a+ B —2)""?[(a—B+2z+i0)""? — (a — B+ z +i0)"/?]

=is(a+ B —2)"*(—a+p —2)" 2™ — e

= —d(a+8—2)"*(—a+p - 2)"*2sin[7v/2] < 0.

Verification for KoBoL: for z < A_,

U_(2) = icl(—v)[- (A= —i(iz = 0))” + (—A= —i(iz + 0))"]
= —icl'(—=V)[(=A= + 2 +00)” — (=A_ + 2z —i0)"]
— —iCF(—V)(—z + /\_)u[eim/ _ efim/]
= c[(—v)(—z + A_)"2sin(wv) < 0,

since I'(—v) sin(mv) < 0.
The equation (2.19) being more involved, the verification of (i)-(iii) for Hyperbolic Processes is
rather long, and we omit it here to save space.

8.2. Proof of Lemma 2.7. Part (i) for the lower half-plane is a part of the statement (i) of Lemma
6.1 proven above, so it remains to prove that there is no roots of g + ¢ (&) outside the imaginary axis.
Take a large R and small € > 0 so that all roots of ¢+ (&) on (¢A_,iAy) lie on (i(A_ + 2€),i(Ay — 2¢)),
and construct a contour

_ ot 1 -
Lor=LIgUL gUL UL R,
where

Lra={¢| €] <R, SE> Ay —¢, dist(§, [iAy, +i00)) = €},
Lop=1{6| ] <R, S <A+, dist(§, (—ioo,iA_]) =€},
Llp=1{¢| ¢ =R, RE<O, dist(&, [iA4, +ioo) U (—ioco,ix_]) > €},
Ll p={¢] €] =R, RE> 0, dist(E, (—ico,iA_] U[iAg, +io0)) > €}.

Let Ue,r be a part of the complex plane, bounded by L g, and N € {0,1,2} (resp., N¢,g) the number
of roots of ¢ + (&) on (i(A_ + 2¢€),i(A+ — 2¢)) (resp., on U ). Since the complex plane with cuts
(—i00,iA_] and [iAy, +i00) is a union of all U, g, and U g C U g whenever € > ¢ and R < R/, it
suffices to show that for sufficiently large R and small € > 0, N = N g.

We will do this for KoBoL; the other cases can be considered similarly. First we check that

(8.1) q+9(§) #0

for any £ € L g provided € > 0 is sufficiently small and R is sufficiently large:
1) for £ € L g such that € € [A_, Ay], (8.1) holds by continuity of ¢, for all € € (0,€) and R > Ry,
provided €¢ > 0 is sufficiently small and Ry large;
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2) as R — 400, and |{| =R

(8.2) q+9P() ~ —ipg +o(l¢]), ve(0,1),
and if v € (1,2) or p =0 and v € (0,1),
(8.3) g+ 9P(§) ~ cL(=v)[(=i€)" + (i§)"] + o(|¢]"),

hence (8.1) holds for these R and &;
3) fix such R; then on parts of £, g near the cuts (8.1) holds since the limits of the imaginary part
of ¢ + ¥(&) are non-zero, namely

for z > A4,
(8.4) S(g + 9 (iz F0)) = —cl'(—v)(z — Ay)V sin(Fmv),
and for z < A_,
(8.5) S(g+ iz F0)) = —cl(—v)(—2z + A_)” sin(£7v).

Thus, (8.1) has been proven, and now, to show that N = N, g, it suffices to verify an equality

1

(8.6) —
27r aUe,R

darg(q+4(£)) = N.

One can check (8.6) by considering various N and v € (0,1), v € (1,2); if N =1, one has to distinguish
cases ¢+ (ix_) >0, g+ ¥(EA_) <0, and if v € (0,1), cases u = 0,0 > 0 and u < 0.

We write down the argument for two cases; others can be considered similarly.

1. fve (1,2)orv € (0,1) and p =0, and N = 2, then at £ = i(A_+¢€) and £ = i(Ap —€), g+ (&) is
negative, and (8.3) holds. When & moves from i(A; — €) along £, g counterclockwise till an intersection
point with a circle |{| = R, and € > 0 is small enough, ¢+(£) moves to the right-half plane due to (8.3),
passing below the origin in the complex plane due to (8.4) and an inequality —T'(—v) sin(—7nv) < 0. At
the intersection point, it is (approximately) equal to 2¢T'(—v) cos(wv)RY, due to (8.3). When £ moves
along L’lé’ g till the intersection with a line ¢ = —e, ¢ + 9(§) remains in an angle of less than 27 and
arrives at approximately the starting point 2¢I'(—v) cos(nv)RY, due to (8.3). After that £ moves to
i(A_ +€); due to (8.5), ¢ + (&) passes above the origin till a point on the negative real axis. In the
result, we obtain

1

(8.7) L
21 Jeer. nme<o

darg(q + ¢ (§)) = 1.
Similarly, we obtain (8.7) with R¢ > 0, and by adding the two integrals, we finish the proof of (8.6).

2. Let N=1,q+9(iA_) <0and v € (0,1), u > 0. Then g+ (iA;) > 0, and therefore the first part
of the journey described above is in the right half-plane R > 0, due to (8.2) and an assumption u > 0.
During the second part of the journey, g + ¥ (£) moves above the origin and arrives at (approximately)
—pR, and after that moves to ¢(iA_ + €) remaining in the left half-plane. Thus, this time we obtain
(8.7) with 1/2 in the RHS, and after completing the full circle, we obtain (8.6) with N = 1.
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