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Arrow-Debreu versus Sequential Markets
o In previous lecture, we discussed the preferences of agents in a
situation with uncertainty.

o Now, we will discuss how markets operate in a simple endowment
economy.

o Two approaches: Arrow-Debreu set-up and sequential markets.

Under some technical conditions both approaches are equivalent.

©
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Environment

©

We have [ agents, i =1, ..., .

Endowment:

©

(€' e') = {er (s), . et (")} o seese

Tradition in macro of looking at endowment economies. Why?
Consumption, risk-sharing, asset pricing.

©

©

Advantages and shortcomings.
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Allocation

Definition

An allocation is a sequence of consumption in each period and event for

each individual:

(et ey = {ci(s*) et (s) Hilostest

Definition

Feasible allocation: an allocation such that:

c{(st) > Qforallt, all st € St, fori=1,2

i l}
Y cl(s') < Y e(sh) forall ¢, all s" € S
i=1 i=1
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Pareto Efficiency

Definition

An allocation {(cf(s"), ..., ¢/(s"))}52g secge is Pareto efficient if it is
feasible and if there is no other feasible allocation

{(@& (s, 8l(s) } 2o stest

such that

u(@) > wu(c') foralli

u(@) > wu(c’) for at least one i

o Ex ante versus ex post efficiency.
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Arrow-Debreu Market Structure

o Trade takes place at period 0, before any uncertainty has been
realized (in particular, before sy has been realized).

o As for allocation and endowment, Arrow-Debreu prices have to be
indexed by event histories in addition to time.

o Let p;(s') denote the price of one unit of consumption, quoted at
period 0, delivered at period t if (and only if) event history s’ has
been realized.

©

We need to normalize one price to 1 and use it as numeraire.
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Arrow-Debreu Equilibrium

Definition

An Arrow-Debreu equilibrium are prices {p;(s*)}$° cs: and allocations

({ét{(st) }(;o:o’stest)izl,“’/ such that:

@ Given {pr(s")} g seeger for i =1, 1, {&{(s")}2 g secse solves:

max E 2,871 (sh))

{ci(s )}?Ostgstt 0steSt

st o Y Bulsh)ell i L s

t=0steSt

ci(s*) >0 for all t

@ Markets clear:

/

I . .
Y &l(s") =) ei(s") forall t, all s" € S

Jesis Fernandez-Villaverde (PENN) Equilibrium with Complete Markets February 12, 2016

7/ 24



Welfare Theorems

Theorem

Let ({2{(s")}% o stest)i=1....1 be a competitive equilibrium allocation.
Then, ({&{(s")}%> ¢ stegt)i=1,...1 is Pareto efficient.

Theorem

Let ({2[(s")}32 o stest)i=1,..i be Pareto efficient. Then, there is a an A-D
equilibrium with price {p:(s")}$> o ;g that decentralizes the allocation

({d(st) }?o:(),stGSt)i:L..,/-
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Sequential Markets Market Structure

o Now we will let trade take place sequentially in spot markets in each
period, event-history pair.

o One period contingent IOU'’s: financial contracts bought in period t
that pay out one unit of the consumption good in t 4+ 1 only for a
particular realization of s;1 1 = j tomorrow.

o Q:(s*, st41): price at period t of a contract that pays out one unit of
consumption in period t 4 1 if and only if tomorrow’s event is
St+1 (zero-coupon bonds).

o a1 (s s11): quantities of these Arrow securities bought (or sold)
at period t by agent /.

o These contracts are often called Arrow securities, contingent claims or
one-period insurance contracts.
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Period-by-period Budget Constraint

o The period t, event history s' budget constraint of agent / is given by

G(s)+ ) Qe(s'sern)aba(s' sern) < ef(s?) + ap(s")

sey1lst

o Note: we only have prices and quantities.

o Many economists use expectations in the budget constraint. We will
later see why. However, this is bad practice.
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Natural Debt Limit

We need to rule out Ponzi schemes.

©

©

Tail of endowment distribution:

As) = 1 ¥ el

©

Al (st) is known as the natural debt limit.

o Then: ' '
_3’t+1(5t+1) < A2+1(5t+1)
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Sequential Markets Equilibrium

Definition
. . ., . A t
A SME s prices for Arrow securities { Q¢ (s", st+1) }i2g seest s, c5 and
[ee]
B Aj (ot Al t o
allocations {(cg(s ). {8l (s ,st+1)}st+165)’_:1 I}t s such that:
el Ji—0 s

@ Fori— 1.1, given {Q:(s, 511) 120 seeses,, e for all i

{&i(s {3t+1 st st+1)}st+1€5}t 0stegt Solves:

max N i Z Bire(s)u(ci(s"))

{ei(e) {aba (st , | s Foeest im0 siest

st () + ) Qe(s’ sean)alia (sh se1) < ef(s) + ar(sh)

5t+1|5t
ci(s') > 0forall t,s' € St

b1 (st sep1) > —AL(s"1h) for all t,s' € S
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Definition (cont.)
2. Forallt >0

/ I
Y &l(s") = Y ei(sh) forall t,s" € S*
i=1 i=1
I -
Y 4i,,(s'seq1) = Oforallt,s"eS'andall sy €S
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Equivalence of Arrow-Debreu and Sequential Markets
Equilibria

o A full set of one-period Arrow securities is sufficient to make markets
“sequentially complete.”

o Any (nonnegative) consumption allocation is attainable with an
appropriate sequence of Arrow security holdings {a;y1(s’, s¢+1)}
satisfying all sequential markets budget constraints.

o Later, when we talk about asset pricing, we will discuss how to use
Q:(s*, s;+1 = Jj) to price any other security.
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Pareto Problem

o We will extensively exploit the two welfare theorems.

o Negishi's (1960) method to compute competitive equilibria:

@ We fix some Pareto weights.

@ We solve the Pareto problem associated to those weights.

@ We decentralize the resulting allocation using the second welfare
theorem.

o All competitive equilibria correspond to some Pareto weights.
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Social Planner’'s Problem

o We solve the social planners problem:

/ o
max lei Z Brr(st)u(ci(s"))

({Ct/(st)}t Ostest)/ 1./ j=1 t=0steSt

s.t. Zcé( Zet ) for all t,s" € S*
i=1
ci(s*) >0 forall t,s* € S*

where w; are the Pareto weights.

Definition
An allocation ({c/(s")}3 secse)i=1,..1 is Pareto efficient if and only if it
solves the social planners problem for some (&;);_,
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Perfect Insurance

o We write the lagrangian for the problem:
Yl aiBre(st)u(ci(s"))
max ;
({el(s)) g geest)ima ,?02{ (st) (Ll [el(s) - Ct(st)])

where A; (s?) is the state-dependent lagrangian multiplier.
o We forget about the non-negativity constraints and take FOCs:

w; B (st (cf(sh)) = A¢ (s7) forall i, t,s' € St
o Then, by dividing the condition for two different agents:

u'(ci(s") _

d(c(sh) @

Definition
An allocation ({cf(s")}%2 secse)i=1,..s has perfect consumption insurance
if the ratio of marginal utilities between two agents is constant across time

and ctatec
Jesis Fernandez-Villaverde (PENN) Equilibrium with Complete Markets February 12, 2016 17 / 24



Irrelevance of History

o From previous equation, and making j = 1:

which is one equation on one unknown, c}(s?).

o Then, the pareto-efficient allocation ({c{(s")}5>¢ srege)i=1,...s only
depends on aggregate endowment and not on st.
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Theory Confronts Data

©

Perfect insurance implies proportional changes in marginal utilities as
a response to aggregate shocks.

o Do we see perfect risk-sharing in the data?

©

Surprasingly more difficult to answer than you would think.

o Let us suppose we have CRRA utility function. Then, perfect
insurance implies:
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Individual Consumption

. d(st) =
o Now, c¢/(s') = Li)oéi” and we sum over |
Y
%
/ / Cj I 1
ity — i(t) — t( ) 7
Y cilsh) =) els’) === )
i=1 i=1 Tooi=1
&
o Then: .
. ol
t 4 ) t
ca(s’) = / Zet =0jy:(s")
_ IXW i=1
i.e., each agent consumes a constant fraction of the aggregate
endowment.
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Individual Level Regressions

o Take logs:

log c/(s") = log 6; + log y:(s")

o If we take first differences,

Alogci(s') = Alog y:(s")

o Equation we can estimate:

Alog cl(st) = a1Alog y:(st) + axAlog el (st) + ¢
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Estimating the Equation

o How do we estimate?

Alogcl(s') = a1Alogyi(s') + aaAlog el(s') + ¢}

o CEX data.
o We get ay is different from zero (despite measurement error).
o Excess sensitivity of consumption by another name!

o Possible explanation?
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Permanent Income Hypothesis

o Build the Lagrangian of the problem of the household /:

YV pn(sulci(s) — 1 Yo X pelst) (el(sh) - ci(s))

t=0steSt t=0steSt

Note: we have only one multiplier y;.

o Then, first order conditions are

Bir(s)d (ci(s")) = p;pe(s)for all t,s* € S

o Substituting into the budget constraint:

Y Y Lpta(st)u(ci(sh) (el(sh) — ci(sh)) = 0

t=0steSt i
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No Aggregate Shocks

o Assume that Y"!_, el(s?) is constant over time. From perfect

insurance, we know then that c/(s?) is also constant. Let's call it ¢'.

o Then (cancelling constants)

T Bl (ellsh) ~¢) =0 =

t=0steSt

F=1-p Y T Ba(sei(s")

t=0steSt

o Later, we will see that with no aggregate shocks, ,371 =1+4r.

o Then,

t
7i(s*)el(s")
ri= 0stest <1 + r>
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