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New data

• Most important lesson for economists from data science: Everything is data.

• Unstructured data: Newspaper articles, business reports, congressional speeches, FOMC meetings

transcripts, satellite data, photographs, audio, mobility, ...
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Library data

Data
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Parish and probate data
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Satellite imagery
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Luminosity
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Cell use
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44 M. GENTZKOW AND J. M. SHAPIRO

TABLE I

MOST PARTISAN PHRASES FROM THE 2005 CONGRESSIONAL RECORDa

Panel A: Phrases Used More Often by Democrats
Two-Word Phrases

private accounts Rosa Parks workers rights
trade agreement President budget poor people
American people Republican party Republican leader
tax breaks change the rules Arctic refuge
trade deficit minimum wage cut funding
oil companies budget deficit American workers
credit card Republican senators living in poverty
nuclear option privatization plan Senate Republicans
war in Iraq wildlife refuge fuel efficiency
middle class card companies national wildlife

Three-Word Phrases
veterans health care corporation for public cut health care
congressional black caucus broadcasting civil rights movement
VA health care additional tax cuts cuts to child support
billion in tax cuts pay for tax cuts drilling in the Arctic National
credit card companies tax cuts for people victims of gun violence
security trust fund oil and gas companies solvency of social security
social security trust prescription drug bill Voting Rights Act
privatize social security caliber sniper rifles war in Iraq and Afghanistan
American free trade increase in the minimum wage civil rights protections
central American free system of checks and balances credit card debt

middle class families

(Continues)

Republicans and never by Democrats, even though pure sampling error could
easily generate such a pattern.) χ2

pl is also simple to compute, in the sense that
it requires only two calculations per phrase: the number of uses by Republicans
and the number of uses by Democrats.

Table I shows the top phrases (arranged in order of descending χ2
pl by length)

in our final set of 1000. Panel A shows phrases used more often by congres-
sional Democrats. Panel B shows phrases used more often by congressional
Republicans.

Our procedure identifies many phrases that both intuition and existing evi-
dence suggest are chosen strategically for their partisan impact. For example,
a widely circulated 2005 memo by Republican consultant Frank Luntz advised
candidates on the language they should use to describe President Bush’s pro-
posed Social Security reform (Luntz (2005)):

Never say ‘privatization/private accounts.’ Instead say ‘personalization/personal accounts.’
Two-thirds of America want to personalize Social Security while only one-third would pri-
vatize it. Why? Personalizing Social Security suggests ownership and control over your
retirement savings, while privatizing it suggests a profit motive and winners and losers.
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WHAT DRIVES MEDIA SLANT? 45

TABLE I—Continued

Panel B: Phrases Used More Often by Republicans
Two-Word Phrases

stem cell personal accounts retirement accounts
natural gas Saddam Hussein government spending
death tax pass the bill national forest
illegal aliens private property minority leader
class action border security urge support
war on terror President announces cell lines
embryonic stem human life cord blood
tax relief Chief Justice action lawsuits
illegal immigration human embryos economic growth
date the time increase taxes food program

Three-Word Phrases
embryonic stem cell Circuit Court of Appeals Tongass national forest
hate crimes legislation death tax repeal pluripotent stem cells
adult stem cells housing and urban affairs Supreme Court of Texas
oil for food program million jobs created Justice Priscilla Owen
personal retirement accounts national flood insurance Justice Janice Rogers
energy and natural resources oil for food scandal American Bar Association
global war on terror private property rights growth and job creation
hate crimes law temporary worker program natural gas natural
change hearts and minds class action reform Grand Ole Opry
global war on terrorism Chief Justice Rehnquist reform social security

aThe top 60 Democratic and Republican phrases, respectively, are shown ranked by χ2
pl

. The phrases are classified
as two or three word after dropping common “stopwords” such as “for” and “the.” See Section 3 for details and see
Appendix B (online) for a more extensive phrase list.

We identify “personal accounts,” “personal retirement accounts,” and “per-
sonal savings accounts” as among the most Republican phrases in the Con-
gressional Record, while “private accounts,” “privatization plan,” and other
variants show up among the most Democratic phrases. Similarly, we identify
“death tax” (whose partisan pedigree we discussed above) as the third most
Republican phrase. We identify “tax relief”—a term also advocated by Luntz
(2005)—as strongly Republican, while “tax breaks” is strongly Democratic. On
foreign policy, we identify variants on the phrase “global war on terror” as
among the most strongly Republican phrases, while “war in Iraq” and “Iraq
war” are Democratic, again consistent with accounts of party strategy (e.g.,
Stevenson (2005)).

The phrases in our sample arise regularly in news content. The average
newspaper in our sample used these phrases over 13�000 times in 2005. Even
newspapers in the bottom quartile of daily circulation (in our newspaper sam-
ple) use these phrases over 4000 times on average. The contexts in which
these phrases appear include local analogues of national issues, local impact
of federal legislation, and the actions of legislators from local districts. In Ap-
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WHAT DRIVES MEDIA SLANT? 47

how Republican would that congressperson’s district be?” By definition, the
true answer to this question is unobservable for newspapers, but a crude proxy
is available. The media directory website Mondo Times (mondotimes.com)
collects ratings of newspapers’ political orientation from its users.8 Note that
we would not necessarily expect these correlations to be perfect, both because
most papers receive only a few ratings and because Mondo Times users are
rating the opinion as well as news content of the papers, whereas our slant
measure focuses on news content. Nevertheless, in Figure 1 we show that these

FIGURE 1.—Language-based and reader-submitted ratings of slant. The slant index (y axis)
is shown against the average Mondo Times user rating of newspaper conservativeness (x axis),
which ranges from 1 (liberal) to 5 (conservative). Included are all papers rated by at least two
users on Mondo Times, with at least 25,000 mentions of our 1000 phrases in 2005. The line is pre-
dicted slant from an OLS regression of slant on Mondo Times rating. The correlation coefficient
is 0.40 (p = 0�0114).

8We wish to thank Eric Kallgren of Mondo Code for graciously providing these data. 9



Economics and machine learning II

• A more general point ⇒ role of causality in economics:

1. Counterfactuals.

2. Welfare.

3. General equilibrium effects.

4. New changes.

5. Less data.

• Another example by Athey (2017): hotel prices and occupancy rates. In the data, prices and

occupancy rates are strongly positively correlated, but what is the expected impact of a hotel raising

its prices on a given day?
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Unsupervised learning



Unsupervised learning

• Use a sample:

D = {xi}Ni=1

to:

1. Group observations in interesting patterns.

2. Describe most important sources of variation in the data.

3. Dimensionality reduction.

• Example: what can we learn about the loan book of a bank without imposing too much a priori

structure?

• More concretely, we search for:

p (xi |θ)

• Clustering and association rules.
12



506 14. Unsupervised Learning
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FIGURE 14.5. Simulated data: on the left, K-means clustering (with K=2) has
been applied to the raw data. The two colors indicate the cluster memberships. On
the right, the features were first standardized before clustering. This is equivalent
to using feature weights 1/[2 ·var(Xj)]. The standardization has obscured the two
well-separated groups. Note that each plot uses the same units in the horizontal
and vertical axes.

set. In general, setting wj = 1/d̄j for all attributes, irrespective of type,
will cause each one of them to equally influence the overall dissimilarity
between pairs of objects (xi, xi′). Although this may seem reasonable, and
is often recommended, it can be highly counterproductive. If the goal is to
segment the data into groups of similar objects, all attributes may not con-
tribute equally to the (problem-dependent) notion of dissimilarity between
objects. Some attribute value differences may reflect greater actual object
dissimilarity in the context of the problem domain.

If the goal is to discover natural groupings in the data, some attributes
may exhibit more of a grouping tendency than others. Variables that are
more relevant in separating the groups should be assigned a higher influ-
ence in defining object dissimilarity. Giving all attributes equal influence
in this case will tend to obscure the groups to the point where a clustering
algorithm cannot uncover them. Figure 14.5 shows an example.

Although simple generic prescriptions for choosing the individual at-
tribute dissimilarities dj(xij , xi′j) and their weights wj can be comforting,
there is no substitute for careful thought in the context of each individ-
ual problem. Specifying an appropriate dissimilarity measure is far more
important in obtaining success with clustering than choice of clustering
algorithm. This aspect of the problem is emphasized less in the cluster-
ing literature than the algorithms themselves, since it depends on domain
knowledge specifics and is less amenable to general research.
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Cluster discovering

1. Select K clusters

K∗ = argmax
K

p (K |D)

2. Assign each observation to a cluster

z∗t = argmax
k

p (zi = k|xi ,D)

3. A common method to pin down K is the silhouette. For each observation i , we compute:

si =
b(i)− a(i)

max(a(i), b(i))

where a(i) is the average distance between i and all other members of the cluster while b(i) is the

minimum distance between i and all other members of another cluster.

14



K-means

• K-means clustering by Steinhaus (1957)

argmax
S

k∑

i=1

∑

x∈Si

∥x − µi∥2

• It requires an iterative algorithm for implementation Lloyd (1957).

• Related variations:

1. k-medians ⇒ uses medians computed through the Taxicab geometry.

2. k-medoids ⇒minimizes a sum of pairwise dissimilarities.

3. k-SVD.

15
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Other algorithms

• Other clustering methods:

1. Agglomerative clustering.

2. DBSCAN.

3. Birch.

• Principal component analysis.

• Density estimation.

• Gaussian mixture models.

• Association rules and the Apriori algorithm (Agrawal and Srikant, 1994).

18
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3.4 Shrinkage Methods 67
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FIGURE 3.9. Principal components of some input data points. The largest prin-
cipal component is the direction that maximizes the variance of the projected data,
and the smallest principal component minimizes that variance. Ridge regression
projects y onto these components, and then shrinks the coefficients of the low–
variance components more than the high-variance components.

component. Subsequent principal components zj have maximum variance
d2j/N , subject to being orthogonal to the earlier ones. Conversely the last
principal component has minimum variance. Hence the small singular val-
ues dj correspond to directions in the column space of X having small
variance, and ridge regression shrinks these directions the most.

Figure 3.9 illustrates the principal components of some data points in
two dimensions. If we consider fitting a linear surface over this domain
(the Y -axis is sticking out of the page), the configuration of the data allow
us to determine its gradient more accurately in the long direction than
the short. Ridge regression protects against the potentially high variance
of gradients estimated in the short directions. The implicit assumption is
that the response will tend to vary most in the directions of high variance
of the inputs. This is often a reasonable assumption, since predictors are
often chosen for study because they vary with the response variable, but
need not hold in general.
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Supervised learning, I

• Use a training sample

D = {yi , xi}Ni=1

to classify new observations

F = {yi , xi}Mi=N+1

• xi may potentially belong to a high-dimensional space.

• Standard regression in econometrics is a particular example when yi is a continuous variable.

• But often, in machine learning, yi is categorical (classification problem).

• Example: classify loans of a bank into good and bad risks.

• Caveat: it can be highly labor intensive!

21
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2.5 Local Methods in High Dimensions 23
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FIGURE 2.6. The curse of dimensionality is well illustrated by a subcubical
neighborhood for uniform data in a unit cube. The figure on the right shows the
side-length of the subcube needed to capture a fraction r of the volume of the data,
for different dimensions p. In ten dimensions we need to cover 80% of the range
of each coordinate to capture 10% of the data.

distance from the origin to the closest data point is given by the expression

d(p,N) =
(
1− 1

2

1/N)1/p
(2.24)

(Exercise 2.3). A more complicated expression exists for the mean distance
to the closest point. For N = 500, p = 10 , d(p,N) ≈ 0.52, more than
halfway to the boundary. Hence most data points are closer to the boundary
of the sample space than to any other data point. The reason that this
presents a problem is that prediction is much more difficult near the edges
of the training sample. One must extrapolate from neighboring sample
points rather than interpolate between them.

Another manifestation of the curse is that the sampling density is pro-
portional to N1/p, where p is the dimension of the input space and N is the
sample size. Thus, if N1 = 100 represents a dense sample for a single input
problem, then N10 = 10010 is the sample size required for the same sam-
pling density with 10 inputs. Thus in high dimensions all feasible training
samples sparsely populate the input space.

Let us construct another uniform example. Suppose we have 1000 train-
ing examples xi generated uniformly on [−1, 1]p. Assume that the true
relationship between X and Y is

Y = f(X) = e−8||X||2 ,

without any measurement error. We use the 1-nearest-neighbor rule to
predict y0 at the test-point x0 = 0. Denote the training set by T . We can

23
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Supervised learning, II

• Problem of function approximation:

y = f (x)

when we know next to nothing about the function f (·).

• Linked with projection and perturbation methods.

• Also, linked with traditional econometrics.

• Then:

ŷ = f̂ (x) = argmax
c∈C

p (y = c |x,D)

• In Bayesian, this is the mode of the posterior, but in machine learning it is called a MAP estimate

(maximum a posteriori).

25



Example I: K-nearest algorithm

• We look at the K−nearest points to xi in the training sample.

• Formally:

p (y = c |x,D,K ) =
1

K

∑

i∈NK (x,K)

I (yi = c)

• It generates a Voronoi tessellation.

• Simple and intuitive, but it suffers from curse of dimensionality.

26
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Bias-variance trade-off

• How do we select K? Minimize misclassification rate on a validation set.

• Bias-variance trade-off is about underfitting vs. overfitting.

• We have:

y = f (x) = f̂ (x) + ε, ε ∼ ID
(
0, σ2

)

• Then:

E
(
y − f̂ (x)

)2
= E

(
f̂ (x)− f (x)

)2

=
(
Ef̂ (x)− f (x)

)2
+ E

(
f̂ (x)− Ef̂ (x)

)2

= Bias2 + var

• Traditional econometrics obsession with BLUE is mysterious.

28



7.3 The Bias–Variance Decomposition 225

Realization
Closest fit in population

Estimation Bias

SPACE

Variance

Estimation

Closest fit

Truth

Model bias

RESTRICTED

Shrunken fit

MODEL SPACE
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FIGURE 7.2. Schematic of the behavior of bias and variance. The model space
is the set of all possible predictions from the model, with the “closest fit” labeled
with a black dot. The model bias from the truth is shown, along with the variance,
indicated by the large yellow circle centered at the black dot labeled “closest fit
in population.” A shrunken or regularized fit is also shown, having additional
estimation bias, but smaller prediction error due to its decreased variance.
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2.3 Least Squares and Nearest Neighbors 13

Linear Regression of 0/1 Response
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FIGURE 2.1. A classification example in two dimensions. The classes are coded
as a binary variable (BLUE = 0, ORANGE = 1), and then fit by linear regression.
The line is the decision boundary defined by xT β̂ = 0.5. The orange shaded region
denotes that part of input space classified as ORANGE, while the blue region is
classified as BLUE.

The set of points in IR2 classified as ORANGE corresponds to {x : xT β̂ > 0.5},
indicated in Figure 2.1, and the two predicted classes are separated by the
decision boundary {x : xT β̂ = 0.5}, which is linear in this case. We see
that for these data there are several misclassifications on both sides of the
decision boundary. Perhaps our linear model is too rigid— or are such errors
unavoidable? Remember that these are errors on the training data itself,
and we have not said where the constructed data came from. Consider the
two possible scenarios:

Scenario 1: The training data in each class were generated from bivariate
Gaussian distributions with uncorrelated components and different
means.

Scenario 2: The training data in each class came from a mixture of 10 low-
variance Gaussian distributions, with individual means themselves
distributed as Gaussian.

A mixture of Gaussians is best described in terms of the generative
model. One first generates a discrete variable that determines which of
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FIGURE 2.3. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1), and
then predicted by 1-nearest-neighbor classification.

2.3.3 From Least Squares to Nearest Neighbors

The linear decision boundary from least squares is very smooth, and ap-
parently stable to fit. It does appear to rely heavily on the assumption
that a linear decision boundary is appropriate. In language we will develop
shortly, it has low variance and potentially high bias.

On the other hand, the k-nearest-neighbor procedures do not appear to
rely on any stringent assumptions about the underlying data, and can adapt
to any situation. However, any particular subregion of the decision bound-
ary depends on a handful of input points and their particular positions,
and is thus wiggly and unstable—high variance and low bias.

Each method has its own situations for which it works best; in particular
linear regression is more appropriate for Scenario 1 above, while nearest
neighbors are more suitable for Scenario 2. The time has come to expose
the oracle! The data in fact were simulated from a model somewhere be-
tween the two, but closer to Scenario 2. First we generated 10 means mk

from a bivariate Gaussian distribution N((1, 0)T , I) and labeled this class
BLUE. Similarly, 10 more were drawn from N((0, 1)T , I) and labeled class
ORANGE. Then for each class we generated 100 observations as follows: for
each observation, we picked an mk at random with probability 1/10, and

31



2.3 Least Squares and Nearest Neighbors 15

15-Nearest Neighbor Classifier
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.
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FIGURE 2.5. The optimal Bayes decision boundary for the simulation example
of Figures 2.1, 2.2 and 2.3. Since the generating density is known for each class,
this boundary can be calculated exactly (Exercise 2.2).

and again it suffices to minimize EPE pointwise:

Ĝ(x) = argming∈G

K∑

k=1

L(Gk, g)Pr(Gk|X = x). (2.21)

With the 0–1 loss function this simplifies to

Ĝ(x) = argming∈G [1− Pr(g|X = x)] (2.22)

or simply

Ĝ(x) = Gk if Pr(Gk|X = x) = max
g∈G

Pr(g|X = x). (2.23)

This reasonable solution is known as the Bayes classifier, and says that
we classify to the most probable class, using the conditional (discrete) dis-
tribution Pr(G|X). Figure 2.5 shows the Bayes-optimal decision boundary
for our simulation example. The error rate of the Bayes classifier is called
the Bayes rate.
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2.3 Least Squares and Nearest Neighbors 17
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Bayes

k −  Number of Nearest Neighbors

Linear

FIGURE 2.4. Misclassification curves for the simulation example used in Fig-
ures 2.1, 2.2 and 2.3. A single training sample of size 200 was used, and a test
sample of size 10, 000. The orange curves are test and the blue are training er-
ror for k-nearest-neighbor classification. The results for linear regression are the
bigger orange and blue squares at three degrees of freedom. The purple line is the
optimal Bayes error rate.

then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.

A large subset of the most popular techniques in use today are variants of
these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.
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CHAPTER 5. MACHINE LEARNING BASICS

have more parameters than training examples. We have little chance of choosing
a solution that generalizes well when so many wildly different solutions exist. In
this example, the quadratic model is perfectly matched to the true structure of
the task so it generalizes well to new data.






















Figure 5.2: We fit three models to this example training set. The training data was
generated synthetically, by randomly samplingx values and choosing y deterministically
by evaluating a quadratic function. (Left)A linear function fit to the data suffers from
underfitting—it cannot capture the curvature that is present in the data. A(Center)
quadratic function fit to the data generalizes well to unseen points. It does not suffer from
a significant amount of overfitting or underfitting. A polynomial of degree 9 fit to(Right)
the data suffers from overfitting. Here we used the Moore-Penrose pseudoinverse to solve
the underdetermined normal equations. The solution passes through all of the training
points exactly, but we have not been lucky enough for it to extract the correct structure.
It now has a deep valley in between two training points that does not appear in the true
underlying function. It also increases sharply on the left side of the data, while the true
function decreases in this area.

So far we have described only one way of changing a model’s capacity: by
changing the number of input features it has, and simultaneously adding new
parameters associated with those features. There are in fact many ways of changing
a model’s capacity. Capacity is not determined only by the choice of model. The
model specifies which family of functions the learning algorithm can choose from
when varying the parameters in order to reduce a training objective. This is called
the representational capacity of the model. In many cases, finding the best
function within this family is a very difficult optimization problem. In practice,

the learning algorithm does not actually find the best function, but merely one
that significantly reduces the training error. These additional limitations, such as

113
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Example II: Regularized regression

• Standard linear regression:

yi = x′iβ + εt

• When number of regressors is 3 or more, OLS is not admissible (Stein’s phenomenon).

• In particular, when the number of regressors is large, forecasting properties are poor.

• Zvi Grilliches: “never trust OLS with more than five regressors.”

• This problem is becoming more prominent as we get larger datasets with thousands of covariates.

• Also relevant when we have multiple potential IVs.

• Note difference between problem of learning about coefficients and forecasting!
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A general formulation

• Solution: regularization (aka as penalization)

1. Shrink estimates towards zero.

2. Sparse representation of non-zero parameters.

• Long tradition in econometrics: James–Stein estimator.

• Estimator:

βreg = min
β

N∑

i=1

(yi − x′iβ)
2
+ λ ∥β∥pp

where

∥β∥p =

(
K∑

i=1

|β|p
) 1

p
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L0 norm

• Estimator with p = 0 (i.e., the number of non-zero coefficients).

• With an appropriately selected λ, we essentially choose β according to AIC/BIC criteria, which have

strong statistical foundations.

• Challenge: the optimization problem is difficult, and becomes computationally infeasible when

number of coefficients is large.

• Two alternatives:

1. Stepwise forward regression: start with no covariates; add whichever single covariate improves the fit

most; continue until no covariate significantly improves fit.

2. Stepwise backward regression: start with all covariates; drop single covariate that leads to the lowest

reduction in fit; continue to drop until there is a significant reduction in fit.

• Once we select the relevant covariates, we can perform OLS, but standard errors are not correct since

we do not condition on model selection.

• Thus, not very used in practice.
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Rigde regression

• Estimator with p = 2.

• Close form:

β = (X′X+ λI)
−1

X′Y

• Estimators are shrink towards zero by factor 1 + λ.

• It does not enforce sparsity and, thus, we do not achieve model selection.

• Bayesian interpretation λ =σ2

τ 2 where βprior ∼ N
(
0, τ 2I

)
and εt ∼ N

(
0, σ2

)
.
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LASSO

• Least absolute selection and shrinkage operator (Tibshirani, 1996):

min
N∑

i=1

(yi − x′iβ)
2
+ λ ∥β∥1

• LASSO shrinks some coefficients exactly to zero and others towards zero (variation of relaxed lasso).

• Algorithms for its implementation are easy to code ⇒ package in R package glmnet.

• Bayesian interpretation: mode of posterior given a Laplace prior

p (β) ∝ exp (−λ ∥β∥1)

• Bayesian alternative: spike-and-slab prior by Mitchell and Beauchamp (1988).
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3.4 Shrinkage Methods 71

TABLE 3.4. Estimators of βj in the case of orthonormal columns of X.M and λ
are constants chosen by the corresponding techniques; sign denotes the sign of its
argument (±1), and x+ denotes “positive part” of x. Below the table, estimators
are shown by broken red lines. The 45◦ line in gray shows the unrestricted estimate
for reference.

Estimator Formula

Best subset (size M) β̂j · I(|β̂j | ≥ |β̂(M)|)
Ridge β̂j/(1 + λ)

Lasso sign(β̂j)(|β̂j | − λ)+

(0,0) (0,0) (0,0)

|β̂(M)|

λ

Best Subset Ridge Lasso

β^ β^2
. .β

1

β 2

β1
β

FIGURE 3.11. Estimation picture for the lasso (left) and ridge regression
(right). Shown are contours of the error and constraint functions. The solid blue
areas are the constraint regions |β1| + |β2| ≤ t and β2

1 + β2
2 ≤ t2, respectively,

while the red ellipses are the contours of the least squares error function.
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72 3. Linear Methods for Regression

region for ridge regression is the disk β2
1 + β2

2 ≤ t, while that for lasso is
the diamond |β1| + |β2| ≤ t. Both methods find the first point where the
elliptical contours hit the constraint region. Unlike the disk, the diamond
has corners; if the solution occurs at a corner, then it has one parameter
βj equal to zero. When p > 2, the diamond becomes a rhomboid, and has
many corners, flat edges and faces; there are many more opportunities for
the estimated parameters to be zero.

We can generalize ridge regression and the lasso, and view them as Bayes
estimates. Consider the criterion

β̃ = argmin
β

{
N∑

i=1

(
yi − β0 −

p∑

j=1

xijβj
)2

+ λ

p∑

j=1

|βj |q
}

(3.53)

for q ≥ 0. The contours of constant value of
∑

j |βj |q are shown in Fig-
ure 3.12, for the case of two inputs.

Thinking of |βj |q as the log-prior density for βj , these are also the equi-
contours of the prior distribution of the parameters. The value q = 0 corre-
sponds to variable subset selection, as the penalty simply counts the number
of nonzero parameters; q = 1 corresponds to the lasso, while q = 2 to ridge
regression. Notice that for q ≤ 1, the prior is not uniform in direction, but
concentrates more mass in the coordinate directions. The prior correspond-
ing to the q = 1 case is an independent double exponential (or Laplace)
distribution for each input, with density (1/2τ) exp(−|β|/τ) and τ = 1/λ.
The case q = 1 (lasso) is the smallest q such that the constraint region
is convex; non-convex constraint regions make the optimization problem
more difficult.

In this view, the lasso, ridge regression and best subset selection are
Bayes estimates with different priors. Note, however, that they are derived
as posterior modes, that is, maximizers of the posterior. It is more common
to use the mean of the posterior as the Bayes estimate. Ridge regression is
also the posterior mean, but the lasso and best subset selection are not.

Looking again at the criterion (3.53), we might try using other values
of q besides 0, 1, or 2. Although one might consider estimating q from
the data, our experience is that it is not worth the effort for the extra
variance incurred. Values of q ∈ (1, 2) suggest a compromise between the
lasso and ridge regression. Although this is the case, with q > 1, |βj |q is
differentiable at 0, and so does not share the ability of lasso (q = 1) for

q = 4 q = 2 q = 1 q = 0.5 q = 0.1

FIGURE 3.12. Contours of constant value of
∑

j |βj |q for given values of q.
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Which penalty?

• The results of LASSO are sensitive to λ.

• Usually chosen via cross-validation by eliminating some test data:

1. Choose λ to minimize average error of held-out data.

2. Choose largest λ such that error is within one standard deviation of minimum.

• The choice of penalty parameter also affects model selection consistency.

• Meinshausen and Bühlmann (2006): the prediction-optimal choice of λ is guaranteed NOT to recover

the true model asymptotically.

• When λ is chosen by cross validation, we tend to overselect variables and include false positives.

• We need stronger penalization to guarantee model selection consistency, but in finite samples the

appropriate choice of λ is not clear.

• Bottom line: in applied work, the LASSO is most useful for variable screening rather than model

selection.
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Statistical inference

• We might also be interested in performing hypothesis testing on coefficient estimates from LASSO.

• One option is to put selected variables into an OLS regression. Highly problematic because no

conditioning on model selection.

• For example, the first variable selected by LASSO will be the one with the highest partial correlation

with the response.

• Suppose number of regressors is large and covariates are randomly generated. One of the covariates

is likely to be highly correlated with the response; will be selected by LASSO; and have a significant

p-value in an OLS regression.

• This post-selection inference problem is not fully resolved in the statistics literature.

• Possibility: sample splitting. Estimate LASSO on some data points, perform OLS regression on

selected variables in the remaining data points.
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Adaptive LASSO

• Proposed by Zou (2006).

• The LASSO penalty screens out irrelevant variables, but it also biases the estimates of relevant

variables.

• Ideally, we want to weaken the penalty on relevant covariates and vice versa.

• Estimator:

min
N∑

i=1

(yi − x′iβ)
2
+
∑

j

ωj |βj |

where

ωj =
1

|β̂OLS
j |γ

• You can still use standard software to estimate it.
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Elastic net

• Advantages and disadvantages of LASSO vs. ridge: saturation in the “large number of regressons,

small sample” case.

• We can combine Lasso and ridge:

min
N∑

i=1

(yi − x′iβ)
2
+ λ1 ∥β∥1 + λ2 ∥β∥2

or

min
N∑

i=1

(yi − x′iβ)
2
+ λ (∥β∥1 + α ∥β∥2)

• A elastic net can be expressed as linear support vector machine.

• Particularly useful because we can use available software for support vector machines.
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3.4 Shrinkage Methods 73

q = 1.2 α = 0.2

Lq Elastic Net

FIGURE 3.13. Contours of constant value of
∑

j |βj |q for q = 1.2 (left plot),

and the elastic-net penalty
∑

j(αβ
2
j +(1−α)|βj |) for α = 0.2 (right plot). Although

visually very similar, the elastic-net has sharp (non-differentiable) corners, while
the q = 1.2 penalty does not.

setting coefficients exactly to zero. Partly for this reason as well as for
computational tractability, Zou and Hastie (2005) introduced the elastic-
net penalty

λ

p∑

j=1

(
αβ2

j + (1− α)|βj |
)
, (3.54)

a different compromise between ridge and lasso. Figure 3.13 compares the
Lq penalty with q = 1.2 and the elastic-net penalty with α = 0.2; it is
hard to detect the difference by eye. The elastic-net selects variables like
the lasso, and shrinks together the coefficients of correlated predictors like
ridge. It also has considerable computational advantages over the Lq penal-
ties. We discuss the elastic-net further in Section 18.4.

3.4.4 Least Angle Regression

Least angle regression (LAR) is a relative newcomer (Efron et al., 2004),
and can be viewed as a kind of “democratic” version of forward stepwise
regression (Section 3.3.2). As we will see, LAR is intimately connected
with the lasso, and in fact provides an extremely efficient algorithm for
computing the entire lasso path as in Figure 3.10.

Forward stepwise regression builds a model sequentially, adding one vari-
able at a time. At each step, it identifies the best variable to include in the
active set, and then updates the least squares fit to include all the active
variables.

Least angle regression uses a similar strategy, but only enters “as much”
of a predictor as it deserves. At the first step it identifies the variable
most correlated with the response. Rather than fit this variable completely,
LAR moves the coefficient of this variable continuously toward its least-
squares value (causing its correlation with the evolving residual to decrease
in absolute value). As soon as another variable “catches up” in terms of
correlation with the residual, the process is paused. The second variable
then joins the active set, and their coefficients are moved together in a way
that keeps their correlations tied and decreasing. This process is continued
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More background

• References:

1. Statistical Learning with Sparsity: The Lasso and Generalizations, by Trevor Hastie, Robert Tibshirani,

and Martin Wainwright (2015).

2. “High-Dimensional Methods and Inference on Treatment and Structural Effects in Economics,” by

Belloni, Chernozhukov, and Hansen (2014).

3. “Inference on Treatment Effects after Selection among High-Dimensional Controls,” by Belloni,

Chernozhukov, and Hansen (2014).
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Example II: Support vector machines

• Developed by Vapnik and Alexey Ya. Chervonenkis (1963).

• One of the most popular algorithms in supervised learning.

• Nice example of the “kernel trick.”

• Classification problem for {yi , xi}Ni=1 with yi ∈ {−1, 1}.

• Divide observations in two groups by a boundary f (xi ).

• Maximum-margin hyperplane principle: we search for the boundary that separates as much as

possible both regions of data (hard-margin in separable case vs. soft-margin in non-separable case).

• We call observations at the margin support vectors.

• Comparison with logit or probit.
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗j are on the wrong side of their margin by
an amount ξ∗j = Mξj; points on the correct side have ξ∗j = 0. The margin is
maximized subject to a total budget

∑
ξi ≤ constant. Hence

∑
ξ∗j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xTβ + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xTβ + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xTβ+β0 = 0. Since the classes are separable, we can find a function
f(x) = xTβ + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.
We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)
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Linear boundaries

• A standard choice: linear boundary with one regressor

yi = 1 if β0 + β1x ≥ 0

yi = −1 otherwise

• Find:

min
β0,β1

1

N

N∑

i=1

max [0, (1− yi (β0 − β1) x)] + λ ∥β∥22

• The regularization term λ ∥β∥22 is known as the hinge loss.

• Note that by setting λ→ 0 in the hinge loss, we approximate a hard-margin boundary.

• You can solve the primal problem with a sub-gradient descent method or dual problem with a

coordinate descent algorithm.
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FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel shows the nonseparable
(overlap) case. The points labeled ξ∗j are on the wrong side of their margin by
an amount ξ∗j = Mξj; points on the correct side have ξ∗j = 0. The margin is
maximized subject to a total budget

∑
ξi ≤ constant. Hence

∑
ξ∗j is the total

distance of points on the wrong side of their margin.

Our training data consists of N pairs (x1, y1), (x2, y2), . . . , (xN , yN ), with
xi ∈ IRp and yi ∈ {−1, 1}. Define a hyperplane by

{x : f(x) = xTβ + β0 = 0}, (12.1)

where β is a unit vector: ‖β‖ = 1. A classification rule induced by f(x) is

G(x) = sign[xTβ + β0]. (12.2)

The geometry of hyperplanes is reviewed in Section 4.5, where we show that
f(x) in (12.1) gives the signed distance from a point x to the hyperplane
f(x) = xTβ+β0 = 0. Since the classes are separable, we can find a function
f(x) = xTβ + β0 with yif(xi) > 0 ∀i. Hence we are able to find the
hyperplane that creates the biggest margin between the training points for
class 1 and −1 (see Figure 12.1). The optimization problem

max
β,β0,‖β‖=1

M

subject to yi(x
T
i β + β0) ≥M, i = 1, . . . , N,

(12.3)

captures this concept. The band in the figure is M units away from the
hyperplane on either side, and hence 2M units wide. It is called the margin.

We showed that this problem can be more conveniently rephrased as

min
β,β0

‖β‖

subject to yi(x
T
i β + β0) ≥ 1, i = 1, . . . , N,

(12.4)
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Training Error: 0.270
Test Error:       0.288
Bayes Error:    0.210

C = 10000
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Training Error: 0.26
Test Error:       0.30
Bayes Error:    0.21

C = 0.01

FIGURE 12.2. The linear support vector boundary for the mixture data exam-
ple with two overlapping classes, for two different values of C. The broken lines
indicate the margins, where f(x) = ±1. The support points (αi > 0) are all the
points on the wrong side of their margin. The black solid dots are those support
points falling exactly on the margin (ξi = 0, αi > 0). In the upper panel 62% of
the observations are support points, while in the lower panel 85% are. The broken
purple curve in the background is the Bayes decision boundary.
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Example III: Regression trees

• Classification and Regression Trees, Leo Breiman, Jerome Friedman, Charles J. Stone, and R.A.

Olshen.

• Main idea: recursively subdivide regressors into subspaces and compute the mean of the regressor in

that subspace.

• Result is a flexible step function.

• Works surprisingly well in practice (very popular in data mining), but nearly no theoretical result

(asymptotic normality?).

• Cross-validation to determine penalty λ on the number of leaves in the tree.

• “Bet on sparsity” principle.
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Recursive partitions I

• Compute

f (x) = y

with

MSE (f (x)) =
N∑

i=1

(yi − f (x))2

• For a regressor xk and a threshold t, find:

y |xk ≤ t and y |xk > t

and define

fk,t (x) =

{
y |xk ≤ t if xk ≤ t

y |xk > t if xk > t
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Recursive partitions II

• Select regressor xk and a threshold t that minimize:

(x∗k , t
∗) = argmin

xk ,t
MSE (fk,t (x))

• Keep iterating until

min {MSE (fk,t (x)) + λ#leaves}
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306 9. Additive Models, Trees, and Related Methods
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.
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Improvements

• Pruning an existing tree.

• Boosting: regression tree on new data (ε− f (x) , x) and iterate.

• Bagging (Bootstrap AGGregatING): regresssion trees on bootstraped data, estimate is average over

bootstraped samples.

• Random forest.
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Other algorithms

• Multi-task LASSO.

• Least Angle Regression (LARS).

• LARS LASSO.

• Gaussian Process Regression (GPR).

• Dantzig Selector.

• Ensemble methods.

• Super learners/stacking (asymptotic properties).
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