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Abstract: We compare the performance of two alternative approximations to the finite-sample
distributions of test statistics for structural change, one based on asymptotics and one based

on the bootstrap. We focus on tests acknowledging that the break point is selected
endogenously--in particular, the "supremum" tests of Andrews (1993). We explore a variety
of issues of interest in applied work, focusing particularly on smaller samples and persistent
dynamics. The bootstrap approximation to the finite-sample distribution appears consistently
accurate, in contrast to the asymptotic approximation. The results are of interest not only
from the perspective of testing for structural change, but also from the broader perspective of
compiling evidence on the adequacy of bootstrap approximations to finite-sample
distributions in econometrics.
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1. Introduction

Structural change is of paramount importance in economics and econometrics, and the
associated literature is huge.* An important associated problem is testing the null hypothesis
of structural stability against the alternative of a one-time structural break. In standard
treatments, the location of the potential break is assumed known a priori. The standard
approach is often highly unrealistic, however, because of the endogeneity, or sample
selection, problem. That is, implicitly or explicitly, data-based procedures are typically used
to determine the most likely location of a break, thereby invalidating the distribution theory
associated with conventional tests.

Tests formally incorporating selection effects are therefore desirable. Important such
tests are the "supremum” test of Andrews (1993) and the related "average" and "exponential”
tests of Andrews and Ploberger (1992), Andrews, Lee, and Ploberger (1992) and Hansen
(19914, 1991b). At issue, however, is how best to approximate their finite-sample
distributions under the null hypothesis of structural stability.

One obvious approximation to the finite-sample distribution is the asymptotic
distribution obtained by Andrews (1993). The asymptotic distribution isrelatively easy to
characterize and tabulate, but it may be an unreliable guide to finite-sample behavior. An
alternative approximation is the bootstrap distribution, as suggested by Christiano (1992).
Bootstrap procedures play upon the increased sophistication and feasibility of simulation
methods in econometrics, together with drastic increases in computing capability. Bootstrap

methods are typically employed in hopes of obtaining better approximations to finite-sample

! Chow (1986) and Hackl and Westlund (1989) provide useful surveys.
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distributions, but as of now the theory is far from complete, and the efficacy of the bootstrap
in this application remains an open question.

In this paper, we provide a detailed finite-sample evaluation of the size of supremum
tests for structural change in adynamic model, with attention focused on the comparative
performance of asymptotic vs. bootstrap procedures. In doing so, we build upon and extend
both Andrews' and Christiano's work. The results are of interest not only from the perspective
of testing for structural change, but also from the broader perspective of compiling evidence
on the adequacy of bootstrap approximations to finite-sample distributions in econometrics.
In section 2, we introduce the basic model and test statistics. The heart of the paper is section
3, in which we execute the test size comparison and present the results in both tabular and
graphical (response surface) form. In section 4, we extend the analysis to include richer data-
generating processes and alternative test statistics. We conclude and sketch directions for

future research in section 5.

2. TheBasic Model and Tests
Here we discuss our most basic model and test statistics, which are the centerpiece of

the analysis. We work with the Gaussian zero-mean first-order autoregressive process,?

Y =PY, t8& t=1.,T

g, ~ N(0,1)

2 We also examined a variety of leptokurtic and skewed innovations, against which all of
our results were robust.



The null hypothesis of structural stability is

Ye = PY, t & t=1 .,T.

We call this the restricted, or no-break, model. The alternative hypothesis of a one-time

structural break is

Ve = PYiq v & t=(T"+D), ., T.

We call these the unrestricted, or subsample, models.

Our basic test statistics are the "supremum” tests of Andrews (1993),
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where ¢ isthe Tx1 vector of OLS residuals from the restricted model, &, isthe T"x1 vector
of OL S residuals from the subsample 1 model, 52 isthe (T-T")x1 vector of OLS residuals
from the subsample 2 model, and = = T'/T. Following standard procedure, we
impose m € [.15, .85]. 3

We consider two ways of approximating the finite-sample distributions of the three
statistics (that is, ways of approximating the significance level, or p-value, corresponding to a
given value of atest statistic). The first approximation is Andrews' (1993) asymptotic
distribution, which is essentially the distribution of the supremum of a set of %2 random
variables. Thisisobviously appropriate asymptotically, although little is known about the
reliability of the asymptotic distribution as a guide to finite-sample behavior. Andrews
Monte Carlo analysis indicates that the asymptotic approximation performs quite well;
however, he examines only arestrictive static regression model with asingle deterministic
regressor. In contrast, we focus on dynamic models.

The second approximation is the bootstrap distribution. Bootstrapping was first

applied to the endogenous change-point problem by Christiano (1992), who used the

¥ We could, of course, trim by other amounts. The bootstrap procedure that we introduce
can be easily modified to do so. But Andrews tabulated only the asymptotic distribution for
m € [.15, .85]. So, to maintain comparability, we follow suit.
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supremum of Chow's (1960) F test to assess the likelihood of a structural shift in the dynamics
of U.S. aggregate output. Our bootstrap procedures are straightforward generalizations of his
to aricher class of tests.

The bootstrap formalizes a highly intuitive idea. Using observed data, we calculate the
test statistic of interest. Then we build up an approximation to its finite-sample null
distribution by (1) generating many pseudo-data samples using model parameters estimated
under the null hypothesis and pseudo-disturbances drawn with replacement from the
estimated model's residual's, and then (2) calculating the statistic for each sample of pseudo-
data.* We call this the "bootstrap distribution". Finally, we compute the approximate p-value
as the probability, relative to the bootstrap distribution, of obtaining a larger value of the test
statistic than the one actually obtained.

Theresults of Gené and Zinn (1990) and Stinchcombe and White (1993) show that
the bootstrap procedures we use in this paper are asymptotically valid. The finite-sample
properties of the bootstrap, however, are much less well understood. Recent research shows
that in many cases, roughly speaking, the bootstrap is similar to a two-term empirical
Edgeworth expansion, although in some important cases it can be shown to be even better
(e.g., Bhattacharya and Qumsiyeh, 1989, and Hall, 1992). At the very least, the likely
impressive finite-sample performance of the bootstrap has emerged as an empirical "folk

theorem," supported by various Monte Carlo studies. (See, for example, the insightful survey

* Our procedure is a "nonparametric bootstrap,” by virtue of the fact that no distributional
assumptions are made. If distributional information is available, one may of course draw the
pseudo-disturbances from the appropriate parametric distribution fitted to the model residuals,
resulting in a"parametric bootstrap”. In practice, the nonparametric bootstrap is more
popular, as oneis usually unsure of the underlying density.
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of Jeong and Maddala, 1992.)
Having sketched the basic model and test statistics, we now proceed to the finite-

sample comparisons of test size.

3. Monte Carlo Analysis of Test Size

First let us define some notation. ChiSupW, ChiSupLR, and ChiSupLM refer to tests
against the (1) distribution. AsySupW, AsySupLR, and AsySupLM refer to tests against
Andrews' (1993) asymptotic distribution. BootSupW, BootSupL R, and BootSupLM refer to
tests against the bootstrap distribution.

For each procedure, we explore the relationship between empirical and nominal test
size, varying the sample size (T), persistence as measured by the autoregressive coefficient
(p), and nominal test size (). We explore sample sizes of T = 10, 50, 100, 500, 1000,
persistence parameters of p = .01, .20, .30, .40, .50, .60, .70, .80, .83, .85, .87, .90, .92, 95,
.96, .97, .98, .99, and nominal test sizes of « = 1%, 2.5%, 5%, and 10%. We perform RM =
1000 Monte Carlo replications. Given the choicesof T, p, and «, we use afull factorial
experimental design for examining the properties of the AsySup tests, and a subset of the full
factorial design for examining the ChiSup and BootSup tests.

We seek to estimate the probability of rejecting the hypothesis of structural stability
when it istrue (for afixed nominal test size ), for each of the test procedures outlined above,
and to see how those probabilities vary with T, p and «. Let the true, or empirical, test size be
denoted by «,. Following standard practice, we use the unbiased and asymptotically (in RM)

normal estimator &, = S/RM, where Sisthe total number of times



A

the procedure rejects. The asymptotic (in RM) standard error of ¢, is (oco(l—oco)/RM)l/z
which we estimate by &,(1-&,)/RM)*

In addition to presenting the actual Monte Carlo test-size results for each
approximation to the finite-sample distribution, we summarize the results succinctly by
estimating response surfaces, as advocated by Hendry (1984) and Ericsson (1991). Tofita
response surface, we use data from all relevant Monte Carlo experiments to determine how
the size distortion, &,-a, dependsonT, p, and «. Typically, we start with a second-order
expansion in powers of T, p and «, as well as terms capturing interaction of p and o with T.
We then obtain the final response-surface specifications by dropping variables with
insignificant t-ratios. Because the variance of &, varieswith thevalueof ¢, thet-ratios
are constructed using White's (1980) heteroskedasticity-consistent standard errors. The final
specifications of the response surfaces are given in Table 1.°

All computations were done using 386-MATLAB version 3.5k on an IBM-compatible
486 machine running at 33 MHz. All N(0,1) deviates were generated using the Forsythe et al.

(1977) agorithm, asimplemented in MATLAB, and all U(0,1) deviates were generated using

the Park-Miller (1988) algorithm, also as implemented in MATLAB.

Results for ChiSupW, ChiSupLR, ChiSupLM

Asisnow well known, the y? distribution does not obtain, even asymptotically,

® The response surfaces were also estimated separately for each nominal size. The R?sfor
those regressions were of course a bit higher than for the surfaces reported here. The actual
graphs of the separately estimated surfaces, however, are virtually identical to those of the
surfaces reported here, all of which still have very high R?.
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because the location of the break point is selected with the aid of the data. Nevertheless, the
use of such approximations remains commonplace in applied work. Examination of the
finite-sample properties of the ChiSup tests illustrates the severity of the size distortions and
provides a key benchmark against which to compare the results for other tests.

The Monte Carlo experiments using the y? distribution use the T and « values
described above, and persistence parameters of p = .01, .50, .70, .80, .83, .85, .87, .90, .92,
.95, .96, .97, .98, .99. To save space, we present in Table 2 the results from only a small but
representative subset of the parameter space points actually explored. Asintuition suggests,
the ChiSup tests tend to overreject. Moreover, the size distortions are huge. For example,
the response surface for ChiSupW (Figure 1), which plotsthe size distortion, @,-«, asa
function of sample size and persistence when nominal test size is fixed at 10%, highlights
their poor performance: empirical test size typically dwarfs nominal test size.® ’

Furthermore, the tendency for the ChiSup tests to overreject worsens as sample size increases,
due to the increased severity of datamining.? Serial correlation also affects the empirical size
of the ChiSup tests. Asthe degree of serial correlation increases, the ChiSup tests tend to

reject more often. The extent to which the tests overrgject from using the incorrect asymptotic

distribution, however, far overpowers this effect.

® The response surfaces for ChiSupLR and ChiSupLM are similar to that of ChiSupW and
therefore are not included here.

" We superimpose graphs of the x-y plane on most of our graphs of response surfaces. A
response surface that lies near the x-y plane indicates that the distribution approximates the
finite sample distribution well. Clearly, thisis not the case for the ChiSup tests.

8 Hence T appears in positive rather than negative powers in the response surface.
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Results for AsySupW, AsySupLR, AsySupLM

Having seen how poorly the y? distribution performs as an approximation to the finite-
sample distribution, we now turn to the asymptotic approximation. The full factorial
experimental design is used here, although again we present only a subset of the results, this
timein Table 3 and Figures 2-4.° The basic observations are:

(i) Use of the asymptotic distribution yields large reductions in size distortion relative

to use of the y? distribution. Significant distortions remain, however.

(i) Clearly, and as expected, nominal and empirical test size convergeas T grows.

(iii) Table 3 confirms that the expected relationship, SupW > SupLR > SupLM, holds
throughout. (This must hold at any break point, and therefore for the
supremum.) Inline with this, for small samples, AsySupW tends to overreject,
AsySupLR to underreject and AsySupLM to underreject drastically.

(iv) Theresponse surfacesin Figures 2-4 show that the size distortion, @,-«, is
generally large (and negative) for small T, and decreaseswith T. The
convergence of empirical to nominal test size, however, can be slow and non-
monotone, particularly with the amounts of serial correlation typically present
in economic data.

(v) Seria correlation tends to inflate empirical test size. The stronger the serial
correlation, the greater the empirical size inflation. Additionally, for AsySupW
and AsySupL R the sensitivity to serial correlation is greater the smaller the

sample size. This can be seen most clearly for the case of AsySupW where the

° Note the scale change of the z axis relative to Figure 1.
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valuesfor T = 10 are larger than for T= 100.

(vi) The size distortions associated with the AsySupLM procedure in small samples

are particularly severe.

L et us elaborate upon points (iv) and (v). It isimportant to note that there are
effectively two sources of test size distortion. First, in the absence of serial correlation, finite-
sample empirical test size tends to be pushed downward relative to nominal size. Serid
correlation works in the opposite direction, pushing empirical test size upward. Thus, the
occasional good test size performance is merely an artifact of a happenstance cancellation of
competing biases, and should never be relied upon to work in practice.

The upshot of this subsection is that, although the finite-sample performance of the
AsySup statistics is much better than that of the ChiSup statistics, it is not as good as one
would hope. Whether there exists an even better approximation to the finite-sample
distribution--one that corrects the deficiencies of the asymptotic distribution--remains an open

guestion. This leads us to the bootstrap procedure, to which we now turn.

Results for BootSupW, BootSupL R, BootSupL M

We provide aflow chart illustrating our Monte Carlo procedure for evaluating the
bootstrap in Figure 5. The details of the procedure, and our Monte Carlo examination of its
properties, are asfollows. Leti =1, ..., RM index Monte Carlo replications, and letj =1, ...,
RB index the bootstrap replications inside each Monte Carlo replication.®® Nominal test size

iso. Then:

19 Throughout, we set RB = 1000.
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(1) Draw the vector of innovations {eil, eiz, eiT} ~ N(O, 1). Then generate a

vector of "true" data, {yli, yzi, yTi} from

v, =yl +e, t=1.,T

yo ~ N|o, -],
1-p?

and compute the OL'S estimator for p, p', and the associated de-meaned

i
o1

residuals {&,, €, .., &}. Finaly, compute SUP = { SupW', SupLR,
SupLM'}.
(2a) Draw {elj, e,z‘ eTj} by sampling with replacement from
{€,, €, ..., &5}. Then generate the pseudodata
{y), vos o Y2} via y) = p'y), + /. Choose the startup
value, y(;j, randomly from the stationary distribution, as proxied by the vector
of "true" data {yli, yzi, yTi}. Finally, compute SUP".

(2b) Repeat step (2a) RB times, yielding a (RBx1) vector of SUP' values. This vector
constitutes the bootstrap distribution for Monte Carlo replicationi. The 10%
critical value of the bootstrap distribution, for example, is estimated as the
900th element in the vector, after sorting from smallest to largest.™*

(2c) Compare the SUP' value from step (1) to the a% bootstrap critical value from

(2b), and determine whether the critical value is exceeded.

" This estimator is consistent (in RB), but other estimators may be available with even
better properties. We leave thisto future research.
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(3) Repeat steps (1)-(2c) RM times.
(4) Compute the percentage of times aregjection occursin step (2c¢). If nominal and
empirical test size are equal, rejection should occur a% of the time (up to
Monte Carlo error).
We present the resultsin Table 4. The bootstrap consistently outperforms the asymptotic
distribution in approximating the finite-sample distribution. In fact, as we proceeded with the
experiments, it became apparent that the bootstrap's performance was nearly perfect. Thus,
we were able to choose rather widely-spaced values of p, relative to those explored for the
AsySup tests. Similarly, there was no point in exploring values of T greater the 50, because
the bootstrap approximation was nearly perfect even for sample sizes smaller than 50. Inthe

end, we explored p = .01, .50, .80, .90, .99, and T = 10, 25, 50.

ajn mjm Aga
B W B 88—8181—8282
Note that LR=T Iog(1+T) =T logl 1+
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the three

bootstrapped tests have identical empirical size. This occurs because, as Engle (1984) shows,

the Lagrange multiplier and likelihood ratio tests for linear restrictions have the following

relationships with the Wald test in the linear regression model:
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Because the first derivatives, LR = 1 d LM 1

an =
oW 1+ WIT oW (1 + WIT)?
than zero (so long asW > 0), LR and LM are monotone increasing functions of W. This

are greater

means that the break point that gives the SupW statistic will also be the break point that gives
the SupL R and SupLM statistics. If the "true" SupW' is equal to the 900th largest SupW" of
the bootstrap SupW' distribution, then the "true" SupLR' is equal to the 900th largest SupLR"
in the bootstrapped finite-sample distribution for the SUpLR test statistic, and similarly for the
SupLM test. Thus, the bootstrap distributions adjust for the differences among the SupW, LR
and LM statistics.

We also present the estimated response surface for the bootstrap in Figure 6. The
performance of the bootstrap is visually striking. As expected, it has little curvature;
effectively, it isjust the plane containing the x and y axes.*

The results demonstrate that the bootstrap distribution can be a much better
approximation to the finite-sample distribution than the asymptotic distribution when sample
size is not large and/or persistence is high. Note, in particular, that the finite-sample size
distortion associated with the use of bootstrapped critical valuesis minimal, regardless of the
value of the nuisance parameter p. This stands in sharp contrast to the finite-sample size
distortion associated with the use of asymptotic critical values, which depends heavily on p, in
gpite of the fact that dependence on p vanishesin the limit.

Moreover, our results are entirely in line with those of Rayner (1990), who finds that
the bootstrap approximation to the finite-sample distribution of studentized statisticsin an

AR(1) model outperforms the asymptotic approximation for sample sizes as small as T=5 and

12 For that reason, the x-y plane is not graphed in Figure 6.
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for degrees of persistence as large as p=0.99. Jeong and Maddala (1992) suggest that one
reason for Rayner's success with the bootstrap is his careful treatment of the initial value when
generating bootstrap samples. Instead of assuming the initial value to be known, he draws it
from its stationary distribution. We of course followed the same approach.

We conclude this subsection with some discussion of the computational requirements
of the bootstrap. Although it istrue that a Monte Carlo evaluation of the bootstrap is a
formidable computational task, actual use of the bootstrap on areal dataset is a simple matter.
For example, performing the BootSupL R test for a sample of size 50 takes about ten minutes

on a 33 MHz 486 machine.

4. Extensionsto Other Modelsand Other Tests
Other Models

We now extend the analysis to richer models, by allowing for inclusion of an intercept.
For each AsySup test statistic, the experiments are over T = 10, 50, 100, 500, and p = .01, .50,
.80, .99, while for the BootSup tests, the experiments are over T = 10, 25, 50, and p = .01, .50,
.80, .90, .99. The size distortions of the AsySup tests can be extremely large when allowance
for intercept is made. For example, in Figure 7 we graph the response surface for the
AsySupW test when an intercept is included in the estimation. Comparing this against Figure

2, the zero-mean case, the basic shape of the response surfaces remains the same. But when a
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mean is included, the size distortions become much worse.®* ** In contrast, the bootstrap
(Figure 8) appears to continue to deliver outstanding approximations to the null distributions

of the test statistics, with the response surface lying ailmost completely on the x-y plane.

Other Tests

Now we consider additional tests. Andrews and Ploberger (1992), for example,
propose an asymptotically optimal class of tests that can be applied to the change-point
problem. Andrews, Lee, and Ploberger (1992) derive the finite-sample distribution for these
tests, but the derivation applies only under a model with fixed regressors and normally
distributed errors with known variance. We explore the finite-sample performance of six of
these tests under much more general conditions. The tests are the exponential Wald (ExpW),
exponential LR (ExXpLR), exponential LM (ExpLM), average Wald (AvgW), average LR

(AvgLR), and average LM (AvgLM), given by

ExpK = log WZ exp(< K(n)))

AvogK =
g 85T - 15T 1Z K,

where K =W, LR or LM.

Wereplicated all the experiments for o = 1%, 5%, and 10%, performed on the Sup

3 Again note the change in the scale of the z axis.

14 Of course, as sample size grows and for moderate levels of serial correlation, the size
distortion almost disappears, as is consistent with the asymptotic behavior of the tests.
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tests using the Exp and Avg tests. The size behavior of these testsis similar to that of the Sup
tests, which is expected because they are all based on the same principles. In each case the
AsyExp tests display large size distortions, while the BootExp tests do not.*> Compare, for
example, the response surface for AsyExpW with intercept (Figure 9) to the response surface
for BootExpW with intercept (Figure 10). Qualitatively identical results hold for the AsyAvg
and BootAvg tests as well.*® In fact, all the results reported earlier for Sup tests carry over

completely to the Exp and Avg tests.

5. Conclusions and Directions for Future Research

Our results sound a cautionary note regarding the use of the various asymptotic test
procedures in applied time-series econometric analyses of structural change, because of the
deviations between nominal and empirical test size that can arise in dynamic models.
However, our rather pessimistic conclusion regarding the asymptotic distribution is offset by
our optimistic results for the bootstrap distribution. The bootstrap procedures perform very
well, even in small samples with high serial correlation.

There are, of course, numerous limitations to our analysis. For example, we don't
consider cases of gradual structural change, we don't allow for multiple breaks, we don't
explicitly treat multivariate models, we don't allow for shifts in the innovation variance across

subsamples, and so forth. But although we have not addressed such issues here, it's easy to

> To save space we report only the results for Wald tests here, but we note that the earlier-
discussed equivalence of BootSupW, BootSupL R and BootSupLM does not carry over to the
BootExp or BootAvg cases.

16 To save space, we do not report those response surfaces.
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accommodate them with the bootstrap in actual applications. In fact, flexibility and

adaptability are two of the bootstrap's greatest virtues. This contrasts with analytic derivation

and tabulation of asymptotic distributions.

Given that the bootstrap procedures appear to maintain correct test size, while the
asymptotic procedures do not, it will be of obvious interest in future work to compare the
power of the bootstrapped versions of the Sup, Exp, and Avg tests in dynamic models with
small samples, with particular attention paid to location of the break and "distance" of the
alternative from the null. Although, for example, the Exp and Avg tests enjoy certain
optimality propertiesin large samples, little is known about their comparative power
properties under the conditions maintained here. 1t will also be of interest to examine the
power gains accruing to an explicitly multivariate framework."’

Preliminary results for the zero-mean AR(1) model show that:

(1) the bootstrapped AsySup tests have excellent power for large breaks, with power
diminishing as the break size diminishes and as the location of the break moves toward
the edge of the sample.

(2) The Avg and Exp tests never perform much better than their Sup counterparts in our
experiments run thus far, and they sometimes perform worse.

(3) The degree of persistence has arelatively small effect on power.

(4) The power of the standard Chow test depends critically on whether the assumed break

point and the true break point coincide. When they do, the Chow test has good power;

" Working with different tests, Bai, Lumsdaine and Stock (1991) find impressive power
gainsin amultivariate framework.
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when they don't the Chow test can have very poor power.

(5) The BootSup tests, which do not require a priori specification of the break point,
consistently display power performance almost as good as the standard Chow test with
correctly specified break point. Thus, it appears that there is potentially much to be

gained by using the BootSup tests, and little to be lost.
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Tablel

Response Surface Specifications

ChiSupw AsySup BootSup | AsySupW | BootSup AsyExpW | BootExpW
Intercept Intercept Intercept Intercept
W LR, LM

T1/2 T-lIZ T-lIZ T-lIZ T-lIZ T-lIZ T-lIZ T-lIZ

T T T T T T T T

T2 T-SIZ T-SIZ T-SIZ T-SIZ

o T2 T2 T2

(xZ -l--llZOC -l--llZOC -l--llZOC

p1/2 T-112p T-112p T-112p T-112p T-112p T-112p T-112p

p T T Tla

P’ T T T T T T T
T-1202 T Y202
T-112p2 T-112p2 T-112p2 T-112p2 T-112p2 T-112p2 T-112p2

T-laZ T-laZ

T-1p2 T-1p2 T-1p2 T-1p2 T-1p2 T-1p2 T-1p2
T 200 T 200 T “ap T Yap T 200 T “ap
Tap Tap Tap Tap Tap Tap




Table2
Empirical Size of ChiSup Tests, Normal Innovations, AR(1)

T S0P = = 001 = = 0.50 =0 80 = = 0,00
PES 70 5.0 10 0 70 5.0 10 0 70 5.0 100 | L0 5.0 10,0
10 w | 88 237 381 |120 276 41.4 |16.8 357 491 |24.7 42.3 56. 3
(0.9 (1.3 (5] (1.0 (L4 (16| (1.2 (1.5 (16| (1.4 (16 (L6

) ) ) ) ) ) ) ) ) )
IR | 45 16,9 321 | 49 209 362 | 9.6 27.2 446 |142 355 51.5
(0.7 (1.2 (L5] (0.7 (1.3 (15| (0.9 (1.4 (16| (11 (15 (L6

) ) ) ) ) ) ) ) ) )
IM | 004 102 249 | 07 138 204 | 1.6 181 37.3 | 3.0 27.0 43.0
(0.2 (1.0 (14] (0.3 (1.1 (14 (0.4 (120 (15| (0.5 (1.4 (L6

) ) ) ) ) ) ) ) ) )
50 W 1 62 269 466 | 7.5 290 469 | 9.4 337 5.8 |11 4.8 BT, 1
(0.8 (1.4 (16| (0.8 (1.4 (16| (0.9 (1.5 (L1.6]| (1.1 (1.6 (L5)

) ) ) ) ) ) ) ) ) )
IR | 45 250 449 | 5.8 274 446 | 82 31.4 503 |130 39.5 60. 4
(0.7 (1.4 (16| (0.7 (14 (16| (0.9 (1.5 (16| (1.1 (1.5 (L5

) ) ) ) ) ) ) ) ) )
IM | 3.4 229 429 | 45 256 431 | 6.7 285 486 |10.6 36.8 58. 8
(0.6 (1.3 (16| (0.7 (1.4 (16| (0.8 (1.4 (16| (1o (1.5 (L6

) ) ) ) ) ) ) ) ) )
700 W | 7.5 208 525 | 8.9 300 548 [103 351 547 |181 261 545
(0.8 (1.4 (16| (0.9 (1.5 (1.6 (1.0 (1.5 (16| (1.2 (1.6 (L5)

) ) ) ) ) ) ) ) ) )
IR | 6.6 289 519 | 7.6 299 534 | 9.4 338 537 |15.8 449 63.9
(0.8 (1.4 (16| (0.8 (1.4 (16| (0.9 (1.5 (1.6 (1.2 (1.6 (L5

) ) ) ) ) ) ) ) ) )
IM | 5.9 274 502 | 6.7 200 530 | 85 327 532 |142 440 63.0
(0.7 (1.4 (16| (0.8 (1.4 (16| (0.9 (1.5 (L1.6]| (1.1 (1.6 (L5)

) ) ) ) ) ) ) ) ) )
500 W 130 382 600 | 121 374 580 | 134 383 505 [206 493 57.6
(1.1 (1.5 (5] (1.0 (15 (1.6 (1.1 (1.5 (16| (1.3 (1.6 (L15)

) ) ) ) ) ) ) ) ) )
IR | 1228 376 607 |11.9 37.2 579 |[133 382 59.3 |20.1 489 67.3
(1.1 (1.5 (5] (1.0 (L5 (16| (1.1 (1.5 (16| (1.3 (1.6 (L5

) ) ) ) ) ) ) ) ) )
M | 1228 374 605 |11.5 370 57.9 |[132 380 59.3 |19.5 48.4 67.0
(1.1 (1.5 (5] (1.0 (15 (16| (1.1 (1.5 (16| (1.3 (1.6 (L15)

) ) ) ) ) ) ) ) ) )
T000 | W | 113 403 600 | 124 383 6L5 | 127 394 603 |17.0 479 54,2
(.o (1.6 (5] (1.0 (15 (15| (1.1 (15 (15| (12 (1.6 (L5

) ) ) ) ) ) ) ) ) )
IR |11.3 401 608 | 1224 383 61.3 |[125 39.3 60.2 |17.0 47.9 64. 4
(.o (1.5 (5] (1.0 (15 (15| (1.0 (1.5 (15| (12 (1.6 (L5

) ) ) ) ) ) ) ) ) )
IM | 11.2 401 607 | 123 382 61.3 [1221  39.1 60.2 |16.9 47.9 64. 4
(.o (1.5 (5] (1.0 (L5 (15| (1.0 (1.5 (15| (12 (1.6 (L5

)

)

)







Empirical Size of AsySup Tests, Normal Innovations, AR(1)

Table3

S0P =0 01 = = 0.50 = = 0,80 = = 0,00
T PES 70 5.0 10 0 70 5.0 10 0 70 50 100 | 1.0 50 100
10 w |19 53 74 |27 66 107 | 49 115 153 | 82 158 21.2

(0.4 (0.7 (o0.8] (0.5 (0.8 (10| (0.7 (ro (1] (0.9 (L2 (1.3

) ) ) ) ) ) ) ) ) ) ) )

IR | o1 1.4 38 |02 23 40 |10 38 74 |21 64 114
(0.1 (0.4 (0.6] (0.1 (0.5 (0.6| (0.3 (0.6 (0.8| (0.5 (0.8 (1.0

) ) ) ) ) ) ) ) ) ) ) )

i(IM| oo 00 01 |00 00 02 |00 00 10 |oo0o o1 1.7
(0.0 (0.0 (0.1] (0.0 (0.0 (0.1| (0.0 (0.0 (0.3] (0.0 (0.1 (0.4

) ) ) ) ) ) ) ) ) ) ) )

50 W | 02 18 43 |02 30 56 |08 41 81 [ 18 724 127
(0.1 (0.4 (0.6] (0.1 (0.5 (0.7] (0.3 (0.6 (0.9| (0.4 (0.8 (1.0

) ) ) ) ) ) ) ) ) ) ) )

IR | oo 10 31 |00 19 45 |05 33 63|13 52 103
(0.0 (0.3 (0.5] (0.0 (0.4 (0.7] (0.2 (0.6 (0.8]| (0.4 (0.7 (1.0

) ) ) ) ) ) ) ) ) ) ) )

iIM| oo 04 23 |00 09 35 |02 22 47 |07 39 8.0
(0.0 (0.2 (0.5] (0.0 (0.3 (0.6| (0.1 (0.5 (0.7] (0.3 (0.6 (0.9

) ) ) ) ) ) ) ) ) ) ) )

700 W | 05 33 55 |06 37 63 08 51 82 |16 74 135
(0.2 (0.6 (0.7] (0.2 (0.6 (0.8| (0.3 (0.7 (0.9]| (0.4 (0.8 (1.1

) ) ) ) ) ) ) ) ) ) ) )

IR | 004 28 48 |05 32 54 |04 39 72 |12 63 122
(0.2 (0.5 (0.7] (0.2 (0.6 (0.7] (0.2 (0.6 (0.8| (0.3 (0.8 (1.0

) ) ) ) ) ) ) ) ) ) ) )

iIM| 03 22 42 |02 28 48 |04 33 65 |06 53 104
(0.2 (0.5 (0.6] (0.1 (0.5 (0.7] (0.2 (0.6 (0.8]| (0.2 (0.7 (1.0

) ) ) ) ) ) ) ) ) ) ) )

500 W | 09 50 105 |09 51 91 | L2 56 1.0 |31 107 163
(0.3 (0.7 (o] (0.3 (0.7 (09| (0.3 (0.7 (1o (0.5 (1.0 (1.2

) ) ) ) ) ) ) ) ) ) ) )

IR | 009 49 103 |09 51 88 |12 54 107 |30 103 1509
(0.3 (0.7 (o] (0.3 (0.7 (0.9 (0.3 (0.7 (o] (0.5 (L0 (1.2

) ) ) ) ) ) ) ) ) ) ) )

(M| 09 49 103 |09 50 85 |08 51 104 | 29 103 158
(0.3 (0.7 (o] (0.3 (0.7 (09| (0.3 (0.7 (o] (0.5 (L0 (1.2

) ) ) ) ) ) ) ) ) ) ) )

000 | W | 09 43 82 | .2 55 101 08 48 98 |15 81 138
(0.3 (0.6 (0.9] (0.3 (0.7 (1o (0.3 (0.7 (09| (0.4 (09 (1.1

) ) ) ) ) ) ) ) ) ) ) )

IR | o9 41 81 |12 52 99 |07 48 97 |14 80 138
(0.3 (0.6 (0.9] (0.3 (0.7 (0.9| (0.3 (0.7 (0.9]| (0.4 (0.9 (1.1

) ) ) ) ) ) ) ) ) ) ) )

(M| o9 40 81 |12 52 99 |07 45 907 |13 7.7 137
(0.3 (0.6 (0.9] (0.3 (0.7 (0.9| (0.3 (0.7 (0.9]| (0.4 (0.8 (1.1







Table4

Empirical Size of BootSup Tests, Normal Innovations, AR(1)

= 0.01 = 0.50 o = 0.80 = 0.90 = 0.99
.o 50 10 |10 50 100 |10 50 100 |10 50 100 |10 50 10.0
0.8 50 88 |08 45 95 |08 55 104 [09 53 9.8 |06 52 104
(0.3 (0.7 (0.9] (0.3 (0.7 (0.9 | (0.3 (0.7 (1.0] (0.3 (0.7 (0.9] (0.2 (0.7 (1.0
) ) ) ) ) ) ) ) ) ) ) ) ) )
1.3 4.9 103 |07 50 104 |13 53 93 |11 53 100 |15 45 9.6
(0.4 (0.7 (1.0 (0.3 (0.7 (1.0 (0.4 (0.7 (0.9] (0.3 (0.7 (0.9] (0.4 (0.7 99.0
) ) ) ) ) ) ) ) ) ) ) ) ) )
1.5 6.6 11.4 |08 52 102 |11 42 103 |1.3 57 114 |1.4 61 120
(0.4 (0.8 (1.0 (0.3 (0.7 (1.0 (0.3 (0.6 (1.0 (0.4 (0.7 (1.0 (0.4 (0.8 (1.0
)




Figurel
Response Surface for ChiSupW, Ten Percent Nominal Size, AR(1)
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Figure2
Response Surface for AsySupW, Ten Percent Nominal Size, AR(1)
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Figure 3
Response Surface for AsySupL R, Ten Percent Nominal Size, AR(1)
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Figure4
Response Surface for AsySupL M, Ten Percent Nominal Size, AR(1)
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Figure5
Flow Chart for Bootstrap Monte Carlo
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Figure 6
Response Surface for BootSup, Ten Percent Nominal Size, AR(1)
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Figure7
Response Surface for AsySupW, Ten Percent Nominal Size, AR(1) with Intercept
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Figure 8
Response Surface for BootSup, Ten Percent Nominal Size, AR(1) with Intercept
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Figure9
Response Surface for AsyExpW, Ten Percent Nominal Size, AR(1) with Inter cept
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Figure 10
Response Surface for BootExpW, Ten Percent Nominal Size, AR(1) with Intercept
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Notesto Tablesand Figures

Table 1: The columns give the regressors for each response surface. T is sample size, ¢ isnhominal test size
and p isthe AR(1) parameter. All test names are of the form "xyz," where x denotes the type of
approximation to the null distribution made ("Chi" for chi-squared, "Asy" for asymptotic and "Boot" for
bootstrap), y denotes the type of test ("Sup” for supremum, "Exp" for exponential, and "Avg" for average),
and z denotes the testing principle employed ("W" for Wald, "LR" for likelihood ratio, and "LM" for
Lagrange multiplier).

Table2: T issamplesize and p isthe AR(1) parameter. For each (T, p) pair, three nominal test sizes (1%,
5%, 10%) are explored. See notesto Table 1 for test naming conventions.

Table 3: T issample size and p isthe AR(1) parameter. For each (T, p) pair, three nominal test sizes (1%,
5%, 10%) are explored. See notesto Table 1 for test naming conventions.

Table4: TheWald, LR, LM results are identical, for reasons discussed in the text, so no distinction is made
inthetable. T issamplesize and p isthe AR(1) parameter. For each (T, p) pair, three nominal test sizes

(1%, 5%, 10%) are explored. See notesto Table 1 for test naming conventions.

All Figures: See notesto Table 1 for test naming conventions.



