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Networks are Everywhere

I Social and economic networks mediate many aspects of
individual choice and outcomes:

- Development: technology adoption, insurance.

- Peer Effects: learning, delinquency, consumption.

- IO: buyer-supplier networks, strategic interactions.

- Macro, Finance and Trade: contagion, gravity equations.

- Many more examples: Jackson [2010], de Paula [2015].
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But . . .

I Network information are not available in most datasets.

I When available, usually imperfect:
- Self-reported data (censoring, 6= econ int⇒6= ties);
- Postulated (e.g., classroom, zip code).

I Hence, empirical analysis of network effects may be
challenging.

I Existing models are conditioned on postulated network.

I Potential for misspecification.
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This Project

I We study identification of the unobserved networks and
parameters of interest in a social interactions model . . .
(spatial model with unobserved neighbourhood matrix)

I . . . under standard network “intransitivity” hypothesis . . .

I . . . and explore estimation strategies.
- N individuals⇒ O(N2) parameters to estimate.
- High-dimensional model techniques.
- Consistency and asymptotic distribution.
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The Model

I Many interdependent outcomes are mediated by
connections (“networks”).

I A popular representation follows the “linear-in-means”
specification suggested in Manski [1993]. For example,

yit = αt + ρ0
∑N

j=1 W0,ijyjt + β0xit + γ0
∑N

j=1 W0,ijxjt + εit

⇔
yt,N×1 = αt1N×1 + ρ0W0,N×Nyt,N×1 + β0xt,N×1 + γ0W0,N×Nxt,N×1 + εt,N×1

with E(εit |xt ,W0, αt ) = 0.

I Customary to assume W01 = 1 and stationarity (|ρ0| < 1).
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(Some) Literature

1. Spatial Econometrics, conditional on W0.
I Kelejian and Prucha [1998, 1999], Lee [2004], Lee, Liu and

Lin [2010] and Anselin [2010].
2. Identification.

I . . . conditional on W0: Manski [1993], Bramoullé et al.
[2009], De Giorgi et al. [2009];

I . . . not conditional on W0: Rose [2015], see also Blume,
Brock, Durlauf and Jayaraman [2015].

3. Estimating W0.
I Lam and Souza [various].
I Manresa [2013], Ahrens and Bhattacharjee [2014], Rose

[2015], Gautier and Rose [in preparation].
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I Manski [1993] categorises “social effects” as:
- Endogenous effect: dependence on group outcomes (ρ0);
- Exogenous effect: dependence on group features (γ0);
- Correlated effects (αt and εt ).

. . . and the “reflection problem.”
(W0,ij = (N − 1)−1 if i 6= j,W0,ii = 0)
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I Potential avenue: “exclusion restrictions” in W0.

If ρ0β0 + γ0 6= 0 and I,W0,W 2
0 are linearly independent,

(α0, ρ0, β0, γ0) is point-identified.
(Bramoullé, Djebbari and Fortin [2009])

I Linear independence valid generally. In fact,∑N
j=1 W0,ij = 1 and I,W0,W 2

0 linearly dependent⇒W0
block diagonal with blocks of the same size and nonzero
entries are (Nl − 1)−1.
(Blume, Brock, Durlauf and Jayaraman [2015])
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Figure: High School Friendship Network
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I What if W0 is unknown?
“If researchers do not know how individuals form reference
groups and perceive reference-group outcomes, then it is
reasonable to ask whether observed behavior can be used
to infer these unknowns” (Manski [1993])
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I The model has reduced-form

yt = Π0xt + vt

where
Π0 = (I− ρ0W0)−1(β0I + γ0W0)

I If (ρ0, β0, γ0) were known, W0 would be identified:

W0 = (Π0 − β0I)(ρ0Π0 + γ0I)−1

I In practice, (ρ0, β0, γ0) is not known.
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I Further assumptions are necessary to identify
θ0 = (ρ0, β0, γ0,W0).

I Take, for example, θ0 and θ such that β0 = β = 1, ρ0 = 0.5,
ρ = 1.5, γ0 = 0.5, γ = −2.5,

W0 =


0 0.5 0 0 0.5

0.5 0 0.5 0 0
0 0.5 0 0.5 0
0 0 0.5 0 0.5

0.5 0 0 0.5 0

 W =


0 0 0.5 0.5 0
0 0 0 0.5 0.5

0.5 0 0 0 0.5
0.5 0.5 0 0 0
0 0.5 0.5 0 0

 .

I Then (I − ρ0W0)−1(β0I + ρ0W0) = (I − ρW )−1(βI + ρW ).

I (Notice that I,W0 and W 2
0 are LI and so are I,W and W 2!)
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But . . .

If the spectral radius of ρ0W0 is less than one, then an
eigenvector of Π0 is also an eigenvector of W0.

Take the reduced-form parameter matrix:

Π0 = (I + ρ0W0 + ρ2
0W 2

0 + · · · )(β0I + γ0W0)

= β0I + (ρ0β0 + γ0)W0 + ρ0(ρ0β0 + γ0)W 2
0 + · · ·

Postmultiplying by vj , an eigenvector of W0,

Π0vj =
β0 + γ0λj,0

1− ρ0λj,0
vj
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Local Identification

I Can the model identify θ0 = (ρ0, β0, γ0,W0)?

I Assume:
(A1) (W0)ii = 0, i = 1, . . . ,N (no self-links);
(A2)

∑N
j=1 |(W0)ij | ≤ 1 for every i = 1, . . . ,N and |ρ0| < 1;

(A3) There is i such that
∑N

j=1(W0)ij = 1 (normalization);
(A4) There are l and k such that (W 2

0 )ll 6= (W 2
0 )kk (⇒ I,W0,W 2

0
LI as in Bramoullé, Djebbari and Fortin [2009]);

(A5) β0ρ0 + γ0 6= 0 (social effects do not cancel).

I Under (A1)-(A5) (ρ0, β0, γ0,W0) is locally identified.
(Application of Rothenberg [1971].)
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Global Identification

I Under (possibly strong) conditions it is straightforward to
obtain global identification.

I Under Assumptions (A1) and (A3), if ρ0 = 0, then
(γ0, β0,W0) is globally identified.
(As in, e.g., Manresa [2015].)

I Under Assumptions (A1)-(A3), if γ0 = 0, then (ρ0, β0,W0) is
globally identified.
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Global Identification

I It is nevertheless possible to strengthen local identification
conclusions obtained previously.

I Assume (A1)-(A5). {θ : Π(θ) = Π(θ0)} is finite.
(This obtains as Π(θ) is a proper mapping.)

I Let Θ+ = {θ ∈ Θ : ρβ + γ > 0}. Then we can state that:

Assume (A1)-(A5), then for every θ ∈ Θ+ we have that
Π(θ) = Π(θ0)⇒ θ = θ0. That is, θ0 is globally identified with
respect to the set Θ+.
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Global Identification

I Since an analogous result holds for Θ− = {θ ∈ Θ such that
ρβ + γ < 0}, we can state that:
Assume (A1)-(A5). The identified set contains at most two
elements.

I Furthermore, if ρ0 > 0 and (W0)ij ≥ 0 one is able to sign
ρ0β0 + γ0 and obtain that
Assume (A1)-(A5), ρ0 > 0 and (W0)ij ≥ 0. Then θ0 is
globally identified.

I Finally, it is also possible to establish that
Assume (A1)-(A5). θ0 ∈ Θ is globally identified in a
neighbourhood of {θ ∈ Θ : ρ = 0 or γ = 0}.
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A Few Remarks
I vj is an eigenvector of Π and W0: eigencentralities are

identified even when W0 is not.
I Row-sum normalization of W0 implies that row-sum of Π is

constant: testable hypothesis.
I We also allow for network specific effects.
I Analysis extends to multivariate xi,t . The reduced-form

model is

yt =
k∑

s=1

Πsxt ,s + vt

where xt ,s refers to the s-th column of xt and

Πs = (I− ρ0W0)−1(β0,s + γ0,sW0).
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Estimation Strategies

I Π has N2 parameters, and possibly NT � N2.

I Feasible if W or Π are sparse.
(e.g., Atalay et al. [2011] < 1%; Carvalho [2014] ≈ 3%; AddHealth
≈ 2%).

I Sparsity on W or Π?
- Explore the relation between structural- and reduced-form

sparsities.
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I Define Ñ as the number of non-zero elements of Π.
I Π is sparse when Ñ � NT .
I Sparsity of Π is related to unconnectedness of W

Π = β0I + (ρ0β0 + γ0)
∞∑

k=1

ρk−1
0 W k

I So [Π]ij = 0 iff there are no paths between i and j in W .
⇒ Sparsity of Π translates into a large number of (i , j)

unconnected pairs in W .
I Let Ñc be the number of connected pairs in W .

If Ñc � nT , we say that W is sparsely connected.
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If Ñc � nT , we say that W is sparsely connected.

Áureo de Paula Identifying Social Connections
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I Rewrite the model as

yi = xπi + vi

stacking all observations for individual i at t = 1, . . . ,T .

I Penalization in the reduced form (e.g., AdaLasso of
Kock and Callot [2015]:

π̃i = arg min
πi∈RN

1
T
‖yi − xπi‖2 + 2λT‖πi‖1

and

π̂i = arg min
πi∈RN

1
T
‖yi − xπi‖2 + 2λT

N∑
j=1

∣∣∣∣πij

π̃ij

∣∣∣∣
with λT chosen by BIC).
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I Penalization in the structural form (e.g., Elastic Net
GMM of Caner and Zhang [2014]:

- xt ⊥ εt ⇒ moment conditions.

θ̃ = (1 + λ2/T ) · arg min
θ∈Rp

g(θ)>MT g(θ) + λ1

n∑
i,j=1

|wi,j |+ λ2

n∑
i,j=1

|wi,j |2


and

θ̂ = (1 +λ2/T ) ·arg min
θ∈Rp

g(θ)>MT g(θ) + λ∗1

n∑
i,j=1

∣∣∣∣wi,j

w̃i,j

∣∣∣∣+ λ2

n∑
i,j=1

|wi,j |2


where θ = (vec(W )>, ρ, β, γ)> and λ∗1, λ1 and λ2 chosen
by BIC.
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Simulations

I ρ0 = 0.3, β0 = 0.4, γ0 = 0.5.
I 1,000 simulations.
I N = 15,30,50, T = 50,100,150.
I Estimators: EN, AL, SCAD, OLS.

I Table 1: N links; Table 2: 2N links; Table 3: various.
I Table 4: High School Friendship (Coleman [1964]).
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Figure: High School Friendship Network
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Figure: High School Friendship Network Degree Distribution
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Simulations: p=1
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Simulations: p=2
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Simulations: Alternative Parameters
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Simulations: High School Friendships
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Conclusion

I In this project, we study identification of social connections
under standard hypothesis in the literature on social
interactions.

I Sparsity inducing methods can be used for estimation
(though further research is welcome!).

I Empirical illustration: Besley and Case [1995].
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Thank You!
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I This system can be obtained from interaction models with
maximizing agents with quadratic payoffs.

- Example: Blume, Brock, Durlauf and Jayaraman [2015]. Bayes-Nash
equilibrium with

Ui (y; W ) =

α + β0xi + γ0

∑
j 6=i

Wijxj + zi

 yi + ρ0

∑
j 6=i

Wijyiyj −
1
2

y2
i .

- Example: Calvo-Armengól, Patacchini and Zenou [2009]. Nash
equilibrium with yi = ei + εi and

Ui (ei , ε; W ) =

β0xi + γ0

∑
j 6=i

Wijxj

 ei−
1
2

e2
i +(αWi1+νi )εi−

1
2
ε2

i +ρ̃0

N∑
j=1

Wijεiεj

⇒ y =
α

ρ̃0
(I− ρ̃0W )−1ρ̃0W1 + (β0I + γ0W )x + (I− ρ̃0W )−1ν.

(e.g., Denbee, Julliard, Li and Yuan [2014] and other studies.)

Áureo de Paula Identifying Social Connections



I This system can be obtained from interaction models with
maximizing agents with quadratic payoffs.

- Example: Blume, Brock, Durlauf and Jayaraman [2015]. Bayes-Nash
equilibrium with

Ui (y; W ) =

α + β0xi + γ0

∑
j 6=i

Wijxj + zi

 yi + ρ0

∑
j 6=i

Wijyiyj −
1
2

y2
i .

- Example: Calvo-Armengól, Patacchini and Zenou [2009]. Nash
equilibrium with yi = ei + εi and

Ui (ei , ε; W ) =

β0xi + γ0

∑
j 6=i

Wijxj

 ei−
1
2

e2
i +(αWi1+νi )εi−

1
2
ε2

i +ρ̃0

N∑
j=1

Wijεiεj

⇒ y =
α

ρ̃0
(I− ρ̃0W )−1ρ̃0W1 + (β0I + γ0W )x + (I− ρ̃0W )−1ν.

(e.g., Denbee, Julliard, Li and Yuan [2014] and other studies.)

Áureo de Paula Identifying Social Connections



I This system can be obtained from interaction models with
maximizing agents with quadratic payoffs.

- Example: Blume, Brock, Durlauf and Jayaraman [2015]. Bayes-Nash
equilibrium with

Ui (y; W ) =

α + β0xi + γ0

∑
j 6=i

Wijxj + zi

 yi + ρ0

∑
j 6=i

Wijyiyj −
1
2

y2
i .

- Example: Calvo-Armengól, Patacchini and Zenou [2009]. Nash
equilibrium with yi = ei + εi and

Ui (ei , ε; W ) =

β0xi + γ0

∑
j 6=i

Wijxj

 ei−
1
2

e2
i +(αWi1+νi )εi−

1
2
ε2

i +ρ̃0

N∑
j=1

Wijεiεj

⇒ y =
α

ρ̃0
(I− ρ̃0W )−1ρ̃0W1 + (β0I + γ0W )x + (I− ρ̃0W )−1ν.

(e.g., Denbee, Julliard, Li and Yuan [2014] and other studies.)

Áureo de Paula Identifying Social Connections



Áureo de Paula Identifying Social Connections


