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Definitions and Notation

Pt(τ) = e−τyt (τ)

ft(τ) = −P
′
t (τ)

Pt(τ)

yt(τ) =
1

τ

∫ τ

0

ft(u)du





A more detailed look:

http://www.nytimes.com/interactive/2015/03/19/upshot/

3d-yield-curve-economic-growth.html?action=

click&contentCollection=The%20Upshot&region=Footer&module=

WhatsNext&version=WhatsNext&contentID=WhatsNext&moduleDetail=

undefined&pgtype=Multimedia

http://www.nytimes.com/interactive/2015/03/19/upshot/3d-yield-curve-economic-growth.html?action=click&contentCollection=The%20Upshot&region=Footer&module=WhatsNext&version=WhatsNext&contentID=WhatsNext&moduleDetail=undefined&pgtype=Multimedia
http://www.nytimes.com/interactive/2015/03/19/upshot/3d-yield-curve-economic-growth.html?action=click&contentCollection=The%20Upshot&region=Footer&module=WhatsNext&version=WhatsNext&contentID=WhatsNext&moduleDetail=undefined&pgtype=Multimedia
http://www.nytimes.com/interactive/2015/03/19/upshot/3d-yield-curve-economic-growth.html?action=click&contentCollection=The%20Upshot&region=Footer&module=WhatsNext&version=WhatsNext&contentID=WhatsNext&moduleDetail=undefined&pgtype=Multimedia
http://www.nytimes.com/interactive/2015/03/19/upshot/3d-yield-curve-economic-growth.html?action=click&contentCollection=The%20Upshot&region=Footer&module=WhatsNext&version=WhatsNext&contentID=WhatsNext&moduleDetail=undefined&pgtype=Multimedia
http://www.nytimes.com/interactive/2015/03/19/upshot/3d-yield-curve-economic-growth.html?action=click&contentCollection=The%20Upshot&region=Footer&module=WhatsNext&version=WhatsNext&contentID=WhatsNext&moduleDetail=undefined&pgtype=Multimedia


Incompletely-Satisfying Advances in Arbitrage-Free Modeling

“Cross Sectional Flavor” (e.g. HJM, 1992 Econometrica)

“Time Series flavor” (e.g. Vasicek, 1977 JFE)



We Take a Classic Yield Curve Model (Nelson-Siegel) and:

I Show that it has a modern interpretation

I Show that it is flexible, fits well, and forecasts well

I Explore a variety of implications and extensions

I Make it arbitrage free (yet still tractable)



Nelson-Siegel (1989)

y(τ) = β1 + β2

(
1− e−λτ

λτ

)
− β3(e−λτ ) + ε(τ)



The Model Fits Well



The Federal Reserve Fits it Every Day

https://www.federalreserve.gov/econresdata/feds/2006/index.htm

(Scroll down to Gurkaynak, Sack, and Wright)

Actually they fit a slight generalization due to Lars Svensson. We will discuss
later.

https://www.federalreserve.gov/econresdata/feds/2006/index.htm


Dynamic Nelson-Siegel

Before:

y(τ) = β1 + β2

(
1− e−λτ

λτ

)
+ β3

(
1− e−λτ

λτ
− e−λτ

)
+ ε(τ)

Now:

yt(τ) = Lt + St

(
1− e−λτ

λτ

)
+ Ct

(
1− e−λτ

λτ
− e−λτ

)
+ εt(τ)

where

Ft = AFt−1 + ηt

and Ft = (Lt ,St ,Ct)
′



Dynamic Nelson-Siegel Factor Loadings



The Model is Flexible

Yield Curve Facts:

(1) Average curve is increasing and concave

(2) Many shapes

(3) Yield dynamics are persistent

(4) Spread dynamics are much less persistent

(5) Short rates are more volatile than long rates

(6) Long rates are more persistent than short rates



DNS is Easily Fit

Two-step method:

Step 1: Fit separate curves to each time-t cross-section, t = 1, ...,T :

yt(τ) = Lt + St

(
1− e−λτ

λτ

)
+ Ct

(
1− e−λτ

λτ
− e−λτ

)
+ εt(τ)

(Just OLS if λ is calibrated.)

Step 2: Fit a dynamic model to the 3-variate series {L̂t , Ŝt , Ĉt}Tt=1 obtained
from Step 1.



Empirical Level and Estimated Level Factor



Empirical Slope and Estimated Slope Factor
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Empirical Curvature and Estimated

Curvature Factor



The Model Forecasts Well

Just use the dynamic model for the 3-variate series {L̂t , Ŝt , Ĉt}Tt=1 obtained
from Step 1, to forecast {Lt , St ,Ct}, which translates into a forecast of the
entire curve. We will explore DNS with AR(1) Factors.

ŷt+h|t(τ) = L̂t+h|t + Ŝt+h|t

(
1− e−λτ

λτ

)
+ Ĉt+h|t

(
1− e−λτ

λτ
− e−λτ

)

L̂t+h|t = ĉL + âLL̂t

Ŝt+h|t = ĉS + âS Ŝt

Ĉt+h|t = ĉC + âC Ĉt



Random Walk

ŷt+h|t(τ) = yt(τ)



Slope Regression

ŷt+h|t(τ)− yt(τ) = ĉ(τ) + γ̂(τ)(yt(τ)− yt(3))



Fama-Bliss Forward Regression

ŷt+h|t(τ)− yt(τ) = ĉ(τ) + γ̂(τ)(f ht (τ)− yt(τ))



Cochrane-Piazzesi Forward Regression

ŷt+h|t(τ)− yt(τ) = ĉ(τ) + γ̂(τ)yt(τ) + γ̂k(τ)
∑9

k=1 f
12k
t (12)

NOTICE: There is a γk(τ) outside the summation (this notation was in the
original slide deck). Should γk(τ) be inside the summation, or should the k be
removed?



AR(1) on Yield Levels

ŷt+h|t(τ) = ĉ + γyt(τ)



VAR(1) on Yield Levels

ŷt+h|t(τ) = ĉ + Γyt(τ)



VAR(1) on Yield Changes

ẑt+h|t(τ) = ĉ + Γzt(τ)

zt = [yt(3)− yt−1(3), yt(12)− yt−1(12), yt(36)− yt−1(36), yt(60)− yt−1(60), yt(120)− yt−1(120)]



ECM(1) With One Common Trend

ẑt+h|t(τ) = ĉ + Γzt(τ)

zt = [yt(3)− yt−1(3), yt(12)− yt−1(3), yt(36)− yt−1(3), yt(60)− yt−1(3), yt(120)− yt−1(3)]



ECM(1) With Two Common Trends

ẑt+h|t(τ) = ĉ + Γzt(τ)

zt = [yt(3)− yt−1(3), yt(12)− yt−1(12), yt(36)− yt−1(3), yt(60)− yt−1(3), yt(120)− yt−1(3)]



ECM(1) With Three Common Trends

ẑt+h|t(τ) = ĉ + Γzt(τ)

zt = [yt(3)− yt−1(3), yt(12)− yt−1(12), yt(36)− yt−1(36), yt(60)− yt−1(3), yt(120)− yt−1(3)]



1-Month-Ahead Forecast Error Analysis, 1990.01 - 2000.12



6-Month-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12



1-Year-Ahead Forecast Error Analysis, 1990.01 - 2000.12
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Out-of-Sample Forecasting,
    DNS vs. Random Walk



Incorporating Additional Factors

Svensson (1995):

y(τ) = β1 + β2

(
1− e−λ1τ

λ1τ

)
+ β3

(
1− e−λ1τ

λ1τ
− e−λ1τ

)
+ β4

(
1− e−λ2τ

λ2τ
− e−λ2τ

)
+ ε(τ)

Dynamic Svensson:

yt(τ) = Lt + St

(
1− e−λ1τ

λ1τ

)
+ C 1

t

(
1− e−λ1τ

λ1τ
− e−λ1τ

)
+ C 2

t

(
1− e−λ2τ

λ2τ
− e−λ2τ

)
+ εt(τ)



Term Structures of Credit Spreads

y 1
t (τ) = L1

t + S1
t

(
1− e−λτ

λτ

)
+ C 1

t

(
1− e−λτ

λτ
− e−λτ

)

y 2
t (τ) = L2

t + S2
t

(
1− e−λτ

λτ

)
+ C 2

t

(
1− e−λτ

λτ
− e−λτ

)

(
y 1
t (τ)− y 2

t (τ)
)

=
(
L1
t − L2

t

)
+
(
S1
t − S2

t

)(1− e−λτ

λτ

)
+
(
C 1
t − C 2

t

)(1− e−λτ

λτ
− e−λτ

)



Generalized Duration

Discount Bond:

−dPt(τ)

Pt(τ)
= τdLt + dSt

(
1− e−λτ

λ

)
+ dCt

(
1− e−λτ

λ
− e−λτ

)

Coupon Bond:

−dPct(τ)

Pct(τ)
=

n∑
i=1

(wixiτi )dLt + dSt

n∑
i=1

(
wixi

1− e−λτi

λ

)
+ dCt

n∑
i=1

(
wixi

1− e−λτi

λ
− wixiτie

−λτ
)



Dynamic Nelson-Siegel has a Natural State-Space Structure


yt(τ1)
yt(τ2)

...
yt(τN)

 =


1 1−e−τ1λ

τ1λ
1−e−τ1λ

τ1λ
− e−τ1λ

1 1−e−τ2λ

τ2λ
1−e−τ2λ

τ2λ
− e−τ2λ

...
...

...

1 1−e−τNλ

τNλ
1−e−τNλ

τNλ
− e−τNλ


 Lt

St

Ct

+


εt(τ1)
εt(τ2)

...
εt(τN)





Compactly

yt = c + Z(τ)Ft + εt

Ft = AFt−1 + ηt

(
ηt
εt

)
∼ WN

((
0
0

)(
Q 0
0 H

))
where F

′
t = (Lt , St ,Ct)



State-Space Representation

I Powerful framework

I One-step exact maximum-likelihood estimation

I Optimal extraction of latent factors

I Optimal point and interval forecasts



More

I Heteroskedasticity, confidence tunnels, density forecasts

I Regime switching

I Bayesian estimation and analysis



Inclusion of Macro and Policy Variances

yt = c + Z(τ)Ft + εt

Ft = AFt−1 + ηt

(
ηt
εt

)
∼ WN

((
0
0

)(
Q 0
0 H

))
where F

′
t = (Lt , St ,Ct ,CUt ,FFRt , INFLt)



One-Step vs Two-step

One-step:

I λ calibrated

I λ fixed but estimated

I Time-varying λ (structured)

Two-step:

I λ calibrated

I Time-varying λ (unstructured)

Two-step proves appealing for tractability
Fixed λ linked to absence of arbitrage



Yied Curves Across Countries and Time



Single-Country Models

yi (τ) = Li + Si

(
1− e−λτ

λτ

)
+ Ci

(
1− e−λτ

λτ
− e−λτ

)
+ vi (τ)

yit(τ) = Lit + Sit

(
1− e−λτ

λτ

)
+ Cit

(
1− e−λτ

λτ
− e−λτ

)
+ vit(τ)

yit(τ) = Lit + Sit

(
1− e−λτ

λτ

)
+ vit(τ)





Multi-Country Model, I

Yt(τ) = Lt + St

(
1− e−λτ

λτ

)
+ Vt(τ)

(
Lt

St

)
=

(
Φ11 Φ12

Φ21 Φ22

)(
Lt−1

St−1

)
+

(
UL

t

US
t

)



Multi-Country Model, II

lit = αl
i + β l

i Lt + εlit

sit = αs
i + βs

i St + εsit

(
εlit
εsit

)
=

(
φi,11 φi,12

φi,21 φi,22

)(
εli,t−1

εsi,t−1

)
+

(
uL
it

uS
it

)



State Space Representation


yt(τ1)
yt(τ2)

...
yt(τN)

 = A


αl

1

αl
2

...
αc
N

+ B

 Lt

St

Ct

+ A


εl1t
εs1t
...
εcNt

+


v l

1t

v s
1t

...
v c
Nt





A =



1

(
1− e−λτ1

λτ1

) (
1− e−λτ1

λτ1
− e−λτ1

)
0 . . . 0

1

(
1− e−λτ2

λτ2

) (
1− e−λτ2

λτ2
− e−λτ2

)
0 . . . 0

. . . . . . . . . . . . . . . . . .

0 0 . . . 1

(
1− e−λτJ

λτJ

) (
1− e−λτJ

λτJ
− e−λτJ

)





B =



β l
1 βs

1

(
1− e−λτ1

λτ1

)
βc

1

(
1− e−λτ1

λτ1
− e−λτ1

)
β l

1 βs
1

(
1− e−λτ2

λτ2

)
βc

1

(
1− e−λτ2

λτ2
− e−λτ2

)
. . . . . . . . .

β l
N βs

N

(
1− e−λτJ

λτJ

)
βc
N

(
1− e−λτJ

λτJ
− e−λτJ

)







Two Approaches to Yield Curves

I. Dynamic Nelson-Siegel (Diebold-Li,...)

I Popular in practice

I Level, slope, curvature

I Easy to estimate, with good fits and forecasts

I But, doe snot enforce absence of arbitrage

II. Affine Equilibrium (Duffie-Kan,...)

I Popular in theory

I Enforces absence of arbitrage

I But, difficult to estimate and evaluate



Affine Equilibrium (Duffie-Kan, 1996,...)

Risk-neutral dynamics: rt = ρ0 + ρ
′
1Xt ,

where dXt = K(θ − Xt)dt + ΣdWt

Freedom from arbitrage requires:

yt(τ) = − 1

τ
B(τ)

′
Xt −

1

τ
Π(τ),

where B(τ) and Π(τ) solve Duffie-Kan ODEs



Making DNS Arbitrage-Free

Set:

B(τ)
′

=

(
−τ,−

(
1− e−λτ

λ

)
,−
(

1− e−λτ

λ
− τe−λτ

))

and find ρ1 and K s.t. Duffie-Kan ODE is satisfied.



Duffie-Kan ODE:

dB(τ)

dτ
= ρ1 + K

′
B(τ)

Solution:

ρ1 =

 1
1
0

 K =

 0 0 0
0 λ −λ
0 0 λ





Proposition (Arbitrage-Free Nelson Siegel)

Suppose that the isntantaneous risk-free rate is

rt = X1t + X2t

with risk-neutral state dynamics:

 dX1t

dX2t

dX3t

 =

 0 0 0
0 λ −λ
0 0 λ

 θ1

θ2

θ3

−
 X1t

X2t

X3t

 dt + ΣdWt



Then yield dynamics are abitrage-free:

yt(τ) = − 1

τ
B(τ)

′
Xt −

1

τ
Π(τ),

where B(τ) has Nelson-Siegel form:

B(τ)
′

=

(
−τ,−

(
1− e−λτ

λ

)
,−
(

1− e−λτ

λ
− τe−λτ

)
, ...

)



...and where the yield adjustment term is:

dΠ(τ)

dt
= −B(τ)

′
Kθ − 1

2

3∑
j=1

(Σ
′
B(s)B(s)

′
Σ)j,j

Π(τ) = (Kθ)
′
τ∫

0

B(s)ds +
1

2

3∑
j=1

τ∫
0

(Σ
′
B(s)B(s)

′
Σ)j,jds



Observations

yt(τ) = Lt + St

(
1− e−λτ

λτ

)
+ Ct

(
1− e−λτ

λτ
− e−λτ

)
− Π(τ)

τ

I Three-factor “Gaussian” model

I X1t has a unit-root

I X2t reverts to a stochastic mean

I X3t is that stochastic mean

I Same λ in slope and curvature dynamics



Factor Dynamics Under the Physical Measure

Essentailly affine risk premium (Duffee, 2002):

dWt = dW
′
t + Γtdt

Γt = γ0 + γ1Xt

Same dynamic structure under the P measure:

dXt = K p(θp − Xt)dt + ΣdW p
t



Yield Data and Model Estimation

January 1987 - December 2002

Sixteen maturities (in years):
.25, .5, .75, 1, 1.5, 2, 3, 4, 5, 7, 8, 9, 10, 15, 20, 30

Linear, Gaussian state space structure
⇒ Estimate using Kalman filter



Models (e.g. Independent Factor)

1. DNS Independent
(Diebold-Li)

yt = Z(τ)Ft + εt

Ft = AFt−1 + Σηt

A,Σ diagonal



1. AFNS Independent

yt = − 1

τ
B(τ)

′
Xt −

1

τ
Π(τ) + εt

dXt = K p(θp − Xt)dt + ΣdW p
t

K p, Σ diagonal



Out-of-Sample Forecasting, Independent Case, AFNS vs DNS



Yield Adjustment Term, −Π(τ)

τ





Forecast Horizon in Months

Maturity/Model h=6 h=12

6-Month Yield

Random Walk 40.0 48.4
Preferred A0(3) 36.5 42.1

AFNSindep 34.0 41.3

2-Year Yield

Random Walk 65.2 76.2
Preferred A0(3) 56.6 60.0

AFNSindep 54.3 59.0

10-Year Yield

Random Walk 66.9 81.5
Preferred A0(3) 63.6 73.8

AFNSindep 60.7 71.8

Table 9: Out-of-Sample Root Mean Squared Forecast Errors, Three Models. We
show RMSFEs for the random walk model, the preferred A0(3) model as selected and esti-
mated by Duffee (2002, Table 8), and the independent-factor AFNS estimated using Duffee’s
data set. For each maturity and horizon, the smallest RMSFE is boxed. Units are basis
points.

28



Incorporating Additional Factors

Svensson (1995):

y(τ) = β1 + β2

(
1− e−λ1τ

λ1τ

)
+ β3

(
1− e−λ1τ

λ1τ
− e−λ1τ

)
+ β4

(
1− e−λ2τ

λ2τ
− e−λ2τ

)
+ ε(τ)

Dynamic Svensson:

yt(τ) = Lt + St

(
1− e−λ1τ

λ1τ

)
+ C 1

t

(
1− e−λ1τ

λ1τ
− e−λ1τ

)
+ C 2

t

(
1− e−λ2τ

λ2τ
− e−λ2τ

)
+ εt(τ)

Generalized Dynamic Svensson:

yt(τ) = Lt + S1
t

(
1− e−λ1τ

λ1τ

)
+ S2

t

(
1− e−λ2τ

λ2τ

)
+ C 1

t

(
1− e−λ1τ

λ1τ
− e−λ1τ

)
+ C 2

t

(
1− e−λ2τ

λ2τ
− e−λ2τ

)
+ εt(τ)



Arbitrage-Free Dynamic Nelson-Siegel-Svensson

(Christensen, Diebold, and Rudebusch)

If:

rt = X1t + X2t + X3t


dX1t

dX2t

dX3t

dX4t

dX5t

 =


0 0 0 0 0
0 λ1 0 −λ1 0
0 0 λ2 0 −λ2

0 0 0 λ1 0
0 0 0 0 λ2





θ1

θ2

θ3

θ4

θ5

−


X1t

X2t

X3t

X4t

X5t


+ΣdWt

Then...



Conclusions

I AFNS delivers tractable rigorous modeling

I AFNS delivers rigorous tractable modeling

I AF restrictions may help forecasts



Moving Forward...

I Is DNS/AFNS “special”?

I Zero lower bound (ZLB)

I Spanning



Moving Forward: Is DNS/AFNS “special”?

I Old world: Maximally-flexible A0(3)
(Not even identified – Hamilton, Wu, et al.) See Singleton’s book.

I New world: Joslin-Singleton-Zhu (JSZ) model class
(Flexible, tractable, and identified, and AFNS is a special case)

I In between (?): AFNS

Observations:

I NS motivation (See Diebold-Rudebusch book)
I Krippner approximation theory (See Krippner JAE paper)
I JSZ fail to reject AFNS (p-value ≈ .5) (See JSZ RFS paper)
I So DNS/AFNS constraints are benefits, not costs



Moving Forward: The Zero Lower Bound

Creal, Koopman, and Lucas (2013): “Generalized Vector Autoregressive Score
Models with Applications”. Journal of Applied Econometrics

Harvey (2013): “Dynamic Models for Volatility and Heavy Tails”. Econometric
Society Monographs

Duffie Kan (1996): “A Yield Factor Model of Interest Rates”. Mathematical
Finance

Cox, Ingersoll, and Ross (1985): “A Theory of the Term Structure of Interest
Rates”. Econometrica

Gourieroux and Jasiak (2006): “Autoregressive Gamma Process”. Journal of
Forecasting

Monfort et al (2015): “Staying at Zero with Affine Processes”



Favorite Books

No ZLB in the first, all ZLB in the second.



Lots of Constrained Series in Finance

“Soft” barriers:

I Exchange rate target zones

I Inflation corridors

“Hard” barriers:

I Volatilities: e.g., asset returns

I Durations: e.g., intertrade

I Event counts: e.g., bankruptcies

I Nominal bond yields (whether ZLB or ELB)



Lots of Associated Constrained Stochastic Processes
Studied in Financial Econometrics

GARCH, stochastic volatility, ACD, GAS, MEM, more...
(Creal, Koopman, and Lucas, 2013; Harvey, 2013)



What About Bond Yields?

Duffie-Kan (1996) Gaussian affine term structure model (GATSM):

State xt is an affine diffusion under the risk-neutral measure:

dxt = K(θ − xt)dt + Σ dWt

Instantaneous risk-free rate rt is affine in xt :

rt = ρ0 + ρ′1xt

Duffie-Kan arbitrage-free result:

yt(τ) = − 1

τ
B(τ)′xt −

1

τ
C(τ)

– Arbitrage-free
– Analytic closed-form solution
– But fails to enforce the ZLB

(sometimes irrelevant; sometimes relevant)



Constrained Processes for Bonds

I Square root: dxt = k(θ − xt) dt + σ
√
xt dWt

(Cox, Ingersol and Ross, 1976)

I Others: lognormal, quadratic

I Crude: xt = max(µ(1− ρ) + ρxt−1 + εt , 0)

I Autoregressive gamma (ARG)
(Gourieroux and Jasiak, 2006)

I Autoregressive gamma with mass point at 0 (ARG0)
(MPRR, 2015)



ARG (1)

xt is an ARG(1) process if
xt |xt−1 is distributed non-central gamma with:

I Non-centrality parameter βxt−1

I Scale parameter c > 0

I Degree of freedom parameter δ > 0

– Non-negative (obvious)

– Diffusion limit is CIR (not obvious)



An Alternative ARG (1) Characterization

If xt ∼ ARG(1), then

xt |zt ∼ Gamma(δ + zt , c)

zt |xt−1 ∼ Poisson(βxt−1)

This will be useful later.



ARG (1) Conditional Moments

E(xt |xt−1) = ρxt−1 + cδ

V (xt |xt−1) = 2cρxt−1 + c2δ

where ρ = βc > 0



ARG (1) Conditional Over-Dispersion

Recall that conditional over-dispersion is said to exist if and only if

V (xt |xt−1) > (E(xt |xt−1))2.

The stationary ARG(1) process with δ < 1 has:

I marginal over-dispersion.

I conditional under- or over-dispersion, depending on the value of xt−1.

Remark: The ACD model always has conditional over-dispersion.



ARG (1) Approach

xt |zt ∼ Gamma(δ + zt , c)

zt |xt−1 ∼ Poisson(βxt−1)

1. Arbitrage-free

2. Analytic closed-form solution

3. Respects the ZLB

End of story? No!



Here’s a Simulated ARG (1) Realization...



...But Here’s What Really Happens



Extension

Creal (2013) considers the non-linear state space model,

Measurement

yt |ht , xt ∼ p(yt |ht , xt ; θ)

Transition

ht |zt ∼ Gamma(δ + zt , c)

zt |ht−1 ∼ Poisson(ρht−1),

where xt is an exogenous regressor.

I When yt |ht , xt = ht , the process is ARG.

I Various other models fit this form.



Example 1: Stochastic volatility models

Measurement

yt |ht , xt = µ+ xtβ +
√
htet , et ∼ N(0, 1)

Transition

ht |zt ∼ Gamma(δ + zt , c)

zt |ht−1 ∼ Poisson(ρht−1)



Example 2: Stochastic duration and intensity models

Measurement

yt |ht , xt ∼ Gamma (α, ht exp(xtβ))

Transition

ht |zt ∼ Gamma(δ + zt , c)

zt |ht−1 ∼ Poisson(ρht−1)



Example 3: Stochastic count models

Measurement

yt |ht , xt ∼ Poisson (ht exp(xtβ))

Transition

ht |zt ∼ Gamma(δ + zt , c)

zt |ht−1 ∼ Poisson(ρht−1)



ARG0(1)

Recall that if xt ∼ ARG(1), then

xt |zt ∼ Gamma(δ + zt , c)

zt |xt−1 ∼ Poisson(βxt−1)

ARG0(1) easier to characterize this way
(as opposed to characterizing its conditional density).
If xt ∼ ARG0(1), then

xt |zt ∼ Gamma(zt , c)

zt |xt−1 ∼ Poisson(α + βxt−1)

I ARG0 takes δ → 0, which makes xt = 0 a mass point.
(As δ → 0, G(δ, c)→ Dirac’s delta.)

I Introduces α, which governs probability of escaping the ZLB.
(Note that α = 0 =⇒ xt = 0 is an absorbing state.)



ARG0(1) Conditional Moments

E(xt |xt−1) = αc + ρxt−1

V (xt |xt−1) = 2c2α + 2cρxt−1

where ρ = βc > 0



Simulated ARG0(1) Realization



ARG0 Approach

xt |zt ∼ Gamma(zt , c)

zt |xt−1 ∼ Poisson(α + βxt−1)

1. Arbitrage-free

2. Simple (closed-form)

3. Respects the ZLB

End of story?



But Are we Really Happy with Realizations Like This?



What About “Crude” Approaches?

One crude approach:

xt = max(µ(1− ρ) + ρxt−1 + εt , 0)

– Can stay at 0, but not for long
– Still not very appealing

A different “crude” approach:

xt = max(xs,t , 0)

xs,t = µ(1− ρ) + ρxs,t−1 + εt

– Actually not crude at all



Shadow-Rate Approach (Shadow/ZLB GATSM )

Where would the rate be if it could go negative
(i.e., if money could pay negative interest)?

Shaddow rate: xs,t = µ(1− ρ) + ρxs,t−1 + εt

Observed rate: xt = max(xs,t , 0)

1. Arbitrage-free

2. Simple (simulation)

3. Respects the ZLB



Shadow Rates and ZLB Rates



Shadow-Rate Approach (Shadow/ZLB GATSM)

xs,t = µ(1− ρ) + ρxs,t−1 + εt

xt = max(xs,t , 0)

1. Arbitrage-free

2. Simple (simulation)

3. Respects the ZLB

4. Sample path feature probabilities (e.g., lift-off from ZLB)

5. Sample path integral densities (e.g., effective stimulus)

But Monfort et al. could also do points 4 and 5...

6. Shadow rate path and shadow yield curve



Final Thoughts on Relative Performance

Much boils down to:

– Value of the shadow rate path and shadow yield curve

– Views about “simplicity”

I tip slightly toward shadow/ZLB GATSM

Interesting question:
With appropriate constraints on the Gamma and Poisson processes, can
Monfort et al. “replicate” a shadow/ZLB GATSM, but without the mechanism
of shadow short rates and the shadow yield curve?



ZLB Web Sites

FRB Atlanta shadow rate,
https://www.frbatlanta.org/cqer/research/shadow_rate.aspx?panel=1

Krippner book, http://www.palgrave.com/us/book/9781137408327

https://www.frbatlanta.org/cqer/research/shadow_rate.aspx?panel=1
http://www.palgrave.com/us/book/9781137408327


Moving Forward: Spanning

I Spanning: Time-t yield curve has embedded in it all time-t macro
information of relevance for predicting future yields.

I Simple argument: Efficient markets

I Does spanning hold in the data?

I Several rejections (e.g., Ludvigson-Ng, Joslin-Priebsch-Singleton)
I Several reconciliations (e.g., Bauer-Hamilton, Bauer-Rudebusch)


