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Brouwer’s Fixed Point theorem guarantees the existence of a fixed point for ev-
ery continuous function mapping a nonempty, compact, convex set to itself. When
considered as a singleton-valued correspondence a continuous function is clearly
convex-valued and has a closed graph. These two properties play the role of con-
tinuity in order to generalize Brouwer’s Fixed Point Theorem to correspondences
I' that are not singleton-valued. Such generalization is Kakutani’s Fixed Point
Theorem.

Kakutani’s theorem is not only a generalization of Brouwer’s, but it is also proved
by means of it. In the simplest case, when there exists a continuous selection
f within the graph of a convex-valued and closed-graph correspondence I' that
takes nonempty values in a nonempty, compact, convex set, contained in the same
set, then Brouwer’s Fixed Point Theorem immediately applies to this continuous
selection, and the existence of a fixed point x of f is guaranteed. Since f is a
selection of I', then f(x) € I'(z), but since z = f(x), then x € I'(z) indeed.

The problem is that there needs not be a continuous selection of a convex-valued
and closed-graph correspondence (think of I'(z) equal to {—1} for all z € [—1,0),
{1} for all x € (0,1], and I'(0) = [-1,1], for instance). Therefore, in general
the fixed point of such a correspondence I' is obtained as the limit of a convergent
sequence of fixed points x,, of a sequence of functions f,, to which Brouwer’s theorem
applies. More specifically, I' is first approximated by a sequence of closed-valued,
convex-valued, lower hemicontinuous correspondences I';,, whose graphs have all
their points within a distance % of some point of the graph of I'. Then Michael’s
selection theorem allows to extract a continuous selection f,, from the graph of each
of these correspondences I',,.! For each f,, Brouwer’s theorem applies and thus a
sequence of fixed points x,, of each I'), is obtained, in such a way that (z,,z,) is
contained in the graph of I',, for all n € N. Since the sequence z,, is contained in
the compact domain of I', a convergent subsequence xj,) can be extracted from
it whose limit x is such that (z,x) is within an arbitrarily small distance of some
(Th(n), Th(n)) in the graph of I'y, itself within an arbitrarily small distance of some

INote that Michael’s Selection Theorem does not apply directly to the correspondences I'
addressed by Kakutani’s theorem since I' needs not be lower hemicontinuous, hence the need for
an approximation by lower hemicontinuous correspondences.
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point in the graph of I'. Thus (z,x) is necessarily a closure point of the closed
graph of I and is hence in it, i.e. x is a fixed point of I'.

Nash’s theorem for the existence of an equilibrium in a game of finitely many
players with nonempty, compact, convex strategy sets in finite-dimensional real
vector spaces and quasi-concave in their own strategy and continuous payoffs is a
direct consequence of Kakutani’s theorem, the equilibrium being a fixed point of
the correspondence of best replies. The details of both theorems follow.

THEOREMS

S1. Kakutani’s Fixed Point Theorem.
If

(1) X is a finite-dimensional real inner product space,
(2) T € P(X)¥ is convex-valued, has a closed graph, and is such that
(i) X' =TYP(X)\ {¢}) is nonempty, compact, and convex, and,
(1) for allx € X', T'(z) C X',
then there exists x € X’ such that

x € '(z).

Proof. Let X be a finite dimensional real inner product space, I' € P(X)¥ be
convex-valued, have a closed graph, and be such that X’ = T=}(P(X) \ {#}) is
nonempty, compact, and convex, and, for all z € X', I'(x) C X'.

Let n € N.

(1) Let T, € P(X)¥X such that T',;1(P(X)\ {¢}) = X’ and, for all z € X',

Tn(z)=ClCo [ J T(a).

z'€B 1 (x)

Since X is a finite-dimensional normed real vector space, I' € P(Y )X is
convex-valued, has closed graph, and is such that T=1(P(Y) \ {¢}) is com-
pact, nonempty, and convex, and I',(X) Cc T71(P(Y) \ {#}), then?® T,, is
closed-valued, convex-valued, lower hemicontinuous, and

Grr, C U Bi(z,2').

(z,z")eGrr
(2) Since I',, is closed-valued, convex-valued, lower hemicontinuous, and Grr,

is included in U, . eqr B (2, 27), then? there exists f,, € XX continuous
and such that, f,71(X) =T, (P(X)\ {¢}) = X’ and, for all z € X',

fu(z) € Ty ().

2See Lemma ? in Handout ?.
3By Michael’s Selection Theorem.



(3) Since Bi(z) C X and U, cx I'(2") C X', then U, cp, (,, I'(2") C X’. Since
Usren, @ T'(@") C X" and X' is convex, then
Co U I'(z") € CoX'
z'€B1 (z)
= X'
Since, for all z € le fn(x) € Fn(m)a Fn(ﬂf) = ClCo Ux’GBl(a:) F(CL'/),
ColUyen, () ['(z") € X', and X' is compact and hence closed, then, for all
x e X/, "

fn(x) €
[p(z) =
Clco |J TI@)cox’
z'€B1 (z)

= fu ' (X),
i.e.
fn(X) C 7 H(X).
(4) Since X is a finite-dimensional real inner product space, f, is continuous,
f71(X) is nonempty, compact, and closed, and f,,(X) C f,}(X), then there

n

exists 7, € f~1(X) = X’ such that

LT = fn(xn)
ely(xy).

(5) Since z;, € I'y () and Grr,, is included in J,, Bi(x,2"), then

1
n

, ' )EGrr

(Tp,zpn) € Grp,

C U Bi(z, ).

(z,x’)EGrr

Since (zn,%n) € U ryeqr Ba(x,2’), then there exists (In,Z;) € Grr
such that
(T, Tn) € B1 (T, Th,).

Since (z,,z,) € B1(Z,,Z],), then

1
n

- . 1
(@ns ) = (@n, &) llxxx <

(6) Since, for all n € N, z,, € X’and X’ is compact, then there exists h € NN
increasing and = € X' such that o = lim, o Tp(n). Since, for all n € N,
(2, 2n) = (Zn, @)|xxx < +, and h is increasing then, for all n € N,

- - 1
1(@nn)s Thiny) = (En(n) Tl xxx < hn)

1
<_7
n



(7) Let € > 0. Since

r= lim x,
n—oo

= 1
Jm e
then there exists n* € N such that, for all n > n*,

13
|zhn) — llx < 1

and

S|

<

N | ™
S|

Since, for all n > n*, |[zpm) — 2| x < § and - < 5, then, for all n > n,,

”(Ih(n)amh(n)) - («I,CL’)HXxX =

e €
Hxh(n) - :EHX + ||mh(n) - $||X < Z + Z
_ £
2
and 1
I (Zhn)s Thin)) — (jh(n%*%;z(n))HXxX < -
<&
5

Since, for all n > n*, [[(Th(n), Thn)) — (@, 2) [ xxx < § and [[(Th(n), Thn)) —
(i'h(n)vj;l(n))”XxX < % then, for all n > n*,

12, 2) = (Zn(ny, Ty )| xxx < @) Trm) = (@ 2) | xxx

+ 1@nnys Tany) = (Eaenys Thimy) | xxx

N

_|_

DN ™

™ o™

Since, for all £ > 0, there exists n* € N such that, for all n > n*, ||(x,z) —
('%h(n)aj%(n))HXxX <g, then

(aj?x) = lim ('%h(n)wi:;z(n))

n—oo

(8) Since (z,z) = limy, oo (Th(n), i’h(n)), for alln € N, (ih(n),i’h(n)) € Grr, and

Grr is closed, then
(x,z) € ClGrp

= GI‘F.

i.e.
x € I'(x).

Q.E.D.



S2. Nash’s Equilibrium Existence Theorem.

If, for all i = 1,...,m, X; is a finite-dimensional real inner product space,
S; C X; is nonempty, compact, and convex, and f; € R*i=1Xi js continuous, quasi-
concave on X;,* and f,i_l(R) = X" ,S;, then, for all i = 1,...,m, there exists
x; € S; such that® for alli=1,...,m,

x; € arg max fi(yi, v—;).
Yi €S;

Proof. Let, for alli =1,...,m, X; be a finite-dimensional real inner product space,
S; C X; be nonempty, compact, and convex, f; € R*i=15 be continuous, quasi-
concave on X;, f; H(R) = xS,
Let I' € P(x",X;)*i=% be such that T~ (P(x™,X;) \ {0}) = x,S; and,
for all x € xJ2,5;,
[(z) = xiL arg max f;(y;, x—).

7 7

Therefore

(1) x™,X, is a finite dimensional real inner product space.
(2) T is convex-valued:

Let x € x™,S; and 2/,2” € T'(xz). Since z’,2"” € T'(z), then, for all

1=1,...,m,
/ "
x;, w7 € arg max fi(yi, ;).
Yi €S
. : / 1 / 1
Let i = 1,...,m. Since z},z} € argmaxy,es, fi(xi,z_;), then z}, 27 € S;
and

filay, wy) = fi(x],x_y).

Let a € [0, 1]. Since S; is convex and x}, z/ € S;, then oz + (1 —a)z} € S;.
Since ax} + (1 — a)z) € S; and 2, € argmaxy,cs, fi(x;, x_;), then

filax, + (1 — o)z, z_;) < filx}, ).
Since f; is quasi-concave on X;, then, for all a € [0, 1],

fl(aaj; + (1 - Oz)il?f/, x—i) > min{fi(’r{iaaj—i)a fz(wglwx—z)}
= fi<x;/7x—i)
= fi(z}, ).
Since, fi(az]+ (1 —a)zi,z—;) < fi(zj,2—;) and fi(az; + (1 - o)z, z—;) =
fi('réaaj—i), then

filaw; + (1 — a)af, x i) = fixf,z ).

4That is to say, such that, for all j # i, all z; € S, all 2}, € S;, and all a € [0,1],
filox; + (1 — o)z, x—;) > min{ fs(z}, v ), fi(a, x—)}.

°In what follows, for all (z1,...,%i,...,Zm) € X7, S; and all i = 1,...,m, z_; stands for
(T1,.. ., Ti—1,Tit1,..-,2m) and f;(z;,z_;) is a customary notation for f;(z1,...,Zi ..., Tm).
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Since fi(ax; + (1 — )z, xz_;) = fi(xl,x_;), then

az; + (1 — o)z € arg ma;c fi(yi, ).

Since, for all i =1,...,m, oz} + (1 — a)x) € argmaxy,cs, fi(yi, x—;), then

ar’ + (1 —a)z" € T'(z).

(3) T has a closed graph:

Let (x,Z) € ClGrr. Since (z, %) € ClGrp, then there exists {(z", Z") }nen
such that, for alln € N, (™, 2") € Grr and (x, %) = lim,, o (2™, 2"). Since,
for all n € N, (z",2™) € Grr, then " € T'(2™), i.e., for alli =1,...,m,

T € arg max fiyi, x™;)

=Ty(z2;)

ie.
(*TY—L@W '%:L) < Grri

where I'; has a closed graph by the Theorem of the Maximum. Since (x, %) =
lim,, o (™, Z™), then, for all £ > 0, there exists n* € N such that, for all

n>n",
m m
Sl —willx, + > 1@ — il x, =
i=1 i=1
2" =zl x; + 12" = 2w x, = 12", ) = (2, 2) | (xm, x0)x (<72, x0)
€
< J—
m
and hence, for all i = 1,...,m,
€
o7 — @il x, < —
m
- N €
125 = Zallx, <
Therefore, for all = 1,...,m and all n > n*,
1@, 2) = (Zs, 2—i) | (<, x,) =
“n €
127 = Zillx, + Y M2} — 2yllx, <m—
m
J#i
= E,
and hence, for all i = 1,...,m,

(.’,E_Z', i‘l) € ClGI‘pi

- GrFiv
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ie. R
z;, €Ty (ib_z)
= arg max filyi, v—i),
that is to say,
(z,z) € Grr.

Since Grr contains all its closure points, then Grr is closed.

X" 1 S; is nonempty, compact, and convex:
In effect,

X" 1 S; is nonempty:
Since, for all = 1,...,m, S; is nonempty, then x;",S; is nonempty.
X, S; is compact:

If {"},en € x7,S; and hence, for all i =1,...,n, ' € S;, then

i) since, for all n € N, 2] € Sy and S is compact, there exists x1 € S
hi(n),
1

and h; € NV increasing such that z; = lim, o :
i1) since, for all n € N, 25 € Sy and Sy is compact, there exists zo € Sy

. . . ha(n .
and hy € NN increasing such that xo = lim,_ x22( ); moreover, since

ha(hi(n)),
1 I

. h .
r1 = lim,,_, mll(n), then z; = lim,, oo T and so on.

Let A = hpohpm_10...hi. Since, for all i = 1,...,m, z; = lim,_ oo 2"
and z; € S;, then z = lim,_ 2" and z € x™ . S;. Since, for all
{2"}hen C X™S;, there exist # € x7,S; and h € NY increasing such
that £ = lim,,_, xh(”), then x[",S; is compact.

m s .
X S; is convex:

If o/, 2"” € x| S;, then, for all i = 1,...,m, x}, 2 € S;. Since, for all
i=1,....,m, 2,z € S; and S; is convex, then, for all a € [0,1] and all
1=1,...,m,

ax, + (1 —a)z! € S;.

Since, for all @ € [0,1] and all i = 1,...,m, az; + (1 — a)z} € S;, then, for
all o € [0, 1],
ar’ + (1 —a)x" € x[*,S;.

Since for all 2/, 2" € x[*,S; and all a € [0,1], az’ + (1 — a)2” € x*,S;,
then x[*,S; is convex.

for all z € x,S;, I'(x) C xS, :

Let z € x7*,.S;. Since

() = xiZ,arg max f;(y;, 2—)

7

and, for all ¢ = 1,...,m, argmaxy,cg, fi(yi,x—;) C S;, then, for all x €
X;lei,

7



Since x[*,X; is a finite dimensional real inner product space, I' is convex-valued,
has a closed graph, xS, is nonempty, compact, and convex, and for all z €
XM S;, T(xz) C x™,S;, then® there exists z € x,S; such that

x € '(z),
i.e.
r € X arg max filyi,x—y),
or, equivalently, for all t = 1,...,m,
z; € arg max fi(yi, ;).
Yi €04
Q.E.D.

6By Kakutani’s Fixed Point Theorem.



