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Kakutani’s Fixed Point Theorem establishes the existence of a fixed point for
a correspondence by means of repeatedly applying Brouwer’s Fixed Point Theo-
rem to a sequence of continuous functions contained in the graphs of a sequence
of correspondences that approximate arbitrarily closely the given correspondence.
Therefore, Kakutani’s claim depends on the conditions under which such continu-
ous selections can be shown to exist. The following lemmas aim at making clear
these conditions.

The first one, known as Von Neumann’s Approximation Lemma, estab-
lishes that, for every convex-valued, lower hemicontinuous correspondence I' with
compact domain in a normed vector space X and range in another normed vector
space Y there exists a continuous function f from the domain of the correspondence
to Y with points of I'(z) within any given positive distance ¢ of f(x), for all x in
the domain. In effect, it turns out that the family of upper inverses! IT'7!(B.(y))
of the balls B.(y) centered at any y € I'(x), for all x in the domain of the corre-
spondence, is an open cover of this domain. As a consequence, since the domain
is compact, one can extract a finite subcover from this one, i.e. a finite set of 2’s
and §'s within each T'(%), whose I';'(B.()) cover the domain entirely. One can
then use the distances gz;(x) from any z to the complements to the domain of
the sets 7' (B.(7)) as weights in a linear combination of the points §. This linear
combination can be made to be convex dividing every weight by the nonzero sum
> sex gev, Yig(w) of all of them.? This convex linear combination of the §’s obvi-
ously depends on z and the function f that associates it to each z is such that f(x)

IRecall that for any T' € P(Y)X and any B C Y, the upper inverse I‘_T_l(B) of B by I' is the
set of all the points « in the domain of I" whose I'(z) has a nonempty intersection with B; and
the lower inverse I'_!(B) of B by I is the set of all the points z in the domain of I" whose I'(z)
is completely contained in B.

2Should this sum be zero, then = would be at a distance zero to the complement of every
F_T_l(Be (%)), i.e. a closure point of all of them. Since these complements are closed (recall that
the domain is compact and hence closed, and that I‘_T_l(BE (9)) is open because it is the upper
inverse of an open set by a lower hemicontinuous correspondence), then z would have to be in all
of them or, equivalently, in none of the I:l(BE (9)), which would contradict the these sets cover
the domain!
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is always, by construction, within a distance ¢ of some point of I'(z). In effect, any
point x of the domain is in some upper inverse I';!(B.(7)), for some # and some
g in I'(Z), which means that there is some common point yz; in I'(z) and B.(y),
i.e. within a distance ¢ of §. For any such # and g, the distance gz5(z) from z to
the complement of I'; ' (B.(7)) is strictly positive.> For any other # and § in I'(Z)
such that I'7'(B. (7)) does not contain z this distance gz5(z) is zero. Let for these
points yz; denote any point in I'(z). Thus the convex linear combination of the
points yzg in I'(x) with the weights gz5(x) (relative to their nonzero sum) is, on
the one hand, in I'(z) since I' is convex-valued and, on the other hand, within a
distance € of the same convex linear combination of the ¢’s, which is f(z).

Note, nonetheless, that Von Neumann’s approximation Lemma does not guar-
antee that the graph of the continuous function f is entirely contained in that of T,
but only within an arbitrarily small distance from it, in a pointwise manner. Thus
even if we managed to find a fixed point for the function f it may not be a fixed
point for the correspondence I' yet. In order to get a continuous selection from
a correspondence, Michael’s Selection Theorem actually uses Von Neumann’s
approximation lemma to construct a sequence of Cauchy continuous functions that
are increasingly close to the correspondence I' and whose limit is contained in the
graph of the correspondence. For this strategy to work the correspondence must be
convex-valued, closed-valued, lower hemicontinuous, have a compact domain and
take values in a finite-dimensional normed real vector space.

But for the purposes of establishing Kakutani’s fixed point theorem, Michael’s
selection theorem cannot be applied directly, since in Kakutani’s theorem the corre-
spondence needs not be lower hemicontinuous. Hence the need to establish in a final
lemma that any convex-valued correspondence with closed graph, nonempty, com-
pact, convex domain, and range within a compact, can be approximated arbitrarily
closely by a convex-valued, closed-valued, lower hemicontinuous correspondence, to
which Michael’s theorem then can be applied. The detailed statements and proofs
follow.

S1. Von Neumann’s Approximation Lemma.
If

(1) X is a normed vector space over K,
(2) Y is a normed vector space over K,
(3) T € P(Y)¥X is convex-valued, lower hemicontinuous and such that T ~1(P(Y)\
{#}) is compact,
then, for all € € K|, there exists f € Y X continuous and such that
(1) f71() =C"Y(P(Y)\{¢}) and,
(2) forallz e T=YP(Y)\ {9}),

I'(x) 0 Be(f(2)) # ¢.

Proof. Let X be a normed vector space over K, Y be a normed vector space over K’,
I' € P(Y)¥ be convex-valued, lower hemicontinuous and such that T ~*(P(Y)\ {¢})
is compact.

3Should it be zero, z would be a closure point of the complement to the domain of FII(BE (@),

which is a compact and hence closed set. Therefore  would not be in I‘;l(BE(gj))7 which means
that I'(z) and B<(7) have an empty intersection.
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Let e € K/ .

(1) There exist X C T=(P(Y)\{¢}) finite and, for all & € X, Y; C I'(Z) finite,

such that?
P\ {eh c J T

me:X
YEYz

{ }(3) {F__’_l(Bs(y))}mepfl('p(y)\{qs})’yer(x) is an open cover of I'"1(P(Y) \
oY),

(i.a) for all 2 € T7Y(P(Y) \ {¢}) and all y € T'(z), I'7'(B:(y)) is open.

Let x € T71(P(Y)\ {¢}) and y € T'(z). Since, B.(y) is open and T
is lower hemicontinuous, then I';'(B.(y)) is open. Therefore, for all z €

I=YP(Y)\ {¢}) and all y € T'(x), I'7'(B.(y)) is open.
(1b) THPY)\{¢}) C User—pvngop T (Be()) :
yel'(z)

Let z € T7YP(Y) \ {¢}) and y € T'(x). Since y € I'(z) and y € B.(y),
then y € I'(z) N B.(y). Since y € T'(x) N B:(y), then F(x) 6(y) + .
Since I'(z) N B.(y) # ¢, then x € I'7'(B.(y)). Since, z € T (B.(y)), then,

T € U
yel ()
c U s

zel " (P(Y)\{#})
yel(x)

Since, for all z € T™H(P(Y)\ {4}), = € User-1cpovnion) 2! (B:(y)), then
yel'(z)

P\ {¢}) C U I (B:(y)).

zel " (P(Y)\{4})
yel'(z)

(ii) Since, {TT (B () }oer-1(P(y)\{6}),yer(z) IS an open cover of L=YP(Y)\
{¢}) and F_l(P(Y)\{gzé}) is compact, then there exist X C =Y PY)\{o})
finite and, for all z € X, Yz C I'(Z) finite, such that

P\ {eh) c | Ik

xegﬁ'
SE

4Recall that for any I' € P(Y)X and any B C Y, the upper inverse F;l(B) of B by I' is the
set of all the points z in the domain of I" whose I'(z) has a nonempty intersection with B; and
the lower inverse I~ (B) of B by I is the set of all the points # in the domain of I whose I'(z)
is completely contained in B.
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(2) For all # € X and all § € Y3, there exists gz; € R (POOMD continuous
and such that, for all z € T=Y(P(Y) \ {¢}),

gzg(x) = min B |z — 2/
'€= (P(Y)\{o D\ (B=(9))

and

(i) Let z € T-Y(P(Y)\ {¢}), & € X and §j € Yz. Since T-H(P(Y) \ {¢})
is compact and I';' (B:(7)) is open, then T=1(P(Y) \ {¢}) \ ['T"(B:(9)) is
compact. Since I"H(P(Y) \ {¢}) \ I'7'(B-(9)) is compact and |z — -|| is
continuous, then there exists minz,er_l(my)\{(b})\r;l(Bs(g)) |z — 2’|

(i) Since, for all & € X and all § € Yz, D=1 (P(Y)\ {o}) \ I (B.(9)) is
trivially a compact-valued, constant and, hence, continuous correspondence
of # and ||z — -|| is continuous, then, for all # € X and all § € Yz, gz is
continuous.

(iii) Assume that z € T=HP(Y) \ {¢}) is such that > . ¢ gz5(z) = 0.
5 5 GEY;
Since ) ;¢ ¢ 9zg(z) = 0, then, for all # € X and all § € Y3,
geYs
min o — o) =
@’ €0 H(PY)\MH\I L (Be ()
ga}g(iﬂ) =0.
Let # € X and § € Y;. Since minz/el“—l(P(Y)\{cz)})\F;l(BE(g)) |z — 2’| = 0,
then z € CUT~HP(Y) \ {¢}) \ IT (B(%))). Since z € CTY(P(Y) \
{oD\ITH(B(9))) and T=H(P(Y)\ {¢}) \I'T(B:(9)) is compact and hence
closed, then, z € T7H(P(Y) \ {¢}) \ TZ"(B(9)). Since z € I1(P(Y) \
{6 \ T7'(B:(7)), then = ¢ TT'(B.(y)). Since, for all & € X and all
j €Yz, v ¢ 7 (B(7)), then

z¢ |J T7H(B:()).
feX
yEY;:
Since z € 1 (P(Y)\ {¢}) and = ¢ Ui:eg? I'7'(B.()), then
yEY;:

=1 (PY)\{¢}) ¢ U P2 (B:(g)!

(3) There exists f € YT (POOSY continuous such that, for all 2 € =1 P(Y)\

{8}), .
9zg\T) .
yelz




and

I'(z) N Be(f(x)) # ¢.

1 Since, fOI' all T - X and all y - 5}5}, 1 iS COIltiIlllOllS, then iS
Yy 9iy
COIltiHUOU_S‘

(ii) Forall z € X, all § € Y3, and all z € D=1 (P(Y)\{¢}), T'(z)NB.(§) =
¢ if, and only if, gz4(x) = 0.

Let # € X, €Yz, andz e T~ H(P(Y )\{¢}) Assume that T'(z)NB:(7) =
¢. Since F(m) N B.(§) = ¢, then x ¢ T (B(7)). Since z ¢ T( ( )
and z € T~H(P(Y) \ {¢}), then z € T~ ( (Y)\{o}) \ T4 (B=(9)). Since
z € 7HP(Y)\ {¢}) \I'{ (Be(y)), then

gay(r) =
min |z — || = 0.
2’ €0 H(PY)\SH\I L (B ()
Assume gzg5(z) = 0. Since gz5(z) = 0, then

min |z — 2'|| = 0.
o/ €D~ H(PY)\{oD\I' T (B (%))

Since minx'er—l(P(Y)\{qﬁ})\F;l(Bg(g)) |z —2'|| = 0, then 2 € CI(T"HP(Y) \

{¢})\F (B (~)))- Since z € CII'™H(P(Y )\{cb})\T '(B:(g))) and

HPEY )\{¢})\T (B ())lsdosed thenz € T=H(P(Y )\{cb})\TIl(Bs( ))-
SmcexeF LPY)\ {¢}) \ ITH(B=(9)), then z ¢ I'7'(B.(7)). Since
z ¢ T (B:(9)), then T'(z) N B(§) = ¢.

(iii) Let z € T=Y(P(Y)\{¢}). Sincex € T=HP(Y)\{¢}) and T~ H(P(Y)\
{8}) ©Usex T3 (Be(5)), then

yEYz

re | IyN(B:(

ieX
YyeEY;

Since x € U:CEX I'7'(B.()), then there exist 7 € X and § € Y; such that
€Yz

z € T (B:(9))-
(iii.a) For all # € X and § € Yz such that z € ' (B.(9)),
I'() N B.() # 6.
Since T'(x) N B:(y) # ¢, then

9zg (x) >0
5



and there exists yz5 € I'(z) such that

19 — yzglly <e.
Since gz,5(x) > 0 and ||y — yzg|ly < e, then
9z5(@) |9 = yaglly < gay(x)
(iii.b) For all Z € X and § € Y; such that z ¢ 'Y (B.(9)),
I(z)NB:(y) = ¢
hence let yz5 € Y. Since I'(z) N B:(g) = ¢, then
gjg(.%) =0.
Since gzg(z) = 0, then
giﬂ(x)Hg_yxyH Sgi?j( )5
yzglly < gzg(z)e, and there

Since, for all Z € X and §j € Y, 9z5(z) ||y
exist # € X and §j € Y; such that gmy( WY — vzglly < gz5(x)e, then

gx
I1f (2 y glly =
xGX
JEY:
gzy() - gig(z) e —
ieX ieX
JEYz JEYs
iy () gig(T) | -
> Gy G —va)lly <D Gy 19 — yaglly
“~ G(z) ~ G(z)
zeX reX
ﬂef/m gjeffi
gy ()
< Z G(2) €
zeX
GEY:
=e.
Since, for all z € T’ ( (Y)\ {¢}), all Z € X, and all § € Yz, yz5 € I'(z)
- 22 — 1 and T'(z) is convex, then

gicy( )>0 Z:L‘GX “G(z)
yGY

ieX
yeEYz
Since 3 ;e ¢ 28 yz; € T(z) and [|f () — X5 5 2Hysglly < e, then
GEY; €Yz
I'(z) N B:(f(x)) # ¢.

Q.E.D.



S2. Michael’s Selection Theorem.
If

(1) X is a normed real vector space,

(2) Y is a finite-dimensional normed real vector space,

(3) T € P(Y)¥X is convex-valued, closed-valued, lower hemicontinuous, and such
that T=Y(P(Y) \ {¢}) is compact,

then there exists f € Y continuous and such that f~1(X) = T-YP(Y) \ {¢})
and, for all z € T-Y(P(Y) \ {¢}),

f(z) € T(x).

Proof. Let X and Y be normed real vector spaces, Y be finite-dimensional, I' €
P(Y)X be convex-valued, closed-valued, lower hemicontinuous, and such that I'"1(P(Y")\

{#}) is compact.
(1) Since I' is convex-valued, lower hemicontinuous and T~} (P(Y) \ {¢}) is

compact, then there exists f; € YT PO continuous and such that,
for all z € T=Y(P(Y) \ {¢}),

I'(z) N By (f1(x)) # ¢

Let Ty € P(Y)T (POONMY be such that, for all z € T-H(P(Y) \ {¢}),
Iy(z) = T'(z) N By (fi()).

Since fy is continuous, then By (f1(+)) is convex-valued and lower hemicon-
tinuous. Since By (f1(+)) is convex-valued and lower hemicontinuous, and I
is convex-valued and lower hemicontinuous, then I'y is convex-valued and
lower hemicontinuous.

(2) Since T'y is convex-valued, lower hemicontinuous and T'; '(P(Y) \ {¢}) is
compact, then there exists fo € YT (POONMSY) continuous and such that,
for all z € T (P(Y) \ {9}),

Do) N By () # 6.
Let I'5 € P(Y)F_I(P(Y)\{d’}) be such that, for all z € T=YP(Y) \ {¢}),
La(a) = Ta(a) (1 B, (Fa(a).

Since fo is continuous, then B (f2(+)) is convex-valued and lower hemicon-
2
tinuous. Since B (f2(+)) is convex-valued and lower hemicontinuous, and
2

I'5 is convex-valued and lower hemicontinuous, then I'3 is convex-valued and
lower hemicontinuous. )
(3) In general, for all n € N, since I',, € P(Y)' (POOMEY guch that, for all

r e I7HP(Y)\ {¢}),

Tw(z) =Tp 1(z)NB_1

s (faca (@),
7




is convex-valued and lower hemicontinuous, and I'"*(P(Y)\{¢}) is compact,
then there exists f, € YT (POOMD continuous and such that, for all

eI (P(Y)\ {9)).
Po(2) N By (fu(2)) # 6.

For all n € N, since I'y,yo(x) = Thp1(x) N B_1_(fnt1(z)), then

on—+1

. 1
min neilx) — < .
Lomin (@) = wlly < g

Since minyer, () || fa+1(%) —ylly < zm5r, then there exists y € ', 42(z) such that

1
I fos1(@) = glly < 5oy

Since, y € Tpyo(2) and Tnyo(r) = Tryr(2) 0 B_1 (fat1(2)), then y € Ty (2).
Since, y € 'y 41 (x) and Ty 41 (z) = Fn(:zz)ﬂB%n(fn(x)), theny € B (fn(x)). Since
y € B (fn()), then

I£n@) ~ylly < 3

Since | fus1(2) — ylly < g and [[fu(2) — ylly < 2. then

[fn(@) = for(@)ly < [1fn(@) = ylly + | fora(z) —ylly

1 1
<2_”+W

3
:ﬁ,

Since, for all n € N and all z € T7YH(P(Y) \ {¢}),

[ fn(®) = fry1(@)|ly < BYESK

then, for all n,n’ € N such that n < n’ and all z € T71(P(Y) \ {¢}),

[fn(2) = frr @)y < [[fn(2) = forr @)y + -+ 1o —1(2) = for (2) Iy

3 3
<Gt taw

3 1
:2n+1(1+§+"'+W)

3 1
= (1= 5o )
3

on’

Since for all n,n’ € N such that n < n’ and all z € T"H(P(Y) \ {4}),

3

[ fr(z) = frr (@) |ly < on’
8



then 3
sup “fn(x) - fn’($)HY < on
zel~1(P(Y)\{o})

Since for all n,n" € N such that n < n’, sup,er-1(p(yv)\ (o) fn(2) = fr () ]ly < =,

and, for all € > 0, there exists N € N such that, for all n > N, 2% < g, then, for all
e > 0, there exists N € N such that, for all n,n’ > N,

Sup | fn(2) = fur(2)|ly <e,
zel=1(P(Y)\{¢})

i.e. {fn}nen is Cauchy in CB(YT ' (PO\{4})) with the sup norm metric. Since Y is
a finite dimensional real vector space, then CB(YPfl(P(Y)\{‘ﬁ})) with the sup norm
metric is complete. Since {f,}nen is Cauchy in CB(YFfl(P(Y)\{‘Z’})) with the sup
norm metric and CB(Yr_l(P(Y)\{¢})) with the sup norm metric is complete, then

there exists f € CB(YF_I(P(Y)\M})) such that, for all € > 0, there exists N € N
such that, for all n > N,

sup 1fn(z) = F(@)]ly <e.
el 1 (P(Y)\{¢})

Therefore, for all z € T=1(P(Y)\ {¢}) and all € > 0, there exists N € N such that,
for all n > N,

1 fn(z) = fl2)lly < sup [fn2) = f2)lly
zel =1 (P(Y)\{¢})

<e,
Since, for all z € T7H(P(Y) \ {¢}) and all n € N,

¢ # Tn(z)N B%n (fn(z))
—Ta(0) VB (fas(a)) N By ()
=Lna(@) N B_1_(fa—2(2)) N B_r_(fn-1(2)) N B (fa(2))

1

1

1

on—1

cey

then, for all z € T71(P(Y) \ {¢}) and all n € N,
D) () By (i) # 6.

Since, for all z € T71(P(Y)\{¢}) and alln € N, T'(z)N <ﬂ?:1 B;(ﬁ(x))) # ¢ and
N, B%(fz(a:)) C B%n(fn(x)), then, for all z € T7Y(P(Y) \ {¢}) and all n € N,

P() N By, (fa(@) # 0.

i.e. there exists y € I'(x) such that

1

Iy = ful@)lly < 5
9



Since,
(1) for all &’ > 0, there exists € € (0,&’) and N’ = [log, -] € N such that, for

e'—e

all n > N’,
1 e
on TE<E,
(2) forallz € T71(P(Y)\ {¢}) and all € > 0, there exists N € N such that, for
alln > N,
[fn(2) = F(2)lly <e,
and,

(3) for all z € T=H(P(Y)\ {¢}) and all n € N, there exists y € I'(z) such that
ly = fu(@)lly < o7

then, for all z € T"H(P(Y)\ {¢}) and all &’ > 0, there exist N* = max{N, N’} € N
and y € I'(x) such that, for all n > N*,

ly = f@)ly <lly = fa@)lly +[[fulz) = f(2)]y
< 2% +e€
<€,

i.e. forallz € T7HP(Y)\ {¢}) and all &’ > 0, there exists y € I'(x) such that,

ly = f(@)lly <&,

or, equivalently, for all &’ > 0, T'(z) N Bo/(f(z)) # ¢. Since, for all z € T71(P(Y) \
{¢}) and all ¢’ > 0, T'(z) N Bo/(x) # ¢, then, for all z € T (P(Y)\ {0}), f(z) is a
closure point of I'(x). Since, for all z € T=Y(P(Y)\ {¢}), f(x) is a closure point of
['(x) and T'(z) is closed, then, for all z € T=Y(P(Y) \ {¢}), f(z) € T(z). Q.E.D.

S3. Approximation Lemma.
If

(1) X is a normed real vector space,

(2) Y is a finite-dimensional normed real vector space,

(3) T € P(Y)¥X is convex-valued, has closed graph, and is such that T=1(P(Y)\
{#}) is compact, nonempty, and convex, and there exists Y/ C'Y compact
such that T',(X) C Y/,

then, for all € > 0, there exists I'' € P(Y)X convex-valued, closed-valued, lower
hemicontinuous and such that T~ (P(Y) \ {¢}) is compact, and

Grp C U B.(z,y).

(z,y)€Grr

Proof. Let X and Y be normed real vector spaces, Y be finite-dimensional and
compact, I' € P(Y)X be convex-valued, have closed graph, and be such that
10



=Y P(Y) \ {¢}) is compact, nonempty, and convex, and there exists Y/ C YV
compact such that I'y(X) C Y.
Let, for all n € N, T',, € P(Y)X be such that

I @) = { ClCol',(Bi(z)) VeI Y P(Y)\ {o})

1
n

¢ Vo ¢ T=HPY)\ {8}).

(1) For all n € N, T} (P(Y) \ {¢}) is compact.
In effect, let n € N. If z € T,;}(P(Y) \ {¢}), then T',,(z) # ¢. Since
[, (z) # ¢, then x € T71(P(Y) \ {¢}). Since, for all x € T,;1(P(Y) \ {¢}),
r el Y PY)\{¢}), then

LLH(PY)\{eh) cT7HPE)\ {e}).
Conversely, if + € T7YP(Y) \ {¢}), then I'(z) # <)j>, and T, (x)

CICOF*(B% (x)). Since I'(x) # ¢, ', (x) = ClCol'y(B1(x)), and x € B. (1’;

1
then "
[(z) =

ClCol' (B (x)) O Col'«(B1 ()
> I.(By ()
D I'(z)
7 ¢-
Since 'y, (x) # ¢, then z € T,;1(P(Y) \ {¢}). Since, for all z € T~H(P(Y) \
{6}), 2 e T7H(P(Y) \ {#}), then

L HPY)\{s}) DTHP(Y)\ {¢}).
Since
LA PY)\{¢}) cT7HPY)\ {¢})
and T, (P(Y) \ {¢}) DT H(P(Y)\ {¢}),
then
LHPOY)\{o}) =T HP(Y)\ {¢})

Since T, Y (P(Y)\{¢}) =T H(PY)\{¢}) and T~ (P(Y)\{6}) is compact,
then T, 1(P(Y) \ {¢}) is compact.
(2) For all n € N, T',, is closed-valued, by construction.
(3) For all n € N, I, is convex-valued, by construction.
(4) for all n € N, I}, is lower hemicontinuous.
In effect, let z € T,;1(P(Y)\ {¢}), and y € Y and ¢ > 0 be such that

I (x) N B:(y) # ¢. Since
Ln(2) N B:(y) =
CICO (B (1)) N B.(y) # 6
then ClCol'x(B1(z)) ¢ B.(y)¢. Since B.(y)® is closed, and

ClCol', (B () ¢ B.(y)C

B,
11



then Col's(B1(z)) ¢ B (y)®. Since Col'y(B1(z)) ¢ B.(y)¢, then

Col',(By (2)) N Be(y) # 6

Since Col'x(B1 (z))NB:(y) # ¢, then there exists y' € Col'x(B1 (z))NB:(y).
Since y' € Col", (B1i(x)), and Y is finite-dimensional, say N ?dimensional,
then there exists y;ne I'(B1(2)), for alli=1,...,N+1and a € [0,1]¥F!
such that y' = Zi\”{ a;y; and ZZ 1 Yoy =

Leti=1,...,N+1. Since y; € I'.(B1(x )) then there exists z; € B1 (x)
such that y, € I'(z;). Since ) € B%n(x), then [z} — z||x < L. Since
|z — x| x < L, then 0 < 2 —||2} — z|x. Since 0 < 1 — ||z} — z[/x, then
there exists §; > 0 such that §; < = — ||z} — 2|/ x. Since §; < £ — ||z} — z|x,
then, for all 2’/ € X such that ||z” — z||x < d;,

1
n

2} — 2"||x < [z} — zllx + [l2" — 2[|x
< ||z} — z||x + &
1
< J—
n
i.e. for all 2" € Bs,(x), 2, € B1(2").
If 6 = min;—1 . n410;, then, for all 2/ € Bs(z) and alli=1,...,N +1,
z, € Bai(x”). Since, for all i = 1,...,N + 1, y} € I'(z}) and, for all
z" € Bs(x), x; € B1(2"), then, for all ”/ € Bs(x) and alli=1,...,N +1,

Since, for alli=1,...,N + 1, y, € Col',(B1(z")), then

/

y =
N+1
> aiy € Col.(B, (@)
=1

C ClCol' (B4 (x z'"))
=T, (2").

Since, for all 2’/ € Bs(x), vy € I',(2"”) and y' € B.(y), then, for all z” €
Bs(z), v’ € T'p(2”) N B:(y), i.e. for all 2”7 € Bs(x), T'(z”) N B(y) # ¢.
Therefore, since, for all n € N, and all x € T',1(P(Y) \ {¢}), and for all
y € Y and all € > 0 such that I',,(x) N B:(y) # ¢ there exists § > 0 such
that, for all " € Bs(x), I'y,(2”) N B:(y) # ¢, then, for all n € N, ', is lower
hemicontinuous.

(5) For all € > 0, there exists n € N such that,

Grl"n C U Bs(w7y)
(:v,y)GGrp
12



In effect, assume that there exists € > 0 such that, for all n € N,

Grr, ¢ | Bezy).

(z,y)€Grr

Since for all n € N, Grp, ¢ U(x,y)eGrp B.(z,y), then, for all n € N, there

exists (n,yn) € Grp, such that, for all (z,y) € Grp, (zn,yn) ¢ B:(x,y),
i.e. for all n € N, there exists (x,,,y,) € T7HP(Y)\ {¢}) x Y such that

Un € Pn ($n>

= ClCol',(B1(xy))

1
n

and, for all (z,y) € Grr,

II(w,y) - (xn7yn)||X><Y > .

Since {xy, fneny C T7HP(Y)\ {¢}) and T71(P(Y) \ {¢}) is compact, then
there exists h € NV increasing and € T=1(P(Y) \ {¢}) such that

xr = lim Th(n)-
n—00

Since, for all n € N, yp,(n) € ClCol's(B_1_(Zp(n))), then, for all n € N,

h(n)

Col'«(B L (znm))) N B (Yn(m)) # ¢-

h(n)

Since, for all n € N, Col's(B_1_(2p(,))) N B_1_(Ynn)) # ¢, then, for all

1
h(n) h(n)

n € N, there exists gg(n) € I’*(Bﬁ (Zh(n))), for all i =1,...,N + 1, and
Ay € [0,1]N+! such that, for all n € N, SV 4! Gy Thm) € B (Un(m));

h(n)
ie.
N+1
¥ it -ml, <
i=1
and
N+1
D Oy = 1.
i=1
Since {@}L(n)}neN C Y and Y’ is compact, then there exists b} € NV in-

creasing and ' € Y’ such that

gt = m Ga ngy-
Since {O‘ilz'l(h(n))}nEN C [0,1] and [0, 1] is compact, then there exists b} € NN
increasing and o' € [0, 1] such that

ot = lmagn (n(n)

n—oo

13



and since g = lim,,_ o0 gj,ll,l(h(n)), then

gt = 10 Gho (s (h(m)))-

n—oo

Let hy = hY o .
Since {gj}%l(h(n)}neN C Y’ and Y is compact, then there exists hy € NV

increasing and 4% € Y’ such that

~2 . )
U= 0 Uy ()
Since {ai, (i ))}neN C [0,1] and [0, 1] is compact, then there exists hf €
2 n

NN increasing and o2 € [0, 1] such that

2 _ 1 2 )
o= Bm ap, g iy hmy)))

and since §2 = lim, o gji, then
2

(h1(h(n)))’

~2 9. ~2
o= m gy i (b))

Let hy = hY o hf. Since ' = lim,,_, a%l(h(n)) and ' = lim,_ o0 gjil(h(n)),
then

o' = lim of .

n—oo h2(hi(h(n)))

and

~1 1 ~1

o= Bm G Gy )y
and so on.

Ifiz:fLN+1oi~zNo~~of~noh,then,forallizl,...,N—l—l,

and
N+1
> o=
i=1
N+1 N+1
lim ot = lim E al
Znﬂoo h(n) Nn—s 00 h(n)
i=1 i=1
= lim 1
n—oo
=1.

Since, for allt=1,...,N+1 and all n € N,

Thimy € U 1@,
mIEB% (a:;l(n))

14



then, foralli =1,..., N+1 and all n € N, there exists 55% €EB_1_ (I'B(n))

(n) ()
such that

e I'(z}

Tiimy € T @ >)

Since x = lim, .o Tp(n) and, for all ¢ = 1,...,N + 1, and all n € N,

)

Thmy € B%(:U;L(n)) then = = lim, o 7 :Ch Smce I has a closed graph,
n h(n

and z € T7YP(Y) \ {#}), T is closed at z. Slnce I" is closed at = and, for
ali=1,...,N+1,and alln € N, z = hmn_woxh( X yh( ) e I'(# Thm ))

§° = lim,_o0 yﬁ(n), then, for alli=1,...,N +1,

7' e T(x).
Since, for all i = 1,...,N + 1, §* € ['(z), and ['(z) is convex, then

N+1

Z o't e T(z)
i=1

ie. <33 Zf\[tl aly ) € T. Since, foralli =1,..., N + 1, §* = lim,, .o gj%(n)
and o' = hmnﬂooozh( ),then, foralli=1,...,N +1,

a'f = = lim, O‘h( >yh<n>

Since, for all i = 1,...,N + 1, o'j® = lim,_ ah( )yh( X then, for all
1t =1,...,N +1 and all € > 0, there exists Ngj € N such that, for all
n> Ny, X _
N+1 4
Since, for all i = 1,...,N 4+ 1 and all n > N/, Haﬁ(n)gji(n) — o/}il(n)giHy <

_Nirl - §, then, if N = maxi:1,...,N+1{N;}, for all n > N,

||Oé~ n)yh( ) aigiHY <

N+1 N+1
H Z iy Timy Z =
N+1 - N+1
| Z O oy Ty — 07 Z oy — 05l
N+1 .
< Z >
e
1
Since there exists N,/ € N such that, for all n > N/, h( ) < £, and, for all
f\”{l at (n)yh(n) Yi(n) HY W’ then, for all n. > N/,

N+1
H Z ) i (n) ~ Yiin) v
=1
15

<6
4



Since, if N, = max{N,, N,/}, for all n > N,,
N+1 N+1

i i £
H Z ah(n yh(n Z aﬁ(n)y HY <
=1

N+1 R
and ||ZZ 1 ah(n)yh(n) yﬁ(n)”y < 7, then, for all n > N,

N+1 N+1
7 ~7 10
v S H Z Yhn)Yhn) Z v
=1 3

1=

N+1
H DA = Y
=1

N+1
+ H Z Gy Uiin) ~ Yi(n) v
=1

Since, x = limy, o0 Th(n), then x = lim, T, () Since z = lim,, Tiy(n)>
then there exists N, € N such that, for all n > N,

g
I — 2l < 5

Since, if N* = max{N,, Ny}, for all n > N* |z — xﬁ(n)H < ¢ and
sztl a'yt — y;}(n)HY < 5, then, for all n > N*,

N+1
H (x, Z Oéiﬂi) - (xﬁ(n)’yﬁ(n))HXxY -
= N+1
17 = @y 1 + H > T = Yagm) y < % - %
= =¢.

Since (ac, i\];{l aigji> € I', then there exists n > N* such that it is not true
that, for all (z,y) € Grr,

||<£L’,y) - (xrmyn)HXxY > €.

Therefore, it is not true that there exists € > 0 such that, for all n € N,
Grr,, & U yyecre Be(2,y), ie. for all € > 0, there exists n € N such that,

Grr, ¢ |J By

(z,y)eGrr

Q.E.D.
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