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The theorem of the maximum establishes some properties about how the max-
imizers and the maximum of a real function on a constrained domain behave as
some parameters of the problem affecting both the function and its constrained
domain vary. Intuitively, this theorem asserts that, as long as the maximand and
its domain do not respond too much to changes in the parameters of the problem,
then both the maximum and the set of maximizers do not respond too much to
those changes either.

More precisely, the theorem of the maximum states that the continuity of a
maximand f with respect to both some parameters x and its variables y, and the
continuity and compact-valuedness of a correspondence I' assigning a constrained
domain I'(x) to each value for the parameters x, are enough to guarantee both
the upper hemicontinuity and compact-valuedness of the maximizers y*(x) and the
continuity of the maximum f*(x), with respect to the parameters x.

The upper hemicontinuity and compact-valuedness of the correspondence of
maximizers y* is inherited from those of I" once one realizes that y* is trivially
y* NI and has a closed graph. In effect, y* has a closed graph since any convergent
sequence (,,y,) in the graph of y* has its limit (z,y) in the graph of y* as well.
Otherwise, there would be some other 3" in T'(x) making f bigger than y. In that
case, the lower hemicontinuity of I' would guarantee the existence of some other
sequence (z,,y,) within its graph converging to (z,y’). As a consequence, since
f attains a higher value at (z,y’) than at (x,y), somewhere along the way the
sequence (,,y. ) should make f bigger that what (z,,y,) does, contradicting the
fact that y,, maximizes f for the parameters z,,.

The continuity of the maximum value f*(x) with respect to x follows from the
fact that the maxima f*(x,) corresponding to any sequence z,, converging to any
given x, converge themselves to the maximum value f*(z). In effect, f*(z,) con-
verges because its limsup and liminf exist and coincide with f*(z). In effect,
limsup f*(x,) is the supremum of the cluster points of {f*(z,)}nen, which exists
because there is at least one such cluster point, namely f*(z) itself, and the set of
cluster points is bounded above by f*(z), which guarantees limsup f*(x,) = f*(x)
(and similarly for the liminf).

More precisely, the set of cluster points of f*(x,) is not empty because any
sequence of maximizers y,, in each y*(x,,) must have, given the upper hemicontinuity
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and compact-valuedness of the correspondence of maximizers y*, a subsequence
Yn(n) converging to some maximizer y of f in y*(z). The continuity of f implies then
that the maxima f*(z(,)) attained at those yj(,) must converge to the maximum
f*(z) attained at y, making of f*(z) a cluster point of f*(z).

Moreover, no cluster point of f*(z,) is bigger than f*(x). Otherwise, infinitely
many terms of f*(x,) would then cluster around some point above f*(z). These in-
finitely many terms would constitute a subsequence f*(x(,)) to which there would
be associated infinitely many maximizers y,. Then the upper hemicontinuity and
compact-valuedness of I', within whose graph the terms of the sequence (), ¥n)
lie, would imply the existence of still another subsequence (Zp/(h(n)), Yn'(n)) cOD-
verging to some (z,y) within the graph of I'. Again, the continuity of f would
make the values of f at (zp/(n(n)), Yn/(n)) converge to its value at (z,y), but since
all those values are above and bounded away from f*(x), then the value of f at
(x,y) should also be above f*(zx), contradicting the fact that this is the highest
value f can take in I'(x). As a consequence, limsup f*(z,) = f*(z) and similarly
liminf f*(x,) = f*(x), establishing the continuity of f*.

A detailed statement and proof of these results follows.

S1. The theorem of the maximum.

If

(1) (X,dx) and (Y,dy) are metric spaces,

(2) T € P(Y)X is compact-valued and continuous,

(3) f € RX*Y s continuous and such that f~1(R) D Grr,
(4) y* € P(Y)X is such that, for all z € X,

y*(z) = arg max_f(z,y),
yer'(z)

and
(5) f* € RX is such that, for all x € X,

fH(x) = max f(z,y)

yel(z)

then

(1) y* is upper hemicontinuous and compact-valued, and
(2) f* is continuous.

Proof. Let (X,dx) and (Y, dy) be metric spaces, I' € P(Y)* be compact-valued
and continuous, f € RX*Y be continuous and such that f~'(R) D> Grr, y* €
P(Y)* be such that, for all z € X, y*(z) = argmaxyer(s) f(,y), and f* € RX be
such that, for all x € X, f*(2) = maxycr() f(2,y).

(1) y* has a closed graph, i.e. Gry- is a closed set of (X X Y, dxxy).

Let (x0,y0) € Cl Gry«. Since (z9,y0) € Cl Gry,, then there exists = €
XN and y € YN such that, for all n € N, (z,,,9,) € Gry- and (zo,y0) =
lim,, (@, ypn). Since, for all n € N, (x,,yn) € Gry~, then, foralln e N, y,, €
y*(x,) C I'(z,). Since I' is continuous, then I' is upper hemicontinuous.
Since I' is compact-valued, upper hemicontinuous, x¢ = lim,, x,,, and, for
all n € N, y, € I'(z,), then there exists h € NV increasing and such that
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y o h is convergent and lim, yp(,) € I'(xg). Since yo = lim, y, and yoh
is convergent, then yo = lim,, yp (). Since yo = lim, yp(n) and lim, yp,) €
['(xg), then yo € I'(xo).

Assume that yo ¢ y*(xo). Since yo ¢ y*(xo), then there exists y; € I'(zo)
such that f(xo,y,) > f(xo,y0). Since I' is lower hemicontinuous and y;, €
['(z0), then there exists 4’ € YN convergent and such that y) = lim,, v/,
and, for all n € N, y/, € I'(x,,). Since xg = lim,, z,, and y;, = lim,, y,,, then
(xo,y,) = limy, (zy,y,,). Since (xo,y)) = lim,(x,,y,,) and f is continuous,
then lim,, f(zn,y),) = f(zo,y,). Since (xo,y0) = lim, (2, ys), and f is
continuous, then lim, f(z,,yn) = f(zo,y0). Since f(zo,y,) > f(xo,0),
then there exists n € N such that, for all n’ > n, f(xn,yl,) > f(@n, Yns)-
Since, for all n’ > n, y/, € I'(zy) and f(xn,y.,) > f(Tn/,Yns), then, for
all n' > n, yp ¢ y*(xnr)! Therefore, yo € y*(wo), ie. (zo,y0) € Gy,
Since, for all (zo,y0) € Cl Gry«, (70,%0) € Gr};, then Gry« is a closed set of
(X X Y, dXXy).

(2) y* is upper hemicontinuous and compact-valued.
Since I' is upper hemicontinuous and compact-valued, and y* has a closed
graph, then y* = y* NI is upper hemicontinuous and compact-valued.

(3) f* is continuous.

Let 79 € X be such that I'(zg) # ¢, * € X be such that, for all n € N,
[(z,) # ¢, and ¢ = lim,, x,,.

Then limsup f*(z,) exists,! since

i) f*(x) is a cluster point of {f*(z,)}nen: in effect, let y € YN be
such that, for all n € N, y, € y*(z,). Since y* is upper hemicontinu-
ous and compact-valued, =y = lim, z,, and, for all n € N, y,, € y*(x,),
then there exists h € NV increasing such that Yh(n) is convergent and
lim, Ynn) € y*(xo). Since zg = lim, z,, then x9 = lim, x}(,). Since
lim, Yn(n) € y*(20) and y*(x¢) C I'(x0), then limy, yup) € I'(2). Since
lim,, Yp(n) € I'(20) and x¢ = lim, Ty (), then (lim, 24 ), limy, Yp ) € Grr.
Since (limy, T4 (5, limy, Yu(ny) € Grr C f7H(R), then

hr{n(xh(”)’ Yn(n)) = (1171;1& Th(n)s 117511 Yn(n))
e fTH(R).

Since, for all n € N, y, € y*(z,), f is continuous, lim,(zxmn), Yn(n)) €
fY(R), and lim,, Yn(n) € ¥*(z0), then

lim f*(zh(n)) =
lim f(2h(n), Yn(n)) =
FU(Zh(n), Yn(n))) = f(lirfln Th(n), lim Yn(n))
= f(z0, imyp(n))
= f*(@o).

Since there exists h € NV increasing and such that f*(zy(,)) is convergent
and f*(x) = lim,, f*(2p(n)), then f*(x) is a cluster point of f*(zy).

Him sup f*(z) is the supremum of the set of cluster points of {f*(zn)}nen-
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Q.E.D.

i1) No cluster point of {f*(z,)}nen is bigger than f*(z¢): in effect, as-
sume that there exists a € R such that f*(zp) < a and a is a cluster
point of {f*(z,)}nen. Since a is a cluster point of {f*(z,)}nen, then,
for all ¢ > 0, (f* ox)"1(B.(a)) is not finite. Let ¢’ € (0,a — f*(xo)),
then (f* o x)7!(B/(a)) is not finite. Since (f* o x)™!(B./(a)) is not fi-
nite, then there exists h € NV increasing such that, for all n € N, h(n) is
the n-th smallest integer of (f* o 2)~!(B (a)). Slnce for all n € N, h( ) €
(f*ox)~1(B:(a)), then, (f*oxoh)(N) C B./(a). Since (f*oxoh)(N) C B.(a)
and &’ € (0,a— f*(xg)), then, foralln € N, f*(z¢)—a < —&’ < f* (xh(n))
Since for all n € N, y*(zp(n)) # ¢, then, for all n € N, there exists
Yn € Y (Th(n)). Since I' is upper hemicontinuous and compact-valued,
{Zh(n) }nen is convergent and such that x¢ = lim, zp(,), and, for all n € N,
Yn € Y (Thn)) C T'(wpn)), then there exists b’ € NY increasing and such
that {yn/(n) }nen is convergent and lim,, Y5,/ () € I'(z0). Since limy, yp/(n) €
[(z0), then (zo,limy, yu(n)) € Grr C f7H(N). Since for alln € N, a — &’ <
[*(Zhn)), then a — & < limy, f*(zpm)). Since a — &' < limy, f*(Thm)),
then a — ¢’ < lim, f*(Zp(n(n))). Since f*(zg) —a < —¢’, for all n € N,
a—e' <limy f*(@a ) Yn(n) € Y (T (n)))s (o, limyp Ypr () € fTHN),
and f is continuous,

(o, im g () =
f(ligﬂ Th(h (n)), lim Yn' (n)) =
lim F(@hh ) Yni(n)) =
im f*(Zp(n(n))) = @ —
> f*(xo)

but, since limy, yn(n) € I'(2o), then f(xq,lim, yp (ny) < f*(z0)!
Since f*(zo) is the smallest upper bound to the set of cluster points of
{f"(2n)}nen, then

[ (o) = limsup f*(zn)

and similarly for f*(xg) = liminf f*(z,,).
Since lim,, f*(x,,) = f*(lim,, x,), then f* is continuous at x.



