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The defining characteristic of the mathematical object we call a set is embodied
in the concept of membership. Every set partitions the universe of all existing
things into two groups: those things that are members (i.e. elements) of the set and
those things that are not. In particular, it is important to recognize that sets do not
intrinsically involve any notion of distance between (i.e. nearness or farness of) their
elements. Such a notion requires us to provide additional mathematical structure.
In short, we must endow the set with something analogous to the concept of spatial
distance, something with which we have presumably become quite familiar. In this
context, and because of the analogy, a set that is endowed with such a notion of
distance is often referred to as a space, and each of its elements is referred to as a
point in that space.

The additional structure required to define a distance for a set (thus making it
into a space) is the concept of a metric. A metric is a real-valued function with the
following three properties: (1) it assigns a real value (distance) to every pairwise
combination of elements in the set, (2) it assigns a zero to a pair of elements if
and only if the elements of the pair are identical (i.e. the distance from any point
to itself is always zero),! and (3) the distance between any two points is bounded
above by the sum of the distances between each of the two points and any other
(third) point.? A set endowed with a metric is called a metric space.

Having provided more mathematical structure to the original notion of a set
by endowing it with a metric, we are now able to discuss a host of additional
concepts. For example, we are now able to give a more precise sense to the idea
of closeness between points and sets of points. This idea is formalized by a notion
of neighborhood of a given point, namely a ball centered at the point and with
a specified radius. It consists of the points of the space whose distance from the
given point is less than the specified radius. Another fundamental concept that is
available with the added structure of a metric space, from which all the rest can be

CAVEAT: These handouts are inevitably under permanent construction. I thank the feedback
from many students of previous years, and in particular I thank Graham Loftin for the editing
and comments.

L Allowing this to happen also for distinct points leads to the weaker notion of pseudometric.

2The typical definition of a metric also requires the function to be Ri-valued and symmetric,
i.e. such that d(z,z’) = d(z’,z) always. As a matter of fact, these last two requirements are
redundant since they follow from the three properties above.
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derived, is that of closure point. A closure point of a given set is any point that
has a point of the set within an arbitrarily small distance.

A closure point of a set may be or not a closure point of other sets. In particular,
a closure point of a set may also be a closure point of either of two other sets of
particular interest: (1) the original set but excluding the closure point of interest
and (2) the complement of the original set.

(1) Any closure point of the original set that has other points of the set (i.e.
points distinct from itself) within an arbitrarily small distance is known as
an accumulation point, while any closure point for which this does not
hold is known as an isolated point. Note that the isolated points of a set
necessarily belong to the set, while an accumulation point may or may not
belong to it.

(2) Any closure point of the original set that is also a closure point of the
complement of that set is known as boundary point, while any closure
point that is not a closure point of the complement is known as an interior
point. Also note that (1) while the interior points of a set necessarily belong
to the set, boundary points may or may not belong to the set and (2) while
every interior point is necessarily an accumulation point and every isolated
point is necessarily a boundary point, the converse statements are not true
in either case.

Consistent with these definitions, the closure, boundary, and interior of a set
are defined as those subsets comprised of the closure, boundary, and interior points
of the set respectively. Of less common usage is the term derived set which refers
to the accumulation points of a set.?

One convenient way of characterizing the closure and accumulation points of
a set is through the use of sequences. Since closure points are characterized by
having points of the set within an arbitrarily small distance, they can be approached
arbitrarily closely by a sequence of elements extracted from the set. With this
purpose in mind, we are naturally led to be particularly interested in those sequences
that do not wander erratically in the space.

An increasingly stringent classification of such sequences starts with bounded
sequences, sequences whose terms lie within a ball or, equivalently, whose range
is a bounded set. A more stringent requirement is that the terms of the sequence
not only stay within a given distance of a given point (as in the case of bounded
sequences), but that they wander around with consistently smaller and smaller
steps, so to speak. Sequences with this property are known as Cauchy sequences.
An even more stringent requirement than being ” Cauchy” is that the terms of the
sequence eventually approach a given point arbitrarily closely. Such a sequence is
said to be a convergent sequence and the* point to which the sequence converges
is called its limit. Note that not every bounded sequence is Cauchy and that,
likewise, not every Cauchy sequence is convergent. Indeed, whether a Cauchy
sequence is convergent or not ultimately depends on the metric space in which
the sequence is defined. Any metric space having the property that all Cauchy
sequences are also convergent sequences is said to be a complete metric space.

As mentioned above, the closure points of a set can be characterized as those
points that are the limit of some convergent sequence within the set. Note that,

31 am not aware of any specific term used in reference to the isolated points of a set.
4Tt can be shown to be unique.
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equivalently, the limit of a convergent sequence is characterized by having at most
a finite number of terms of the sequence beyond any given distance, no matter how
small. This is clearly a stronger requirement than that of having infinitely many
terms of the sequence within an arbitrarily small distance of the point. As a matter
of fact, there may be several points (known as cluster points) with this latter
property, while we know that the limit of any convergent sequence is unique. The
implication is that a cluster point of a sequence is not necessarily the limit of the
sequence.

A fundamental class of sets of a metric space is the class of open sets, i.e. those
sets whose points are all interior to the set or, equivalently, those sets which coincide
with its interior. The class of closed sets constitutes somehow the complementary
notion, since a closed set is a set whose complement is open. Equivalently, a closed
set is a set that coincides with its closure. Note, however, that closedness is not the
negation of openness, nor viceversa, since it is possible that a set be neither® open
nor closed.

With the notions of open and closed sets in hand, we are able to discuss some
properties that that apply to metric spaces. To start, a set is said to be a dense
subset of another set if its closure coincides with the set that contains it, i.e. if
for every point in the original set, a point in the subset can be found within an
arbitrarily close distance. Trivially every set is dense in its closure. In some sense
then a dense subset can be taken as a good approximation of the set, since one can
approach arbitrarily close any point of the set by some point of the subset. This idea
of approximating a set by using a dense subset of the set becomes of even greater
interest when it happens that the dense subset is simpler in some sense than the set
itself (e.g. by being at most countable while the set is of greater cardinality). Any
metric space with a subset of points that is at the same time dense and countable,
is known as a separable metric space. The leading example of separable space is
any R™ with a non-discrete metric, since the points of Q™ with rational coordinates
are simultaneously dense and countable for such a space. Any time we use a number
in Q™ as a valid representation of real-world phenomena supposed to be described
by real variables in R™,% we are relying on this property.

A second property of interest for sets associated with metric spaces is that of
connectedness. A set is said to be a connected set if it does not consist of separate
pieces that can each be contained in disjoint open sets. Accordingly, if the entire
space is a connected set, then the metric space is said to be a connected metric
space. Note that being connected is actually a less stringent requirement than
demanding that the set not consist of separate pieces, in the intuitive sense that
one can join any two points of a set by a continuous path. This stronger notion of
connectedness is known as path-connectedness.

A third property of interest for sets associated with metric spaces is that of
sequential compactness. A set is said to be sequentially compact when every
sequence of points in the set has a subsequence that converges to an element of the
set. In some spaces this is equivalent to the more general notion of compactness,
which requires first that we define the concept of an open cover for a set. An open
cover for a set is a collection of open sets whose union contains the set. According
to the definition of compactness, a set is compact if it has a finite open cover. If

5Tt is also possible for a set to be both open and closed. See, for example, E19.
6Which in our computation-intensive society is an all-pervasive phenomenon.
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the entire space happens to be compact, then the space is said to be a compact
metric space. Compactness and sequential compactness are equivalent notions
in, for instance, R™ endowed with any metric, but they are not so in general.

The precise definitions of these concepts follow.

BASIC NOTIONS ABOUT METRIC SPACES
D1. Space. A space is a set. A point of a space is an element of the space.

D2. Metric. If X is a space and d € RX*X | then d is a metric on X if, and only
if,

Y

(1) d has a full domain,
(2) d(z,z") =0 if, and only fif,

(3) for all z,2',2" € X,

d(z',2") < d(z,2") + d(z,2").

D3. Metric space. If X is a set and d is a metric on X, then (X,d) is a metric
space.

D4. Ball. If(X,d) is a metric space, x € X, and r € Ry, then B,(z) C X is the
ball of radius r and centered at x if, and only if,

(1) for all 2’ € B,(z),
d(z,2') <,

and
(2) for all A C X such that, for all 2’ € A, d(x,z") < r,

A C B,(x).

D5. Bounded set. If (X,d) is a metric space and A C X, then A is bounded if,
and only if, there exist a ball B,.(x) such that

A C By(x).

TYPES OF POINTS IN A METRIC SPACE,
DEFINED IN RELATION TO A SET OF THE SPACE

D6. If (X,d) is a metric space and A C X, then
(1) z is a closure point of A if, and only if, for all r € Ry,

AN B (z) # ¢,
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(2) x is a boundary point of A if, and only if, it is a closure point of both A
and X \ A,

(3) z is an interior point of A if, and only if, it is a closure point of A but not
of X\ A,

(4) x is an accumulation point of A if, and only if, it is a closure point of
both A and A\ {z},

(5) z is an isolated point of A if, and only if, it is a closure point of A but
not of A\ {z}.

D7. If (X,d) is a metric space and A C X, then

(1) ClA is the closure of A if, and only fif,

(i) for all z € ClA, z is a closure point of A, and
(ii) for all A" C X such that, for all x € A’, z is a closure point of A,

A" c Cl4,

(2) OA is the boundary of A if, and only fif,

(i) for all x € OA, x is a boundary point of A, and
(ii) for all A" C X such that, for all x € A’, x is a boundary point of A,

A’ C 0A,

(3) IntA is the interior of A if, and only if,
(i) for all z € IntA, x is an interior point of A, and
(ii) for all A" C X such that, for all x € A’, x is a interior point of A,

A" C IntA.

SEQUENCES IN METRIC SPACES

D8. If (X,d) is a metric space and x € X", then

(1) z is a bounded sequence if, and only if, z(N) is bounded,
(2) z is a Cauchy sequence if, and only if, for all € R ., there exists N € N
such that, for all n,m > N,

d(Tpm, Tn) < T,

(3) z is a convergent sequence if, and only if, there exists & € X such that,
forallr € Ry, 271 (X \ B.(Z)) is finite.

D9. If (X,d) is a metric space, x € X", and T € X then

(1) z is a cluster point of x if, and only if, for allr € R, ., 271 (B,(Z)) is not
finite
(2) T is the” limit of x if, and only if, for allr € Ry, 2= 1(X \ B,(Z)) is finite.

Tt will be shown to be unique whenever it exists.
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TYPES OF SETS IN METRIC SPACES

D10. If (X,d) is a metric space and A C X, then
(1) A is open if, and only if,

A C IntA,
(2) A is closed if, and only if,

ClA C A,
(3) A is dense if, and only if,

X c Cl4,

(4) A is connected if, and only if, for all disjoint, open C,C" C X such that
ANC # ¢, and ANC' # ¢,

Agcuc

(5) A is complete if, and only if, for all x € AN Cauchy, z is convergent with
limit in A,

(6) A is sequentially compact if, and only if, for all z € AN, there exists a
convergent subsequence of x with limit in A.

D11. Open cover. If (X,d) is a metric space, A C X, and O C P(X), then O is
an open cover of A if, and only if,

(1) for all O € O, O is an open set in (X, d),
(2) A C UpecoO.

D12. If (X,d) is a metric space and A C X, then

(1) A is a compact set if, and only if, for all open cover O of A, there exists
O’ C O finite such that O’ is an open cover of A.

TYPES OF METRIC SPACES

D13. If (X,d) is a metric space, then

(1) (X,d) is a separable metric space if, and only if, there exists A C X
such that A is a dense subset of X, and A is countable,

(2) (X,d) is a connected metric space if, and only if, X is a connected set
of (X,d),

(3) (X,d) is a compact metric space if, and only if, X is a compact set of

)
) is a complete metric space® if, and only if, X is a complete set of
)

8 Also known as Banach space.



EXAMPLES
Discrete metric spaces.

The following is an example of a trivial way of endowing a set with the metric
using the discrete metric. The discrete metric consists of indicating whether any
two points in a space are the same point. A space endowed with the discrete metric
is called (not surprisingly) a discrete metric space. Discrete metric spaces are
very peculiar in that, for instance, their sets have no accumulation points and balls
with greater radii can trivially be contained in balls with smaller radii.

E1. Discrete metric space. If d is a real valued function with domain X x X
such that d(x,x') = 0 if x = 2’ and d(x,z’) = 1 otherwise, then (X, d) is a discrete
metric space.

Proof. Exercise.

E2. If (X,d) is a discrete metric space, A C X and x € X, then there exists r > 0
such that B,.(z) N A is finite.

Proof. Let A C X and z € X. Since By (x) = {x}, then B1(z)NA C {z} and hence
there exists > 0 such that B,(x) N A is a finite set, i.e. x is not an accumulation
point of A. Q.E.D.

E3. If (X,d) is a discrete metric space X, then for all r,s > 0 such that r < s and
all z € X, Bs(x) C By(x).

R"™ with the usual metrics dyi, ds.

Next come some simple metrics that we often use in R”, namely d;, d2? These
metrics measure the distance from one point to another by taking, respectively,
the sum of the coordinate-wise differences (in the case of dy) and the Euclidean
distance (in the case of d2).

E4. The metric space (R",d;). Let the space be R", for any n € N, and dy be
such that dy(z,2’) = Y1 |x; — «}|. Then (R",d;) is a metric space.

Proof.
(1) Let z,2" € X.
If v = 2/, then x; = 2} for all i = 1,...,n and hence |z; — x}| = 0.
Therefore dy (z,2') = Y |&; — x}| = 0.
Conversely, assume  # x’. Then there exists ig € {1,...,n} such that
T, # ;, and hence |z;, — 2} | > 0. Since |z; — x| > 0 for alli=1,...,n,

then dy(z,2') = > 7 |z; — x}| > 0.
(2) Let x,2',2"” € X. Then, foralli =1,...,n, |z; — )| < |z; — x|+ |z, — 2|,

since

—lzi — @] < i — 3} < i — ]
and

— i — 2| < af — af < o — ]
and hence

—(lzi — 23| + [o; — 2f]) < @i — af < fas — 2] + |2 — 2

9This metric is also known as the Euclidean metric.
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Le. |x; — 2| <|w; — 2| + |2} — x|

Therefore, Y 7 |x; — x| < D77 |xs —af|+>°7 |2t — 2| holds, i.e. Y7 |z —
zf| < ST ah — x| + Y07 2] — &Y, that is to say di(z,2”) < di(2,x) +
dy (2, 2").

Q.E.D.

E5. The metric space (R",ds). Let the space be R", for any n € N, and ds be
such that ds(z,2") = /Y, (x; — x})?. Then (R",ds) is a metric space.
Proof.
(1) Let z,2" € X.
Assume z = 2’. Then x; = 2 for all i and /Y] (z; — )2 = 0 for all 4,
ie. dy(z,2") =0.
Conversely, assume z # 2’. Then there exists 79 such that z,, # z; and
implying that (z;, — ;) > 0. Since (z; — ;) > 0 for all i, it follows that

Yoz —ah)? >0, ie. do(z,2") #0.
(2) Let x,2’,2"” € X. Since

_ (\ S a2+ | > (@) - 2:)?)
= (da(a’, @) + da(a’,2"))"

because of the Cauchy-Schwartz inequality, and 0 < do(z, 2”)?, then

do(z,2") < dg(x,2') + do(2’, 2").

Q.E.D.



Exercise. Prove the Cauchy-Schwartz inequality in R™, for any n € N,

n n 1 n 1
2 2
> lwiat < (D lwl?) " (Y Iif2) "
Hint: Note that the following real polynomial in t has at most one real root, and
find out what restriction this imposes on its coefficients.
n

P(t) =) (lzil t + || )*.

=1

Holder’s and Minkowski’s inequalities.

Notice that the metrics introduced previously can be trivially written as follows

n n 1
1
di(@,2') = 3 foi = 2l = (3 o — i)
=1 =1

') = | i 22 = (3 b — a2
=1

i=1

In order to prove that the obvious generalization of the previous expressions to d,,

(for p > 1)
dy(z,2") = |z — P
: (> )

is a metric, and in order to further present the general family of metric spaces £, we
will first need generalizations of the Cauchy-Schwartz and triangular inequalities.
These generalizations are known as Holder’s and Minkowski’s inequalities, respec-
tively. The next two results are themselves needed to prove Hoélder’s inequality.

B =

In it the expression fab f stands for the Riemann integral of a real-valued function
defined on the interval [a, b].

L1. If f is a continuous real valued function defined on an interval [a,b] of real
numbers, then ff f < (b—a)maxp,y f.

Proof. Exercise.

L2. If f is a continuous, increasing!® real valued function defined on R such that
f(0) =0, and a,b > 0, then
a b
ab < / f+ / i
0 0

10That is to say, f(z) < f(z') whenever z < z’.
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Proof. Either f=1(b) < aor f~1(b) > a. If f71(b) < a, then b < f(a), since f is

increasing. Since moreover

o= [re [
[ [ [T

that is to say,

ab:/()af+/(]bf‘1+(/bf(a)f‘l—a(f(a)—b)),

because f(0) = 0, and a = maxp, f(q)] f~! because f~! is increasing, then it follows
that fbf(a) f~t <a(f(a) —b), and therefore

abg/oaf-l-/obf_l.

If, on the contrary, f~1(b) > a, then b > f(a) because f is increasing. Thus,

since
F7 ) b
bfL(b) = /0 f+ /0 !

=/Oaf+/afl(b)f+/0bf‘l

a b . £ )
= [pa [ ([ e - ),
0 0 a
and b = max, s-1(3) f because f is increasing, then faf_l(b) FE<b(f~1() —a),

and therefore ,
ab < / f+ / i
0 0

Holder’s inequality, provided below as a generalization of the Cauchy-Schwartz
inequality, is needed to establish the more important Minkowski’s inequality that
follows it.

that is to say,

Q.E.D.

L3. Holder’s Inequality in R". Ifx,z’ € R™ and p,q > 1 are such that %+% =1,

then
n n 1 n 1
P q
> Iazmlé(E !xilp) (E |3?§!q> :
1

1 1
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Proof. Since x,z’ € R™ satisfy the inequality if, and only if, Az, uz’ € R™ satisfy it
too, for any A, u > 0 (in effect, for any A, u > 0,

n 1 n 1 n 1 n 1
(Zump) (Zmﬂs;w) :AM(DW) (Zw)
1 1 1 1
> Y e

n

= 3 o

1

if, and only if, the inequality holds for x and z’, then we can assume that z, 2’ are
such that > ) |;|P =1 and Y] |2}|? = 1 (if not, consider instead Az and pz’ with

= (207 |2al?) ™" and p = (37 |27]9) 7).
Let f: Ry — R be such that f(x) = 2P~ !, for all z € Ry. Then f is continuous,
increasing and such that f(0) = 0. Therefore, for all i =1,...,n,

el =
2] < / N
0 0

|z ||
:/ xp_lder/ y?ldy
0 0

1 1
i’ + = Iwzlq

since f~! is such that f~!(y) = y?! for all y € Ry (in effect, f~1 o f = i since
“L(f(z)) = (xzP71)97 ! = 2Pa=P=9+! for all 2 > 0 because % + % =1). Hence

D leail < 23 il + 03 Jailf
1 p 1 q 1

1 1
__|__
p q
=1

T =

- (o)’ (321e)*

Q.E.D.

Minkowski’s inequality is a generalization of the triangle inequality to a family
of distances that generalize the usual Euclidean distance: instead of considering the
square root (i.e. the i-th power) of the sum of the squares (i.e. the 2-nd power)
of the coordinate-wise differences, an arbitrary %—th power of the sum of the p-th
power of the coordinate-wise differences, for any p > 1 is considered.

L4. Minkowski’s inequality in R™. For all z,2’ € R™ and all p > 1,

P P 4
(Stovail)” < (Sial) "+ (S latr)
1 1 1
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Proof. If p =1, since for all ¢ € {1,...,n},
|z + @3] < ol + |

because of the triangular inequality in the real line, then

n n n
Do lwit il <Y fal + ) fadl.
i=1 i=1 i=1

If p > 1, since

(lzi] + |2i))? = (o] + |2i))P~ (| + J2))
= (o] + |2i))P~ il + (Jaea| + [ )P~ ],
then
n n n
> |+ 2P =Y (i + [af)P~a| + Z(Iﬂfil + |af )P ]
1 1

< (St + 1t “q) [(Z w) (Z rx;rp)’l’]

1

:(i<|xz|+|x|) [(Zw’?) (ZHH

where ¢ = p/(p — 1), because of Hélder’s inequality, i.e.
mn n 1
(St 4121 ) (Z w) (X katr)
1 1

whence Minkowski’s inequality follows because of the triangular inequality in the
real line that implies

=
=

(Z ot all)” < (iw +lall?)

1 1

Q.E.D.

The metric spaces £, .

With the previous inequalities we can provide the following example of a family
of metrics d, defined on R™ that metrize this set, yielding a family of metric spaces
that includes the Euclidean metric space (R™,ds) and the real line (R,d;) as a
particular cases. These metric spaces are known as £}.
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E6. The metric space (). Let the space be R", for any integer n, and let dy,
for any real p > 1, be such that d,(z,z") = (37 |z; — x;|p)% Then (R",d,) is a
metric space known as ﬁg.
Proof.
(1) Let z,2" € X.
Assume z = 2. Then z; = ] for all i. Hence |x; — x}| = 0 for all i, i.e.
1
dp(z,2") = (327 & — zifP)” = 0.
Conversely, assume z # z’. Then there exists iy such that z,, # :z:%o and
thus |2;, — a7 | > 0. Since |z; — | > 0 for all 4, then (3.7 |z; — x}[P)* >0,
ie. dp(z,z") #0.
(2) Let z,2’,2" € X. Then

T =

= (St ot -t
n % n :
< (Stoi=atr) "+ (Llet i)
1
d

=

because of Minkowski’s inequality.
Q.E.D.

The metric space £,,.

Holder’s and Minkowski’s inequalities hold also for the p-summable real series
S |zifP, ie. the limit of the sequence {7 |#i[P}nen. Actually Minkowski’s
inequality for p-summable sequences follows from its version in R™. This allows us
to show that the obvious generalization of the functions d, to convergent series is
a metric, and in that way we can metrize some spaces of real sequences.

S. Every p-summable real sequence converges to 0. Ifx € RY is p-summable,
then

lim z,, = 0.
n—od

Proof. Let x € RY be p-summable.

Assume that lim,, . z, # 0. Since lim,,_, o z,, # 0, then there exists r € Ry
such that, z71(B,.(0)°) is countable. Since for all n € z=1(B,(0)%), r < |z,| and
r71(B,(0)%) is countable, then

S fmlgR

nex=1(Br(0)°)
13



Since Y, c.-1(p,(0)c) |Zn| € R and

o0
So laal <D lwal,
1

nex=1(B(0))

then -
> | ¢ R.
1

Since Y 7" |zn| ¢ R, then z is not p-summable.
Therefore, since x is p-summable, then

lim z,, = 0.
n—oo

Q.ED.

S. Every sequence equal to a p-summable sequence but for finitely many
terms is p-summable as well. If z,2’ € RN are such that x is p-summable and
N = {n € N|z,, # x},} is finite, then ' is p-summable.

Proof. Let z,2’ € RY be such that z is p-summable and N = {n € Nl|x,, # «/} is
finite.
Since N is finite, then

> |a, P eR.

neN
Since x is p-summable, then
> lzalP €R.
neN
Since ),y |7n [P € R, then
PRENLE:
neN\N

Since ), ¢y 2,P € R, > nen [Tn|? € R, and ZnEN\N |27 [P = ZneN\N |z, [P, then

DolanlP= D fanl Y fanl

neN neN\N neN
= D |+ ) el
neN\N nenN
e R.

Q.E.D.

S. Every p-summable real sequence is p’-summable, for all p < p/. Ifz € RY
is p-summable and p < p’, then x is p’-summable.

Proof. Let x € RY is p-summable and p < p'.
Since z is p-summable, then lim, ...z, = 0. Since lim, ..z, = 0, then
7 1(B1(0)%) is finite. Let 2’ € RY be such that,
(1) for all n € x=1(B1(0)), 2!, = x,
(2) for all n € 271 (B1(0)°), 2/, = 0.
14



Therefore, 2'(N) C B1(0) and, since x is p-summable, then 2’ is p-summable. Since
2'(N) € B1(0) and p < p/, then, for all n € N,

[, [P < Jal, 7.

Since for all n € N, ]:U’n|pl < |x},|P, and 2’ is p-summable, then, for all n’ € N,

n’ n’
/
D lan P < Yl
1 1
00

<Dl

1

Since {Z?/ |2/ [P }nen is non-decreasing and bounded above, then 37° |/, [P € R.
Since 2’ is p’-summable and {n € N|z! # x,} is finite, then z is p’-summable.
Q.E.D.

L5. Minkowski’s inequality for p-summable real sequences. For all x,x’ €
RN and all p > 1 such that both > 7" |z;|P and 7" |z}|P are convergent series,

(fﬁ [ +xélp)’1’ < (fjw); + (fjw);.

1 1 1

Proof. Let x,2' € RN and p > 0 be such that >°7° |z;|P and >_7° |#}|P are convergent
series.
Since, for all n € N, 0 < Y7 |z;P < D277 24P and 0 < Y7 [24P < D77 |24P,

then for all n € N, (X7 [a[P)7 < (X5° |2il?)7 and (X7 [a4P)r < (35° |«7) 7.
Then, for all n € N,

1

n n oo
1 1 1 1
(Sl + (I < (0 )+ (0 lei)
1 1 1
Since, moreover, by Minkowski’s inequality, for all n € N,

1 1 1

(les+ i) < (O l)? + (3l

then, for all n € N,

n
< (Y Jwi + a4P) < Zw
1

Hence for all n € N,

@\H

O AR
1

Z|xz‘+x;|p < ((Z|xz|p)’l’ Z|m ) 11’)
1 1

15



: n / . . . [ele] /
Since moreover y ; |x; +2}|? is non-decreasing, then there exists > |z; + ;| and

ilwwélp < ((imm?’ + (i |x;|p>i)

p

i.e.
O i+ 2P)7 < O lwal?)” + O 1417) 7.
1 1 1
Q.E.D.

The following result establishes that the difference between two p-summable real
sequences is a p-summable real sequence as well. This result and Minkowski’s
inequality together allow us to show that the set of p-summable real sequences is a
metric space with the metric d,,.

L6. Ifx,2’ € §N and p > 0 are such that Y " |z;|P and Y " || are convergent
series, then ) |~ |x; — x}|P is a convergent series.

Proof. Let x,2' € RN and p > 0 be such that >°7° |z;|P and >_{° |#}|P are convergent
series.

Since, for all n € N, 0 < Y7 |z;[P < D77 24P and 0 < Y7 [2)P < D77 |27,
then for all n € N, (X} [a:f?)¥ < (77 lwal?)¥ and (7 i) < (S5 Jaf)7.
Then, for all n € N,

<i ei?)? + (i P < <§jj ) + &jj ),

Since, moreover, by Minkowski’s inequality, for all n € N,
(i s — a|?)? =

(i |z + (=27)[P) " < (i |2 |P)” + (¥| — zP)

- (k) (3l

3 |-

n

3=
3=
3 =

then, for all n € N,

n 1 > 1 > 1
0< (D lwi—af?)” < (O |aal)™ + (O |aif?)™.
1 1 1

Hence for all n € N,

Zl -l < ((ijj\mp)i ¥ (f} 21 )

Since moreover Y ) |z; — 2}|P is non-decreasing, then there exists > ° |z; — [P

Q.E.D.

As mentioned earlier, this result enables us to show that the space of p-sumable

real sequences is a metric space with the metric d,.
16

P



E7. The metric space {,. Let X be the subset of sequences x € RY such
that 1% |z;|P is a convergent series, and let d,, for any real p > 1, be such that

dp(z,2") = 0.7 |z — x;\p)% Then (X, d,) is a metric space known as £,,.

Proof.
(1) Let z, 2" € X.
Assume x = z’. Then x; = z} for all i € N. Hence |z; — z}| = 0 for all
ieN, ie dy(z,2') = (37 |z — x”p)% —0.

Conversely, assume = # z’. Then there exists i9p € N such that x,, #

z; and thus |z;, — 2} | > 0. Since |r; — ;| > 0 for all i € N, then

io
(X o — 2 P) " > |wg, — @) | > 0, ie. dp(z,a’) #0.
(2) Let z,2’,2"” € X. Then

._x//,p)p
(2
1

| ) / / "p g
o=l ) " (S ket~
1 1
00 1 0 %
> # ()
1 1

P
ot =) (Y let -

because of Minkowski’s inequality.
Q.E.D.

*BQ'
—
8
H\
—
I
7 N
NgE
B
|=

8
=

The metric spaces €2, s, and more generally the metric space of the real valued

bounded functions with the sup metric.

The next two examples consider the new metric d,, a metric that is not unrelated
to the previous metric d, as we will see. Applied to the spaces R" and RN | this
metric defines the distance between any two points as the supremum of the set
of absolute values of coordinate-wise differences, and results in the metric spaces
known as ¢, and {., respectively. These metric spaces are easily recognized as
particular instances of some more general classes of metric spaces that are described
in more detail below. As a consequence of this fact and in order to save effort,
instead of providing proofs of these two special cases, the results will be shown to
follow from a proposition establishing that the sup metric on real valued bounded
functions is a metric indeed.

E8. The metric space (. Let the space be R", for any n € N, and d; be such
that doo(x,2") = max; |x; — x}|. Then (R",d) is a metric space known as (7.

17



E9. The metric space /.. The set of real sequences = € RN such that there
exists sup,, |z, |,!* is a metric space with the metric doo(z,2") = Sup, ey |Tn — T}
denoted {

Note in the example below that the domain X of the functions is left unspecified.
If X happens to be some finite set, for example the integers {1,...,n}, then the
space is R", the suprema are maxima indeed, and with this metric the metric space
is known as ¢2 . If, alternatively, X is N, then the space is that of the bounded real
valued sequences, which with this metric is known as /.

E10. The metric space of bounded real functions with the sup met-
ric. Let b(R¥X) be the set of bounded real valued functions with full domain X
and do, be such that do.(f,g) = supy |f(z) — g(x)|, for any f, g in b(RX). Then
(b(RY),dw) is a metric space.

Proof. Exercise.

The object of the next example (the space of continuous real valued functions
defined on a closed interval) is a particular case of the previous one. As an aside we
should note that the example is more specific than necessary, since the domain of
the space of functions can be any compact set of a metric space without changing
the result . . . but that is still to come.

E11. The metric space of Cla,b] with dw. Let Cl[a,b] be the set of continuous
real valued functions defined in the interval of the reals [a,b] and d be such that
doo(f,9) = maxay |f(z) — g(x)|, for any f,g € Cla,b]. Then (Cla,b],dx) is a

metric space.

Proof. For any f € Cla,b], there exist zg,z1 € [a,b] such that f(zg) < f(z) <
f(zq1), for all x € [a,b], i.e. f(zp) and f(x1) are respectively lower and upper
bounds to f[a,b]. Therefore every f € C|[a,b] is bounded.

Moreover, for any f,g € Cla,b], |f — g| is a continuous real valued function
defined on the compact [a,b]. Hence there exists maxp, s |f(z) — g(z)| and it is

supp ) | f(2) — g()|, i-e. dc(f, 9) = supjq ) | f(z) — g(2)].
The conclusion follows from the previous theorem. Q.E.D.
The metric spaces £y, and b as limits of £} and £, as p — oo.

E12. Convergence of d, to d,, in R".
For all z,2' € R", doo(z,2") = limp_, o0 dp(x, 2").

Proof. Exercise. Let x,2’ € R™ be distinct (otherwise the result holds trivially).

Then
- |z; — x| \p\7
i (35 ()
p—00 Z(supj |xj—x;\)

since, for all € > 0, there exists p’ > 1 such that, for all p > p/,

n

|z — p)i
B e T L
<Z (supj lz; — :c;|)

i=1

<k,

HThat is to say, such that z(N) is bounded.
18



i.e.

|z — ] )i
—e < —1<e,
c (Z(sup 25 — 2] +Z y
igI J iel
where [ is the subset of {1,...,n} such that |z; — z}| = sup, |x; — 2%/, that is to
say
Ti — | \p
1)P 1< < 1)P — #1,
(—e+1)P —# E@ Sup]m_x s ) SETU#

if £ < 1. In effect, while the the left-hand side of this inequality goes to —#1 < —1
and the the right-hand side goes to oo as p — o0, the expression in between goes
to zero. Hence, the existence of a p’ > 1 beyond which the inequality holds.

Therefore )

n P
i (Y-l a1 =supl .
PNzt v
Q.E.D.

E13. Convergence of d, to d., for the p-summable real sequences. For all
z,x’" € RN such that, for allp > 1, Y72 |z;|P and Y ;- |2}|P are convergent series,
doo(z,2") = im0 dp(z, 2').

Proof. Exercise.

E14. In R? a ball using the metric dy (i.e in the metric space 3) is a “diamond”,
while using the metric dy (i.e in ¢3) makes it a ”disk” and using the metric du
(i.e in /%2,) makes it a “square”. Do you see a pattern emerge for this ball in the
different metric spaces €3, (3, (3, 03, ... 7

Sequences in £, and {

Next are some examples of sequences of sequences of real numbers that may
or may not be convergent depending on the particular metric space we consider
(e.g. £, or {y). To illustrate the importance of the choice of metric in deciding
matters of, for example, convergence, closedness, and compactness, example E.17
below shows how a point may be the limit of a sequence under one metric but not
under another (different) metric.

E15. The sequence x € (RY)N whose n-th term x,, € RY is itself a sequence defined
by
(') 0 ifn'#n
Tp(n') =
" % ifn' =n
is a sequence in {, and in ¢, for all p > 1 and moreover converges to 0 € RY in
each of these spaces.

Proof. Exercise.

E16. The sequence x € (RY)N whose n-th term x,, € RY is itself a sequence defined

by
0 ifn'#n
/
Tp(n') =
n(7) { 1 ifn'=n
is a sequence in {o, and in ¢, for all p > 1 and moreover does not converge to
0 € RN in any of these spaces.

Proof. Exercise.
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E17. The sequence x € (RY)N whose n-th term x,, € RY is itself a sequence defined
by

zo(n') =

L ifn/<n
n
0 ifn >n

is a sequence in {, and in ¢, for all p > 1 and moreover converges to 0 € RY in
l~, but not in (.

Proof. On the one hand, since |z,|(N) = {0, 2}, sup |z,|(N) = & for all n € N, and
hence z is a sequence of (. Moreover, if r > 0, there exists N(= [+]) € N such
that if n > N, then dj(2,,0) = 1 <r (since [1] <1 <[]+ 1 < n again) i.e. the
sequence x converges to 0 in fo.

On the other hand, since }_0_, |z, (n')[P = n-L, for all n € N and for all p > 1,
it follow that z is a sequence in .

Moreover, in £1, 0 € RN is not the limit of z, since dq(xp,0) = > o/_, [z,(n) —
0| = n% = 1. So, letting r < 1, if n > N for all N € N, we have that d(x,,0) =
1 > r, i.e. the sequence x does not converge to 0 in ¢;.

(can it converge somewhere else? what about ¢, for p > 1?7) Q.E.D.

Open, closed, and bounded sets.

E18. Let (X,d) be the reals with the absolute value metric (i.e. £1) and a < b be
two real numbers. Then the interval (a,b) is an open set in this metric space.

Proof. Let z € (a,b) and r = min{x — a,b — z}. Then B,(x) C (a,b), since

(1) if x < “E2 then r = x —a, and for any 2’ € B,(z), i.e. such that |z —2/| <
x — a or, equivalently, such that —x +a < z — 2’ < x — a, then respectively
' <2r—a<band a <2, ie 2’ € (a,b);

(2) if ¢t <z, then r = b — z, and for any 2’ € B,.(z), i.e. such that [z —2/| <
b — x or, equivalently, such that  — b < x — 2’ < b — z, then respectively
¥’ <band a<2x—b<a, ie 2’ € (a,b) as well.

Q.E.D.

E19. If (X,d) is the discrete metric space for X, then every set in the space is
both open and closed.'?

Proof. Let A C X and a € A and o’ € A®. On the one hand, since Bi(a) = {a}
and a € A, then B 1 (a) C A. Therefore a is an interior point and thus A is open.
On the other hand, since By(a’) = {a’} and o’ € A% then Bi(a’) C AC.

Therefore a’ is an interior point of A¢ and thus A is open. Hence A is closed.
Q.E.D.

E20. Every finite set in a metric space is closed.

Proof. Exercise.

Ezxamples relating to sequences.

12Hence no discrete metric space with more than one point is connected, i.e. if a discrete
metric space is connected, then it only has one point (see below).
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E21. Every constant sequence is convergent to the constant term.
Proof. Exercise.

E22. The limit of a constant sequence is a closure point, but not an accumulation
point, of the range of the sequence.

Proof. Exercise.

E23. A sequence in a discrete metric space is convergent iff beyond some term the
sequence is constant.

Proof. Exercise.

Sequences in R with the usual metric.

The linear order associated with the field of real numbers provides some struc-
ture that allows us to discuss some important properties of sequences that don’t
generalize to sets without this structure. The examples that follow illustrate the
usefulness of some of these properties. An interesting starting point is to notice
that if a sequence of real numbers heads steadily towards some bound, then it must
be convergent.

E24. Every bounded non-decreasing (non-incresing) sequence in R is a convergent
sequence whose limit is the supremum (infimum) of the range of the sequence.

Proof. Let z € RY be non-decreasing and bounded, and let » > 0. Since z is a
bounded sequence, then z(N) is a bounded set in R. Hence its supremum z’ € R
exists and z(N)N B, (2') # ¢. Let 2" € x(N)NB,(2'). Since 2" € x(N), there exists
n € N such that z(n) = z”’. Since z is non-decreasing and z’ is the supremum of
z(N), then z(n) < z(n’) < 2’ for all n’ € N such that n < n’. Thus, since z(n),z’ €
B,.(z'), then z(n') € B,(2') for all ' € N such that n < n’, i.e. z(N)N B,.(2')¢ is
finite. Therefore x is convergent and 2’ is its limit.

(Analogous proof for the other case.)

Q.E.D.

Another useful fact associated with real sequences is that one can always extract
monotone sequences from any sequence of real numbers. If we combine this fact with
the fact that the boundedness of a monotone sequence implies that it converges,
we are able to show that it’s possible to extract a convergent subsequence from any
bounded sequence. This of course guarantees the existence of at least one cluster
point for the sequence.

E26. Every sequence in R has either a non-increasing or a non-decreasing subse-
quence, or both.

Proof. Let x € RY and S C N be such that n € S if, and only if, z(n) > x(n') for
all n’ > n. Either S is finite or not.

If S is finite let n be its maximum. Let » € NY be such that 7(1) = n + 1. Since
n+1 ¢ S, then there exists ny > n + 1 such that x(n+1) < x(n1). Let 7(2) = n;.
Since nq ¢ S, then there exists ny > n + 1 such that z(n1) < xz(ng). Let 7(3) = no,
and so on. Therefore z(r(1)) < x(r(2)) < z(r(3)) < ..., i.e. the sequence zor, a
subsequence of x since r is increasing, is non-decreasing.

If, on the contrary, S is not finite, then let r € NN be such that r(n) is the n-th
smallest integer in S. This implies that the function r is increasing, i.e. if n < n/,
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then r(n) < r(n’) and hence z(r(n)) > z(r(n’)). Therefore the sequence z or, a
subsequence of x since r is increasing, is non-increasing. Q.E.D.

E27. Every bounded sequence in R has a convergent subsequence.

Proof. Let x € RN be bounded. Then either z has a non-decreasing bounded sub-
sequence and hence a convergent subsequence, or  has a non-increasing bounded
subsequence and hence a convergent subsequence. Q.E.D.

E28. Every bounded sequence in R has a cluster point.

Proof. Let € RY be bounded. Then there is a convergent subsequence of = whose
limit is a cluster point of the subsequence, and hence of the sequence too. Q.E.D.

The next proposition states that if from some term onwards, one convergent
sequence of real numbers is always greater than another convergent sequence, then
the same must be true for their limits.

E29. If z,y € RY are convergent to z’,y’ respectively and there is some integer n
such that for all n’ > n, x(n’) < y(n'), then ' <y’

Proof. Let x,y € RY be convergent to z’,1’ respectively and such that there is
n € N for which if n’ > n, then z(n’) <y(n'), and let r > 0.

Since z’ is the limit of =, then 2~ !(B,.(2')%) is finite, and similarly since y’ is
the limit of y, then y~!(B,(y')¢) is finite as well. Let n, = maxz~!(z(B,(z")%)
and 1, = maxy~ (y(B.(/)°).

Let ny = max{n,ng,n,}. Then, for all n’ > ng, z(n’) € B,(z') and y(n') €
B.(y'), i.e.

r—r<z(n)<z +r

y —r<yn) <y +r

Since for any n’ > ng, 2’ —y' = 2’ —z(n') + z(n') — y(n') + y(n') — ¢/, and
' —zn')<r, yin')—y <rand z(n') —y(n') <0, then

o' —y =a"—a)+z(n) —y) +yn') -y
<2r +z(n’) —y(n')
< 2r.

Therefore ' — ¢y’ < 2r for all » > 0 and hence z’ — ¢y’ < 0 (in effect, assume
' —y >0andlet r = 3(a/ —y/), then 2’ — ¢/ <252/ —y') =2’ —y/!), ie. 2/ <y,
Q.E.D.

E30. Ifz,y € RY converge respectively to =’ and v/, then

(1) the sequence x + y converges to x' + v/,
(2) the sequence xy converges to z'y’,

Proof.

(1) Let z,5 € RN and » > 0. Since x converges to ', we know that z~1(B,(2')
is finite. Let n, be the greatest number in z =1 (B, (z')%).
Similarly, since y converges to y’, we know that y~1(B,(y')°) is finite.
Let n, be the greatest number in y~1(B,(y)%).
22
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Now, let n = max{ns,n,}. Then for all n’ > n,

—r<z(n)<az +r
v —r<yn)<y +r

and hence
4y —2r<z(n’)+yn') <2 +y +2r

i.e. x(n')+y(n') € B.(x' +v'). Therefore (z+y) 1 (B, (2’ +1')°) is finite,
for any r > 0, i.e. z + y converges to ' + ¥/

(2) Let 2,y € RN and » > 0. Since z is a convergent sequence, we know it is
bounded. Now let R > 0 be such that |x(n)| < R for all n € N. Either
y #0ory =0.

Assume y’ # 0. Since y converges to y’, then y‘l(y(Bﬁ (y")) is finite.
Let ny, be the greatest number in y ' (B = (y')), i.e. such that for alln’ > n,,
ly(n') —y'| < 3&-

Similarly, since & converges to z', then z~(B - (' )€) is finite. Let ny
be the greatest number in z~'(B - ('), i.e. such that for all n’ > n,,
lz(n') — 2’| < IR

Let n = max{ns,ny,}. Then for all n’ > n,

[z(n)y(n) — 2'y| = [z(n)y(n) — x(n)y +z(n)y" —z'y|
< lz(n)|ly(n) —y'| + x(n) — 2"||y']

Therefore (zy) (B, (2'y’)) is finite for any r > 0, i.e. the sequence zy

converges to x'y’.

Q.E.D.

E31. If y € RY converges to a positive (negative) limit ', then at most a finite
number of terms of the sequence are not positive (negative).

Proof. Since y converges to y' and |y/| > 0, then y=!(B,(y/)¢) is finite. Let
n=maxy (B, (¥)°). Theny’ —|y'| <y(n') <y +|y'| for all n’ > n. If y’ > 0,
then y' — |¢/| = 0 and hence 0 < y(n') for all n’ > n. If y/ < 0, then v’ + |¢/| =0
and hence y(n') < 0 for all n’ > n. Q.E.D.

E32. Ify € RY converges to v/, then the sequence |y| converges to |y/|.

Proof. Let y € RN converge to y' and r > 0. Either ¢/ >0, ¢’ < 0 or ¢/ = 0.

Assume y’ > 0. Since y converges to y’, there is ng € N such that y(n’) > 0
for all n’ > ng, and y~1(B,(y')®) is finite, i.e. there is n; € N such that y' —r <
y(n') <y +r for all n’ > n;. Let n = max{ng,n1}. Then, for all n’ > n,
ly/| —r < |y(n')| < |y'| +r . Therefore |y|=*(B,(]y'|)¢) is finite for all r > 0, i.e.
the sequence |y| converges to |y'|.

Assume y’ < 0. Since y converges to y’, there is ng € N such that y(n’) < 0 for
all n’ > ng, and y~1(B,(y)) is finite, i.e. there is n; € N such that ¢/ —r < y(n') <
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y+r e —y —r < —y(n') < —y' +rforall n >n;. Let n = max{ng,n1}. Then,
for all n’ > n, |[y/| —r < |y(n')| < |y'| +r . Therefore |y|~*(B,(|y'|)¢) is finite for
all r > 0, i.e. the sequence |y| converges to |y/|.

Assume, finally, ' = 0. Since y converges to y’, y~!(B,(0)) is finite, i.e. there
is n € N such that —r < y(n') < r, ie. —r < 0 > |y(n')| < r for all n’ > nyg.
Therefore |y|~1(B,(]y’|)¢) is finite for all 7 > 0, i.e. the sequence |y| converges to
lv'|. Q.E.D.

E33. If y € RY converges to i/, for all n € N, y(n) # 0, and y' # 0, then the

sequence 1 converges to l,,
)

)
Proof. Let y € (R \ {0})Y converge to ¥’ # 0 and r > 0. On the one hand,
since y converges to y’, we know that y~!(B |y,|2r(y’)c) is finite. Let ny =

1
2

maxy_l(B%w/‘z,,(y')c), ie.

ly'|2r
< -
2

/

' —y(n')]

for all n’ > ny.

On the other hand, since y converges to 3’, we know that |y| converges to |¢/|, i.e.
[yl (Byy, ([y')¥) is finite. Let n1 = max |y|~"(By,(ly')). Then |y'| - 3]y'| <
ly(n’)| < |y'| = 1|y'|, and more specifically 1]y'| < |y(n')|, for all n’ > n4, i.e.

1 L2
()| Y2

for all n’ > n;.
Let n = max{ng,n;}. Then

Iy —y(n')] 2 |y'*r
lym)Ily'| Y ]? 2

or, equivalently,

| 1 1 <
— - —| <
y(n') ¢

for all n’ > n. Therefore (i)_l(Br(%)C) is finite for all > 0, i.e. the sequence %

converges to i Q.E.D.

E34. If a sequence z € (R\ {0})N converges to 0, then the sequence 1 is not

bounded.

Proof. Let x € (R\ {0})N converge to 0 and > 0. Then x~1(B1(0)%) is finite, i.e.

there is n € N such that, for all n’ > n, either —1 < z(n’) < 0 or 0 < z(n’) < 1,
i.e. either ﬁ < —rorr< ﬁ Therefore ~(N) ¢ B,.(0) for any r > 0, i.e. the

sequence % is not bounded. Q.E.D.
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E35. A sequence x € (R\ {0})Y converges to 0 if, and only if, any ball contains
only finitely many terms of the sequence 1 or, equivalently, (1)~!(B,(0)) is finite,

for all » > 0.

Proof. Let x € (R\ {0})Y converge to 0 and r > 0. Then (B 1(0 )¢) is finite.
Let n = maxx_l(B1(0)C). Then, for all n' > n, elther ~1 < z(n') < 0 or
0 <z(n') <, ie. either m(n,) <—-r<0or0<r< m( 75~ Therefore, (1)~1(B,.(0))

X
contains at most n integers, for all r > 0.

Conversely, let x € (R \ {0})Y be such that (%)_1(3% (0)) is finite, for all r > 0.
Let » > 0 and n = max( )~ (BI(O)). Then —1 < ﬁ < 1 for all 0 >
n, i.e. either —r < z(n’) < 0 or 0 < z(n') < r, for all n’ > n. Therefore
71 (2(N) N B,(0)%) is finite, for all 7 > 0, i.e. the sequence x converges to 0.

Q.E.D.

E36. A sequence x in the metric space (R™,d,) is convergent to x’ if, and only if,
all its coordinate sequences x; are convergent to x’; respectively.

Proof. Let x converge to 2’ in (R",d,) and let r > 0. Then z~1(B,(2')%) is finite.
Let m = maxx~1(B,(2')Y), then, for all i = 1,...,n,

2s(m’) = 2/s| = (|lza(m') — 2'3fP) ¥

< (S loutm —a)

S =

i=1
<r
for all m’ > m. Therefore, for all i =1,...,n, x;l(Br(x’i)C) is finite for all r > 0,
i.e. the sequence z; converges to ..
Conversely, let = be such that, for all © = 1,. , the sequence xr; converges
to z} and let 7 > 0. Then, for alli =1,...,n ( ( ;)€) is finite and letting

m; = maxac;l(B%(x’i)C), then |z;(m’) — x2| for all m’ > m;. Let m =

;
nb°P

max{my,... ,mn}yf Then, foralli=1,...,n

(Jzi(m’) = '4[P) = |wa(m) — 4]

that is to say,

and hence

=1
that is to say
n 1
p
<Z |zi(m") — ﬂfli!p> <.
i=1
Therefore 27! (B,.(2')) is finite for all » > 0, where 2/ = (z,...,2)), ie. =

converges to z’. Q.E.D.
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E37. The sequences in the reals with the usual metric whose n-th terms are re-
spectively % and \/Lﬁ are both convergent and their limits are 0.

Proof.

(1) Let r € Ryy. If n € Nis such that n > 1, then L < r, ie. 1 € B.(0).
Therefore at most [+] terms of the sequence {+},cn are not in B,.(0) and
hence it is convergent and 0 is its limit.

(2) Let r € Ryy. If n € N is such that n > 2, then \/Lﬁ <r, ie. \/Lﬁ € B,(0).
Therefore at most [-3] terms of the sequence {\/Lﬁ}neN are not in B,.(0) and
hence it is convergent and 0 is its limit.

Q.E.D.

Separable metric spaces.

{~ is not separable.
The metric space C|a, b] of continuous real valued functions on the interval
[a,b] of R with the sup metric d., is separable.

(1)
(2) For allp > 1, ¢, is separable.
(3)
(4)

Proof. Exercise.

E39. A discrete metric space is separable iff it is countable.

Proof. Exercise.

E40. Any metric subspace of a separable metric space is separable itself.

Proof. Exercise.

E41. If the metric space (X, d) is separable, then there exists a countable set A of
open sets of X such that for all A C X open,

/
A=Unecaacad.

Proof. Exercise.

Connected metric spaces.
E42. A discrete metric space is connected if, and only if, it has only one element.

Proof. Let (X,d) be a connected metric space and z, 2’ € X. Assume z # x’. Since
every set of a discrete metric space is both open and closed, then {z} is non empty,
open and {z}“ is nonempty (since ' ¢ {x} because 2’ # z), open (since {x} is
closed as well) and {z} U {2z} = X! Therefore z = 2’ necessarily.

Conversely, if X has only one element, then the only sets of the space are ¢ and
X. The conclusion follows trivially. Q.E.D.

Compact metric spaces.

Every compact set is closed and bounded but the converse is not true in general,
as the next example shows.
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E43. No discrete metric space (X, d) for which X is infinite can be compact, while
every discrete metric space is both closed and bounded.

Proof. Let (X, d) be a discrete metric space such that X is not finite. Since X is not
finite, there exists an injective sequence s € X", Let h € N be increasing and soh
be a subsequence of s. Since s is injective and h is increasing, then so A is injective
too, i.e. (soh)(n) # (soh)(n’) if n # n’ and hence d((soh)(n), (soh)(n’)) = 1if n #
n’. Let x € X and 0 < r < 1. Either (soh)(N)NB,(z) is ¢ or not. If it is empty, soh
does not converge to x. If it is not empty, and (soh)(n), (soh)(n’) € (soh)(N)NB,.(x)
then d((soh)(n),(soh)(n')) <r < 1and hence n =7/, ie. (soh)(n)=(soh)(n’).
Therefore (soh)(N)N B,.(z) is a singleton, i.e. (soh)™!(B,(z)) is a singleton. Thus
(s o h)~Y(B,(z)%) is not finite and hence (s o h) does not converge to z, i.e. s has
no convergent subsequence and thus X is not compact.

Nevertheless, X is clearly closed and bounded as well, since X C B,(z) for all
re X andr>1. QE.D.

E44. The metric space (X, d) where X is the set of all sequences z,, € R satisfying,
for alln € N, z,(n') =1 if ' = n, 0 otherwise, is not compact even though X is
both closed and bounded.

Proof. Let z,,,x, € X. Then

dp(.an,LIZ'n/> = (Z \xn(m) — xn,(m)|p)%

[0 ifn=n’'

T l2r ifn#n
Therefore (X,dp) is a discrete metric space with X not finite. The conclusion
follows from the previous result. Q.E.D.

Complete metric spaces.

E45.

(1) £1 is a complete metric space.

(2) For allp > 1, £} is a complete metric space.

(3) For allp > 1, ¢, is a complete metric space.

(4) l~ is a complete metric space.

(5) The space C[0, 1] of continuous real valued functions defined on the interval
[0, 1], with the metric dy, is not complete.

(6) The space C|0, 1] of continuous real valued functions defined on the interval
[0, 1], with the metric d, is a complete metric space.

(7) The space D|a,b] of differentiable real valued functions on an interval |a, b]
with the metric d., is complete.

(8) The space C[a, b] of continuously differentiable real valued functions on an
interval [a,b] with the metric d, is not complete.

(1) Let z € RY be a Cauchy sequence in £}. Since it is a Cauchy sequence, then
it is also a bounded sequence. Since every bounded sequence of real num-
bers has a convergent subsequence, then the sequence x itself is necessarily
convergent too and to the same limit.
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(2) Let z € (R™)N be a Cauchy sequence in £'. Then for any real r > 0, there

is K € N such that dy,(z(k),z(k")) <, ie.

(i s (k) — mi(k’)\p> T <

=1

for all for all £, k" > N. Hence, foralli=1,...,n
(k) — @i (k)| =
(i (k) — 2 (K")[7)

n

(32 bosh) = astu )

=1

=

=
IN

<,

that is to say each coordinate sequence z¢ € RY is a Cauchy sequence in /1.
Since £} is complete, then each coordinate sequence x; is convergent. If a;
is the limit of z;, for each ¢ = 1,...,n, then the sequence x is convergent
and (aq,...,ay) is its limit.

Let € (RY)N be a Cauchy sequence in ¢, and 7 > 0. Since z is Cauchy,
there exists n € N such that, for all n/,n” > n, d,(z(n/),z(n")) < 3r, ie.

o
(Z |2i(n') — z;(n )|p) < 57”7

where the series is convergent because z(n'),z(n”) € ¢,, and hence both
series Y o= |z;(n)|P and D> .o, |x;(n”)|P are convergent, and because of
Minkowski’s inequality,

(Z z4(') — 23(n |p)’1’ < (i_o; |wz-<n'>|f’)’l’ ¥ (i_oj |xz~<n">|p)’l’

Since, for all i € N and all n’,n” > n

lz;(n") — xi(n")] =
(les(n') — (")) < (Z () — 2l )|p)

<1
—=r
2

<,

1

then, for all i € N, z; € RY is Cauchy in /1. Since ¢1 is complete, then, for
all 2 € N, z; is convergent to a limit a;.
Since, for all k € N and all n’,n” > n,

<Z|xz —zi(n ) (Zy:gz —zi(n )\p);

< 1
5"
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S =

and fp: R¥ — R such that fi(z) = (Zle |zi(n') — 2]P)
and, for all 7 € N, limz; = a;, then

(S ot} =

1S continuous

i=1
k 1 k 1
li i(n') —alP ) = 1li li i(n') —x;(n")P
Ji (o) = ) = o (o ()= 50))
<1
—r
-2
<r

and hence a = lim . Moreover, since, for all n’ € N,

» \a#); = (St =) 4 miyp)

_ < (i i — %(n’)V’)é n (i \xm')rp);
<r+ (i |:L’Z-(n/)|p) ’

then a € ¢,, i.e. limx € ¢,. Therefore, since for every Cauchy sequence x
in ¢,, x is convergent and limx € £, then ¢, is complete.

(4) Let x € (RM)Y be a Cauchy sequence in £, and r > 0. Since x is Cauchy,
there exists n € N such that, for all n/,n” > n, doo(z(n’),z(n”)) < ir, ie.

B =

-

1
sup |z;(n') — x;(n'")] < 3"
i€N

where the supremum exists because z(n'),z(n”) € {4, and hence both
sup;cy |zi(n')| and sup,c |x:(n”)| exist, and because for all i € N,

jzi(n') — zi(n”)] < fai(n')] + |zi(n")]

< sup |z;(n)| + sup [z;(n")].
' i€N

1€N

Since, for all 2 € N and all n’,n” > n

|5(n') — 2;(n")| < sup |2;(n') — 2(n")|
ieN
< 1
-7
2
<r,

then, for all i € N, x; € RY is Cauchy in ¢}. Since ¢} is complete, then, for
all 2 € N, z; is convergent to a limit a;.
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Since, for all k € N and all n’,n” > n,
sup |ai(n') — zi(n")| < sup |as(n') — @(n”)]
i€{1,...,k} i€N
< 1
—r
2
and fi: R¥ — R such that fi(z) = SUP;eq1,... k) |Zi(n') — 2] is continuous
and, for all 7 € N, lim z; = a;, then

sup |a;(n') — ai =

€N
lim  sup |zi(n') —a;| = lim ( lim  sup |z;(n') — z;i(n")])
k—oojeq1,.. Kk} k—oo 'n"—o0 ety |k}
1
< —r
-2
<r

and hence a = lim . Moreover, since, for all n’ € x,
sup |a;| = sup |a; — x;(n') + z4(n’)]
€N i€N
< supla; — @;(n')| + sup |z (n’)]
i€N i€N
<7+ sup |z;(n')]
1€EN
then a € o, i.e. limx € £. Therefore, since for every Cauchy sequence x
in /o, x is convergent and limx € /., then /., is complete.
(5) Exercise.
(6) Exercise.
(7) Exercise.
(8) Exercise.

Q.E.D.

The completeness of £, is also a consequence of the completeness, with respect
to the sup metric, of the space of bounded functions taking values in a complete
metric space.

The completeness of B[0, 1], the space of bounded real-valued functions on the
interval [0, 1], with d, as well as that of (., is a direct consequence of the com-
pleteness with respect to do, of, on the one hand, the space of bounded functions
from a metric space to a complete metric space and, on the other hand, the com-
pleteness of the real line with the usual metric. The completeness of C[0, 1] with
d~ is a consequence of C[0,1] being a closed subset of B[0,1] and the fact that
every closed set in a complete metric space is itself complete.

From the lack of completeness of C1[0,1] one can deduce that it is not a closed
subset of either B|0, 1] or of C0, 1].

THEOREMS

On metrics.

The following property allows to characterize a metric as a function which satis-
fies two conditions, namely, (1) it must assign a value of zero as the distance from
any point to itself and (2) it must satisfy the triangular inequality.
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S1. Complete characterization of metrics. If d is a metric in X, then

(1) for all z,2' € X, d(z',2") € R, and
(2) for all z,2' € X, d(z,2") = d(2’, x)

Proof. Exercise.

S2. Metric induced by an injective function into a metric space on its
domain. If (Y, dy) is a metric space, f € YX is injective and such that f~1(Y) =
X, and dx is a real valued function with domain X x X such that dx(x,z’) =
dy (f(z), f(2')), then dx is a metric in X.

Proof. Exercise.

Metrics induced in the cartesian product of finitely many metric spaces.

S3. If (X;,dx,), for all i € {1,...,n}, are metric spaces, then the real valued
function dxn_ x, p, with domain (x7_; X;) x (x}_; X;) and such that for all z,z" €
Xzﬂ:lXi’

S

g, o) = (3 dx. (i, al)")
1=1

is a metric in X}, X;, for all p > 1.
Proof. Exercise.

S4. If (X;,dx,), for all i € {1,...,n}, are metric spaces, then the real valued
function dxn_ x, p, with domain (x7_; X;) x (x}_; X;) and such that for all z,z" €
Xzﬂ:lXi’

dxyzlxi,oo(l",x/) = sup {dXi (xz,m;)}
ie{l,...,n}
is a metric in X} X;.

Proof. Exercise.

Subspaces of metric spaces.

If we restrict a space to any of its subsets and restrict the metric of the original
space to this subset, the result is a metric space. Such a metric space created from
a subset and the original metric are said to be a subspace of the original space.

S5. Restriction of a metric to a subspace. If (X,d) is a metric space and
X' C X, then (X',d"), where d’ is the restriction of d to X' x X','3 is a metric
space.

Proof. Exercise

Bie. d =dn((X' x X') xR).
31



On closure, limit, interior points.

The notion of metric generalizes our intuition about distances in physical space
to more abstract spaces and allows us to define some different ways in which a point
can relate to sets in an arbitrary space. In particular, a closure point for a given
set is a point for which some element of the set (which may include the point itself)
is within an arbitrarily short distance, while an

accumulation point is characterized by having a distinct (i.e. excluding the point
itself) element of the set within an arbitrarily small distance.

An immediate consequence of this last definition is that, for every accumulation
point of a given set, there are infinitely many elements of the set that are within
any specified distance. The following proposition establishes this fact.

S6. Complete characterization of accumulation points. If (X,d) is a metric
space, A C X and a € A, then a is an accumulation point of A if, and only if, for
all r > 0, By(a) N A is not finite.

Proof. Assume a is an accumulation point of A and let » > 0. Then there exists
a1 € Byr(a) N A such that By.(a) \ {a1} N A # ¢. Thus let a}] € B,.(a) \ {a1} N A.
Either d(a,ay) > 0 or d(a,a}) > 0, or both.

If d(a,a1) > 0 and d(a,a}) =0, let 1 = a;. If d(a,a1) = 0 and d(a,a}) > 0, let
x1 =ay. If d(a,a1) > 0 and d(a,a}) > 0, let 1 = argmin{d(a, x)|z € {a1,a}}}.

Let r = %d(a,ml). Since a is an accumulation point of A, there exists as €
B,,(a)N A such that B,,(a)\ {a2} N A # ¢. Thus let a), € B.(a)\ {az} N A. Either
d(a,az) > 0 or d(a,a%) > 0, or both.

If d(a,a2) > 0 and d(a,ab) = 0, let o = ay. If d(a,a2) = 0 and d(a,a)) > 0,
let 2o = ab. If d(a,az) > 0 and d(a,ab) > 0, let 5 = argmin{d(a, z)|x € {aq,al}}.
Since d(a,z2) < 3d(a,z1) and d(a,z2) > 0, d(a,z1) > 0, then x5 # 21. Proceeding
this way, B, (a)NA contains the image of an injective sequence and therefore B,.(a)N
A is not finite.

Conversely, assume that, for any » > 0, B.(a) N A is not finite and a is not an
accumulation point of A. Then there exists > 0 such that, for all a; € B,.(a) N A,
B.(a) \ {a1} N A = ¢ holds or, equivalently, there exists » > 0 such that, for all
a1 € Br(a)NA, Br(a)NA = {a1} holds, i.e. there exists r > 0 such that, B,(a)N A
is finite. Q.E.D.

Below we establish the equivalence of two characterizations of accumulation
points: one that requires them to have within any positive distance, two distinct
points of the set and another that requires them to have within any positive dis-
tance, infinitely many distinct points of the set. An immediate consequence of this
equivalence is that finite sets cannot have accumulation points.

S7. Every ball containing a point z contains two distinct points of a set
as well iff every ball containing = contains infinitely many points of the
set. If(X,d) is a metric space, A C X and x € X, then, for allr > 0, B.(z)NA # ¢
and is not a singleton if, and only if, for all r > 0, B,.(x) N A is not finite.

Proof. Exercise.

S8. The derived set of every finite set is empty. If (X,d) is a metric space
and A C X is finite, then the derived set of A is empty.

Proof. Exercise.
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On the closure and interior of a set.

S9. Every set is in its closure and contains its interior. If (X, d) is a metric
space and A C X, then

(1) Ac ClA, and
(2) IntA C A.

Proof. Exercise.

S10. The boundary of a set is what remains of its closure after removing
its interior. If (X,d) is a metric space and A C X, then 0A = ClA \ IntA.

Proof. Exercise.

The closure of a set is obtained by adding to it every accumulation point of the
set that is not already in it, i.e. by ”closing” it with the points not in the set
but immediately close to it. Thus the closure of a set must contain the closure of
anything that was already in the set. Similarly, the interior of a set is obtained by
removing from it any point that is not completely surrounded by points of the set.
Thus the interior of a set must contain the interior of anything that was already in
the set. That is what the next proposition establishes.

S11. If (X,d) is a metric space, A, B C X and A C B, then

(1) ClA c CIB and
(2) IntA C IntB.

Proof. Exercise

S12. Any closure is closed and any interior is open. If (X,d) is a metric
space and A C X then,

(1) CI(ClA) = ClA and hence the closure of every set is a closed set of the
metric space, and

(2) Int(IntA) = IntA and hence the interior of every set is an open set of the
metric space.

Proof.

(1) Let x € CI(ClA) and let » > 0. Since z is a closure point of ClA, then
B, (z) N ClA # ¢. Let 2’ € B,.(z) N ClA and let s > 0 be such that s < r —
d(z,z"). Since 2’ € ClA, then By(z')NA # ¢, and since s < r—d(x,z’), then
Bs(2") C By(z) (in effect, for any z” € Bg(2'), d(z”,2") < s < r —d(x,z’)
holds, and hence d(z”,z) < d(z",2') + d(x,2') < r, i.e. 2 € B.(x)).
Therefore B,.(x) N A # ¢, for any r > 0, i.e. z is a closure point of A

Conversely, since every set of points of a metric space is contained in its
closure Cl(ClA) D ClA.

(2) In effect, since every set of points of a metric space contains its interior,
then Int(IntA) C IntA.

Conversely, let = € IntA. Then there is » > 0 such that B,(z) C A. Let

x' € By(x) and s > 0 be such that s < r — d(z,2’). Then By(z') C B,(z)

(in effect, for any 2" € Bs(z'), d(z”,2') < s < r—d(x,z') holds, and hence
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d(z",z) < d(z",2") + d(z,2") < r, ie 2’ € B.(x)), and hence Bs(z') C A,
i.e. ' € IntA. Therefore B, (x) C IntA, and hence = € Int(IntA).

Q.E.D.

S13. Distributivity of closure with respect to unions and of interior with
respect to intersections. If (X,d) is a metric space and A, B C X, then

(1) CI(AUB) = ClAUCIB and
(2) Int(AN B) = IntANIntB.

Proof.

(1) Let = ¢ ClAU CIB. Since x ¢ ClA, then there exists » > 0 such that
B, (x)NA = ¢. Since x ¢ C1B, then there exists s > 0 such that Bs(z)NB =
¢. Let t = min{r,s}. Since Bi(x) C B,(x) and Bi(x) C Bs(z), then
Bi(z)NA = ¢ and Bi(x) N B = ¢, and hence B;(z) N AU B = ¢. Therefore
x ¢ CIAUCIB.

Conversely, since A C AUB and B C AU B, then CIA C CI(AU B) and
ClB C CI(AU B). Therefore C1(AU B) D Cl1AU Cl1B.

(2) Let x € Int(A N B). Then there is r > 0 such that B.(x) C AN B,
ie. By(z) C A and B,(z) C B. Therefore z € IntA and = € IntB, i.e.
x € IntANIntB.

Conversely, let x € IntANIntB. Then x € IntA, and hence there exists
r > 0 such that B,.(z) C A, and z € IntB, and hence there exists s > 0
such that Bs(x) C B. Let t = min{r,s}. Then By(z) C A and By(x) C B,
i.e. Bi(z) C AN B. Therefore x € Int(AN B).

Q.E.D.
In contrast to the results of S13, the closure of an intersection of sets need not
contain the intersection of set closures, nor is the interior of a union of sets neces-

sarily contained in the union of the sets’ interiors. Notwithstanding this contrast,
the converse statements stated in S13 remain true.

S14. Behavior of closure with respect to intersections and of interior
with respect to unions. If (X,d) is a metric space and A, B C X, then

(1) Cl(AN B) C Cl1AN CIB and
(2) Int(AU B) D IntA U IntB.

Proof. Exercise. Provide counterexamples of the reversed inclusions.

S15. The empty set and the whole space are both open and closed. If
(X, d) is a metric space, then

(1) Int¢ = ¢ = Cl¢ so ¢ is both an open and a closed set of (X,d), and
(2) IntX = X = ClX so X is both an open and a closed set of (X,d).

Proof. Exercise.

On open sets and closed sets.
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S16. Every ball is open. If (X,d) is a metric space, x € X and r > 0, then
B,.(x) is an open set of (X, d).

Proof. Let (X, d) be a metric space, x € X, r > 0and 2’ € B,(z). If s < r—d(z,2'),
then Bg(z') C B,(z), since for any =" € Bg(z'), d(z",2") < s < r — d(z,2’) and
hence d(z"”,x) < d(z”,2") + d(x,2") < r, i.e. " € B,(x). Therefore, B,.(z) is an
open set of (X,d). Q.E.D.

S17. The interior of any given set is the biggest open within that set. If
(X,d) is a metric space and A C X, then IntA is the maximum, by the partial
order C, of the subset of open sets of (X,d) that are included in A.

Proof. Exercise.

S18. The closure of a given set is the smallest closed set containing that
set. If (X,d) is a metric space and A C X, then ClA is the minimum, by the
partial order C, of the subset of closed sets of (X, d) that include A.

Proof. Exercise.

S19. A set is open iff its complement is closed. If (X,d) is a metric space
and A C X, then A is an open set of (X,d) if, and only if, A® is a closed set of
(X,d).

Proof. Let A be an open set in a metric space (X,d) and let x € A. Then there
exists r > 0 such that B.(x) C A, i.e. B.(x) N A® = ¢. Hence if x € A, then z
is not a closure point of A%, i.e. A® contains all its closure points, that is to say
ClA® C A®. Therefore C1AY = A%, ie. A® is closed.

Conversely, let A not be open. Then there exists x € A such that for all » > 0,
B.(z) ¢ A holds, i.e. B.(z)N A # ¢. Thus z € CIA® and hence ClA® ¢ AC.
Therefore A€ is not closed. Q.E.D.

An alternative to the paradigm that measures the closeness of objects in abstract
spaces by defining a metric, is one that relies instead on providing a description of
what constitutes an open set in such spaces. Since points contained in an appropri-
ately specified open set (e.g. a "neighborhood”) of a given point can in a sense be
considered to be "close” to that point, we might guess that the manner in which
the open sets of a space are defined is in some way related to the concept of spatial
proximity. It turns out that this is indeed the case, and it is this fact that makes
this alternative paradigm (a topological approach) valid. When the open sets of a
space are defined in a way that satisfies certain properties (described below), the
resulting collection of open sets is called a topology for the space. It follows that
a topological space consists of a set and one of its (potentially many) topologies.
In order to give a sense of the relationship between the metrics and topologies, we
note that while every metric induces a topology, not every topology is induced by
a metric, i.e. not every topology is metrizable. In what follows, we will stick to
metrics rather than general topologies.

The next two propositions show that the empty set (¢) and the entire space (X)
are simultaneously open and closed. If these two sets are the only sets that are
both open and closed, then the space is a connected metric space.

S20. Topological properties of open sets. If (X,d) is a metric space, then

(1) both ¢ and X are open sets of (X, d),
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(2) any union of open sets is an open set, i.e. if A C P(X) is such that
for all A € A, A is an open set of (X,d), then U4 A is an open set of (X, d),

(3) any finite intersection of open sets is an open set i.e. if A C P(X)
is such that for all A € A, A is an open set of (X,d) and A is finite, then
NAA is an open set of (X, d).

(1) If z € X and r > 0, then B,(x) C X holds trivially. Therefore X is open.
If z € ¢ and r > 0, then B,.(z) C ¢, since anything can claimed from a
false proposition.'* Therefore ¢ is open.

(2) Let A be a set of open sets in (X, d) and let € Ugc 4 A. Then there exists
Ap such that x € Ag. Since Aq is open, then there exists » > 0 such that
B, (x) C Ap. Since Ag C UacaA, then B,.(x) C UacA.

(3) Let A be a finite set of open sets in (X, d) and let © € Nac4A. Then, for
each A € A, since it is open, there exists r4 > 0 such that B, ,(z) C A.
Since A is finite, then {ra}ac4 is finite. Thus infgacara € {ra}taca and
hence it is positive. Let r = infgcqra. For all A € A, since r < ry,
then B, (z) C B, ,(z), and since B, ,(x) C A, then B,(x) C A. Therefore,
B, () C NacaA, hence Nac4A is open.

Q.E.D.

Since the properties of being closed versus open are complementary concepts, the
properties below (relating to closed rather than open sets) could be used in place of
a topology (i.e. defined in terms of open sets) to define a given notion of distance
for a space. Although the proofs in the remainder of this section can be completed
based entirely on concepts that we’ve presented in the notes up to this point, they
can also be readily obtained using De Morgan’s laws of unions and intersection.'?

S21. Topological properties of closed sets. If (X,d) is a metric space, then

(1) both ¢ and X are closed sets of (X, d),

(2) any intersection of closed sets is a closed set, i.e. if A C P(X) is such
that for all A € A, A is a closed set of (X,d), then U4 A is a closed set of
(X, d),

(3) any finite union of closed sets is a closed set i.e. if A C P(X) is such
that for all A € A, A is a closed set of (X,d) and A is finite, then N4 A is
a closed set of (X, d).

Proof. Exercise.

S22. Every finite set is closed. If (X,d) is a metric space and A C X is finite,
then A is a closed set of (X, d).

Proof. Exercise.

Next we characterize closed sets as those that contain all their accumulation
points, i.e. those sets that coincide with their closures.

14The implication ”if p, then ¢” takes the value false only if ¢ takes the value false. In particular
it takes the value true whenever p takes the value false, no matter what the value of g is. In order
to see it, compute the truth table of the statement ”if p, then ¢” noticing that it stands for ”either
q or not p”.

15See any reference in set theory or real analysis.
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S23. A set is closed iff it contains all its accumulation points.

(1) If (X,d) is a metric space, A C X is closed, and x € X is an accumulation
point of A, then x € A.

(2) If (X,d) is a metric space, A C X and, for all v € X such that = is an
accumulation point of A, x € A, then A is a closed set of (X, d).

Proof. Let (X, d) be a metric space and A C X be closed. Let x be an accumulation
point of A. Then x is a closure point of A as well. Since A is closed, then x € A.

Conversely, let (X, d) be a metric space and let A C X contain all its accumula-
tion points, and let x € X be a closure point of A. Then either x is an accumulation
point of A, and hence x € A, or z is an isolated point of A, and hence z € A as
well. Therefore A contains all its closure points and is thus closed. Q.E.D.

S24. Complete characterization of the open and closed sets of a metric
subspace. If (X,d) is a metric space, X' C X and d' is the restriction of d to
X' x X', then A’ C X' is an open (resp. closed) set of (X',d’) if, and only if, there
is an open (resp. closed) set A of (X,d) such that A’ = An X'.

Proof. Exercise.

On connected metric spaces.

S25. Complete characterization of connected spaces. If (X,d) is a metric
space, then it is connected if, and only if, if A C X is both an open and a closed
set of (X, d), then either A = X or A = ¢.

Proof. Assume (X,d) is connected and let A C X be open and closed. Assume
A+# ¢and A# X. Then A® is open and closed and A® # ¢ and A® # X as well.

Since A, A® are nonempty, open and disjoint and (X,d) is connected. then
(AU AC)C #£ ¢, but AU AY = X and XY = ¢! Therefore either A = X or A = ¢.

Conversely, assume (X, d) is not connected. Then there exist A, A’ C X non-
empty, disjoint and open such that (AU A’)¢ = ¢, i.e. AU A’ = X. Then, since A
and A’ are disjoint, A = A’“ and since A’ is open, then A is closed. Therefore A is
both open and closed but A # ¢ and A # X, since A® = A’ # ¢. Q.E.D.

On convergent sequences and their limits.

The following result is at the foundation of the concepts of convergence of a
sequence and of limits of convergent sequences. It states that convergence can
be characterized by the property that only finitely many terms of a sequence fall
outside any neighborhood of some point. This point is said to be the limit of the
convergent sequence, and it is unique. This means that if for a given sequence in
a metric space there are two points for which at most finitely many terms of the
sequence fall outside any ball centered at these points, then the points are actually
the same point.

S26. The limit of a convergent sequence is unique. If (X,d) is a metric
space, s € XN is a sequence in X, and z,x' € X are such that, for all r > 0,
s~ 1(B,(x)Y) is finite and = # x', then there exists r > 0 such that s~ (B, (2')%) is
not finite.
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Proof. Let (X,d) be a metric space, s € XV, and z,2’ € X be such that, for all
r >0, s71(B,. (7)) is finite and = # 2’

Letting 7 = 3d(z,2’) > 0, then B,.(z) N B,(2') = ¢ (since should there be
2" € By(z) N B,(z'), then d(z”,z) < 3d(z,2') and d(z”,2") < 3d(z,2’) would
hold, and hence d(z”,z) + d(z",2") < d(z,x )), ie. B.(x ) B,(x)¢, and hence
sH(B,(2") € s7YB,(2)%). Since s~}(B,(x)%) is finite, then s~!(B,(z')) is nec-
essarily finite too. Therefore, since

N
sTHX) =
s (Br(2") U B (a")%)

“H(Br(a") UsTH(B(2) )

is not finite, s71(B,.(2')%) is not finite. Q.E.D.

We can think of the set of terms of a sequence in a metric space as the range
of a function that represents the sequence. Then properties linking the limit of a
convergent sequence with the range of the sequence appear naturally. For example,
the limit of a convergent sequence is a closure point of the range of the sequence
since the limit is either reached eventually (in which case it is an element of the
range and therefore also a closure point) or approached but never reached (in which
case it is an accumulation point and therefore also a closure point).

S27. The limit of a convergent sequence is a closure point of its range. If
(X,d) is a metric space and s € X" is convergent to z € X, then z € Cls(N).

Proof. Let (X, d) be a metric space, s € X" be convergent to x € X, and r > 0.
Since s € X" is convergent to x € X, then s~ !(B,.(z)¢) is finite. Hence, since

N =
sTHX) =
s H(B(z) UB.(z)°) = s }(B,(2)) Us™ (B, (2)°)

is not finite, then s~ (B,.(z)) is not finite, Thus, s~!(B,(x)) # ¢, and hence s(N) N

B, (z) # ¢.
Therefore, for all r > 0, s(N) N B,.(x) # ¢, i.e. x € Cls(N) Q.E.D.

S28. The limit of a convergent sequence with infinitely many distinct
terms is an accumulation point of its range. If (X,d) is a metric space and
s € XN is convergent to x € X and such that s(N) is not finite, then x is an
accumulation point of s(N).

Proof. Let (X, d) be a metric space and s € X" be convergent to z € X and such
that s(N) is not finite.

Let r > 0. Since x = lims, then s~(B,(z)%) is finite. Slnce s~ (B, (2)°) is
finite and s~1(s(N) N B.(2)¢) = s71(B.(x)¢), then s71(s(N) N B,.(2)¢) is ﬁnlte
Since s~1(s(N)N B,.(x)¢) is finite, then s(N)N B, ()¢ is finite. Since s(N)NB,.(z)¢
is finite and

s(N)=s(N)nX
s(N) N (B(2) U Br(2)°)

(s(N) N (Br(;sg)) U (s(N) N By (2) )



is not finite, then s(N) N B, (x) is not finite. Since, for all » > 0, s(N) N B,(x) is
not finite, then x is an accumulation point of s(N).
Q.E.D.

S29. Every convergent sequence is bounded. If (X,d) is a metric space and
s € XN is convergent, then s(N) is a bounded set of (X, d).

Proof. Let (X,d) be a metric space, s € X" be convergent to € X and r > 0.
Then, either s(N) C B,(x) or s(N) ¢ B,(z).

(1) If s(N) C B,(x), then s(N) is a bounded set of (X, d).

(2) If s(N) ¢ B,(x), since z is the limit of s, then s~*(B,(x)%) = s~ (s(N) N
B,.(z)¢) is finite, and hence s(N) N B,(z)¢ is finite. Hence there exists
MaX, ¢ s(N)nB,.(z)¢ d(’, ). Let it be v’ — 1, which is necessarily such that
r<r' —1,ie r <r+1 <7 and hence B,(x) C B,/(z). Thus, for all
xz € S(N), if 2/ € S(N) N B,(z), then 2’ € B,/(z), since B,.(x) C B, (x);
and if 2/ € S(N) N B,.(z)%, then d(z',x) <7 — 1 < 7', ie. 2’ € Bu(x).
Therefore, s(N) C B,/(z), i.e. s(N) is a bounded set of (X, d).

Q.E.D.

S30. The limit of a convergent sequence is a cluster point. If (X,d) is a
metric space and s € XY converges to x € X, then, for all 7 > 0, s~(B,(z)) is not
finite.

Proof. Let (X, d) be a metric space and s € X' converge to z € X.
Since s € X" converges to x € X, for all > 0, s~}(B,(x)%) is finite. Since

N =
s HX) =
s7H(By(z) U B (2)C) = s (B, (2)) Us H(B,(z)°)

is not finite, then, for all r > 0, s~1(B,(x)) is not finite. Q.E.D.

Within any positive distance of a cluster point of a sequence one can find an
infinite number of points of the sequence. By requiring this distance to approach
(but never reach) zero, selecting any term of the sequence, and then repeatedly
taking terms of the sequence that (1) fall within this shrinking distance of the
cluster point and (2) are increasing in their index values, one can construct a
subsequence converging to the cluster point

S31. Every sequence with a cluster point has a subsequence converging
to it. If (X,d) is a metric space, s € X", and x € X is such that, for all r > 0,
s~1(B,(x)) is not finite, then there exists h € NV increasing and such that, for all
r >0, (soh) B, (x)Y) is finite.

Proof. Let (X,d) be a metric space, s € X", and 2 € X be such that, for all 7 > 0,
s71(B,(z)) is not finite.

Since for all r > 0, s7*(B,.(z)) is not finite, then, for all r > 0, s~ (B,(z)) # ¢.
Therefore,

(1) s71(B1(x)) # ¢ and hence there exists n; € s~1(By(x)),
(2) since s_l(B%(x)) is not finite, then s_l(B% () \{1,...,n1} # ¢ and hence
there exists no € s™'(B1(2)) \ {1,...,m} such that ny > n,
39



(3) since s™!(By(z)) is not finite, then s™' (B, ())\ {1,...,n2} # ¢ and hence
there exists ng € s_l(B%(x)) \ {1,...,n2} such that ng > ns, and so on...

Let h € NY be such that, for all i € N, h(i) = n;. Then, for all 4,7 € N such
that i < 4/, h(i) = n; < ny = h(’), and s(n;) = s(h(:)) = (so h)(i). Thus soh is
a subsequence on s and for all 7 > 0, (s o h)(i) = s(h(i)) = s(n;) € B.(x) if, and
only if, i > 1. Therefore, for all r > 0, (s o h)~}(B,(x)) is finite. Q.E.D.

Accumulation points and limits.

The following proposition allows us to characterize the accumulation points of a
set as the limits of convergent sequences in the set. Thus a point is an accumulation
point of a set if, and only if, it can be approached arbitrarily close from within the
set.

S32. Every accumulation point of a set is the limit of a convergent
sequence in the set without the point, and conversely. If (X,d) is a metric
space, A C X, and x € X then x is an accumulation point of A if, and only if,
there exists s € (A \ {z})Y convergent to z.

Proof. Let (X,d) be a metric space, A C X, and x € X
Assume that x € X is an accumulation point of A and let r; > 0.

(1) Since z is an accumulation point of A, then AN B, (x)\ {z} # ¢ and hence
there exists 21 € AN By, (z) \ {z} and ro = d(z1, 2).

(2) Since x is an accumulation point of A, then AN B,.,(z) \ {z} # ¢ and hence
there exists zo € AN B,,(z) \ {z} and r5 = 1d(z2,z).

(3) Since z is an accumulation point of A, then AN B, (x)\ {z} # ¢ and hence

there exists 23 € AN By, () \ {z} and ry = $d(z3,z), and so on.

Thus there exists s € (A \ {z})Y such that, for all n € N, s(n) = x,, and, for all
r’ > 0, there exists n(r’) € N such that r,) < r and hence B?“n(w)(x) C B.(x)
and s_l(Brn(r,)(w)c) has at most n(r’) — 1 elements, i.e. since B,.(2)¢ C B, ()%,
s~ 1(B,(x)%) has at most n(r’) — 1 elements. Thus there exists s € (A \ {x})N
convergent to .

Conversely, assume that z is not an accumulation point of A and let s € (A \
{z})N, Since x is not an accumulation point of A, then there exists r > 0 such
that A N B,(x) is finite. Since A\ {z} C A and AN B,(z) is finite, then (A \
{z}) N B,(z) is finite. Similarly, since s(N) C A\ {z}, then s(N) N B,.(z) C
(A\ {z}) N B.(x), and since (A \ {z}) N B,(x) is finite, then s(N) N B,(x) is
finite. Then there exists 7 = ming cywnB, (2) d(2’, ). Since s(N) C A\ {z}, then
r’ = ming cymnB, () d(@’,2) > 0. Thus s(N) N B,/ (z) = ¢, and hence s(N) C
B,/ (x)¢. Since s(N) C s(N), then s71(s(N)) = N, and since s(N) C B, (z)°, then
s7H(s(N)) € s~ (B (2)%), i.e. N C s (B (2)¢). Thus there exists 7’ > 0 such
that s~(B,(2)%) is not finite and hence z is not the limit of s. Q.E.D.

The previous property and the fact that a set is closed if, and only if, it contains
all its accumulation points, allow us to characterize the closed sets of a metric space
as those containing the limit of every convergent sequence within them.

S33. A set is closed iff it contains the limit of every convergent sequence
contained in it. If (X,d) is a metric space and A C X, then A is a closed set of
(X,d) if, and only if, for all s € AN convergent, lims € A.
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Proof. Let (X,d) be a metric space and A C X.
Assume that A is closed and let s € AN be convergent to € X. Either z € s(N)
or z ¢ s(N).
(1) If z € s(N), since s(N) C A, then x € A.
(2) If = ¢ s(N), then s(N) C A\ {x}. Since z is the limit of s € (A \ {z})V,
then x is an accumulation point of A. Since A is closed, then A contains all
its accumulation points and hence x € A.

Conversely, assume that A contains the limit of every convergent sequence con-
tained in A and let z be an accumulation point of A. Since z is an accumulation
point of A, then there exists s € (A\ {z})" convergent to z. Since A\ {z} C A, then
there exists s € AN convergent to . Since A contains the limit of every convergent
sequence contained in A, then x € A. Therefore, A contains all its accumulation
points and hence A is closed. Q.E.D.

On totally bounded sets in metric spaces.

A totally bounded set can be assimilated to a finite set with a precision as high
as it may be wished. No matter how fine we require a ”grid” of points of the space
to be, a finite number of points of this grid is always sufficient to guarantee that
every point of a totally bounded set is within a distance smaller than the separation
of the points of the grid. Thus should we take this finite set for the actual set, we
would be incurring a (metric) error that is arbitrarily small. Every totally bounded
set is bounded. We will use this property in the proof of the boundedness of every
compact set below.

S34. Every totally bounded set is bounded. If (X,d) is a metric space and
A is a totally bounded set of (X,d), then A is a bounded set of (X, d).

Proof. Let (X,d) be a metric space, A be a totally bounded set of (X, d), and let
e > 0. Since A is a totally bounded set of (X,d), then there exists N C X finite
and such that A C UzenBc(z). Since, for all x € N, B.(x) is a bounded set of
(X,d), then UzenBe(z) is a bounded set of (X,d), and hence A is a bounded set
of (X,d) too. Q.E.D.

On compact sets in metric spaces.

Compactness is an extremely useful property for sets associated with real-valued
functions, since it is associated with the existence of maxima and minima. The
following theorem establishes an equivalence between sets whose sequences (i.e.
those that are entirely contained in the set) all have subsequences converging to
limits within the set, and sets for which every non-finite subset has an accumulation
point within the set. This equivalence allows us to characterize the compact sets
of a metric space in terms of either of the two sets of conditions. In particular,
the characterization of compact sets as those for which every non-finite subset has
an accumulation point in the set, is used below to prove the boundedness of every
compact set.

S35. Every sequence in a set has a subsequence convergent in the set iff

every non-finite subset has an accumulation point in the set. If (X,d) is

a metric space and A C X, then, for all s € AN, there exists h € NV increasing and
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x € A such that s o h converges to x, if, and only if, for all A’ C A not finite, there
exists x € A such that x is an accumulation point of A’.

Proof. Let (X, d) be a metric space and A C X.

Assume that for all s € AN, there exists h € NY increasing and = € A such that,
for all 7 > 0, (soh)~(B,(x)) is finite, i.e. z is the limit of soh, and let A’ C A be
not finite. Since A’ is not finite, there exists s € A’" injective. Since A’ C A, then
s € AN, and hence there exists h € NV increasing and = € A such that, for all r > 0,
(soh)~Y(B,(x)%) is finite, i.e. x is the limit of soh. Since h is increasing, then h is
injective. Since s is injective and h is injective, then so h is injective. Since soh is
injective, then (soh)(N) is not finite. Since x is the limit of soh and (soh)(N) is not
finite, then, x is an accumulation point of (s o h)(N). Since (s o h)(N) C s(N) and
s(N) C A, then (soh)(N) C A’. Since z is an accumulation point of (soh)(N) and
(soh)(N) C A’, then z is an accumulation point of A’. Therefore, for all A’ C A
not finite, there exists x € A such that x is an accumulation point of A’.

Conversely, assume that for all A’ C A not finite, there exists z € A such that,
r is an accumulation point of A’ and let s € AN. Either s(N) is finite or s(N) is
not finite.

(1) If s(N) is finite, then since N = s7!(s(N)) = Upesans™ ' (z) is not finite,
there exists z € s(N) such that s~1(x) is not finite. Let h € NN be such
that for all n € N, h(n) is the n-th smallest integer in s~!(z), hence h
is increasing. Since, for all n € N, h(n) € s~ !(z), then for all n € N,
s(h(n)) = x. Hence the subsequence s o h of s is constant and, hence,
convergent to x. Since z € s(N) and s(N) C A, then z € A.

(2) If s(N) is not finite, then there exists x € A such that = is an accumulation
point of s(N). Since z is an accumulation point of s(N), then for all r > 0,
s(N) N B,(x) is not finite, and hence s71(s(N) N B,.(z)) = s }(B,(x)) is
not finite. Since for all r > 0, s~1(B,(x)) is not finite, i.e. = is a cluster
point of s, then there exists h € NV increasing and such that, for all » > 0,
(soh)"Y(B,(2)°) is finite, i.e. 50 h converges to x.

Therefore, for all s € AN, there exists h € NV increasing and € A such that
s o h converges to z. Q.E.D.

Compact sets will coincide with closed and bounded sets in R™ with any metric,
but in general the implication goes only one way: compact sets are closed and
bounded, as the next two propositions establish.

S36. Every compact set is bounded. If (X,d) is a metric space and A is a
compact set of (X,d), then A is a bounded set of (X, d).

Proof. Let (X,d) be a metric space and A be a non bounded set of (X,d). Since
A is not a bounded set of (X,d), then A is not totally bounded, i.e. there exists
e > 0 such that, for all N C X finite, A ¢ U,cnB:(x).

Let 1 € A. Then

(1) since Ny = {x1} C A is finite, A ¢ Uzen, Bo(z), i.e. there exists zo €
AN (Ugen, Bo(2))% such that 2o ¢ {21}, since {z1} C Uzen, B-(z),
(2) since No = {z1,22} C A is finite, A ¢ U,en,Be(x), i.e. there exists z3 €
AN (Ugen,Bo(2))¢ such that z3 ¢ {x1, 22}, since {21, 72} C Uzen, Be(z),
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(3) since N3 = {x1,x9,23} C A is finite, A ¢ Uyen,Be(z), i.e. there exists
x4 € AN (Ugen, Be(x))Y, such that x4 ¢ {z1, 79,73}, since {x1, 72,23} C
Uzens Be(x), and so on.

Therefore, there exists {z1,x2,...,} C A not finite such that for all n € N,

B.(z,) = {z,}.

Is there an accumulation point of {zi,z2,...,} in A? Let x € A. Either
{z1,22,...,} N By,.(x) = ¢ or {w1,@2,...,} N By (x) # ¢ If {wy,22,...,} N
B%r(x) = ¢, then x is not an accumulation point of {z1,x9,..., }. If {z1,22,...,}N
Bi,(x) # ¢, let @, xn € {z1,22,...,} N By, (2). Then

AT, Tpn) < d(xpm, ) + d(z), )
1 1
< 57“ + 57”
=r
ie. zm € By(wn) = {xn}. Therefore, z,, = . Hence {z1,22,...,} N By, (2)
is finite and thus x is not an accumulation point of {x1,zs,...,}. Therefore, no
point of A is an accumulation point of {z1,z2,...,}. ie. {x1,22,...,} is a non

finite subset of A with no accumulation point in A, which contradicts that A is
sequentially compact. Q.E.D.

Compactness imposes stronger conditions on the behavior of sequences within a
set than does closedness: while closedness requires that all the convergent sequences
of a set have limits in the set, compactness requires that every sequence of a set have
a subsequence with a limit in the set. Clearly then compactness implies closedness,
since (1) every convergent sequence in a compact set must have a subsequence with
a limit in the set and (2) the limit of the subsequence cannot be distinct from the
limit of the sequence. This implies that the sequence itself has a limit that is in the
set. Now, since every convergent sequence in a compact set converges to a point
in the set, we know that a compact set is necessarily closed. A proof of this fact
from scratch, i.e. showing that every compact set must contain all its accumulation
points and hence be closed, follows.

S37. Every compact set is closed. If (X,d) is a metric space and A is a
compact set of (X,d), then A is a closed set of (X,d).

Proof. Let (X,d) be a metric space, A be a compact set of (X,d), and x € X be
an accumulation point of A. Since z is an accumulation point of A, then there
exists s € (A\ {x})Y convergent to x. Since x is the limit of s, then, for all 7 > 0,

s Y(B,(z)¢) is finite. Since N C s71(A\ {z}), then
N —
s (s(N)) = 571 (s(N) N (B () U By (2)))
= s~ ((s(N) N (By(2)) U (s(N) N B(2))))
=571 (s(N) N By (2)) Us™(s(N) N By(2)%)
is not finite, and therefore, since s~ (B, (z)%) = s71(s(N) N B,.(z)°) is finite,
s71(s(N) N B,(z)) is not finite. Since s(N) N B,(x) C s(N), then s(s7!(s(N) N

(z
B,(z))) = s(N)NB,(x), and since s~ (s (43) B,.(z)) is not finite, then s(N)N B,.(z)



is not finite. Therefore, since s(N)NB,(z) C s(N), then s(N) is not finite. Since A is
compact and s(N) C A is not finite, then there exists an accumulation point z’ € A
of s(N). If # # /, then d(z,2') > 0. If ¢ = 3d(z,2’), then B.(z) N B.(2) = ¢.
Therefore B.(z) C B.(2')%, i.e. B.(2') C B.(x)¢. Since z’ is an accumulation
point of s(N), then s(N) N B.(2') is not finite. Thus, since s(N) N B.(z’) C s(N) N
B.(z)¢, then s(N) N B.(z)® is not finite, i.e.  would not be the limit of s. Thus
x = 2/, and since 2/ € A, then x € A. Therefore, A contains all its accumulation
points, i.e. A is a closed set of (X,d). Q.E.D.

S38. Every closed set in a compact metric space is compact. If (X,d) is

a compact metric space and A is a closed set of (X,d), then A is a compact set of
(X,d).

Proof. Let (X,d) be a compact metric space, A be a closed set of (X,d), and
s € AN, Since (X, d) is a compact metric space, then there exists a subsequence of
s convergent to x € X. Since x is the limit of a sequence in A, then z is an accumu-
lation point of A. Thus, since A is closed, it contains all its accumulation points,
and hence x € A. Therefore, every sequence in A has a convergent subsequence
whose limit is in A, i.e. A is compact. Q.E.D.

S39. A complete characterization of compacts sets in (R",d;). For any
integer n, a set in (R™, dy) is compact iff it is closed and bounded.

Proof. (Converse statement) Let A be a closed and bounded set of (R™, d5).
Since A is bounded, there exists B.(x) such that A C B.(z). Hence

Let {ax} be a sequence in A. Then

Vk € N, Z:(afC — 1) <e¢

=1

and hence

Vie{l,...,n},Vk € N,|a} — 2'| < Z(a2_$i>2<a

=1

Thus every coordinate sequence of {ay} is a bounded sequence and hence with a
convergent subsequence in (R, ds). Therefore, there is an increasing function h!

from N to itself such that {a,lll(k)} converges to some a'.

Then {ail(k)} is a bounded sequence and hence with a convergent subsequence
in (R, dy). Therefore, there is an increasing function h? from N to itself such that
{aj1 (n2(ry)} converges to some a? while {aj1 ()} is a subsequence of {a;. .}
and still converges to a'. And so on.

Thus there exists a convergent subsequence {ayx)} of {ar} whose limit is the
point (at,a?,...,a") = a.
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Either the range of {ayx)} is finite or not.

If the range of {ay()} is finite then necessarily a is in this range and hence in A.

If the range of {ay ()} is not finite then a is an accumulation point of this range
and hence of A. But A is closed and contains all its accumulation points. In
particular it contains a.

Therefore, for any sequence in A there is a convergent subsequence whose limit
isin A, i.e. A is compact. Q.E.D.

Compactness and sequential compactness.

S40. Every sequentially compact set is totally bounded. If (X,d) is a
metric space and A is a sequentially compact set of (X, d), then, for all v > 0, there
exist C' C A finite and such that A C Uzec By ().

Proof. Let (X, d) be a metric space and A be a sequentially compact set of (X, d).
Assume that there exists r > 0 such that, for all C' C A finite, A ¢ Uzen B, ().
Let z1 € A. Then

(1) since C1 = {z1} C A is finite, A ¢ Uzec, Br(x), i.e. there exists zo €
AN (Ugee, Br ()¢ such that zo ¢ {x,}, since {21} C Upec, By (),

(2) since Co = {x1,22} C A is finite, A ¢ Uzec, By (z), i.e. there exists x5 €
AN (Uzec, Br(2))¢ such that 3 ¢ {x1, 22}, since {21,172} C Uzec, Br(2),

(3) since C5 = {x1,z2,23} C A is finite, A ¢ Uyecc, Br(x), i.e. there exists
x4 € AN (Ugec, Br(2))Y, such that z4 ¢ {x1, 79,23}, since {x1, 72,23} C
Uzecs Br(x), and so on.

Let s € AN be such that, for all n € N, s(n) = x,,. Then s is injective and, for all
n €N, B.(s(n)) = {s(n)}. Since A is a sequentially compact set of (X,d), then
there exists h € NN increasing and = € A such that lim soh = 2. Since limsoh = z,
then (s o h)~'(Bg (z)¢) is finite. For all n,n’ > max(s o h)~Y(B; (x)¢) distinct,
since s and h are injective and hence s o h is injective, (s o h)(n) # (so h)(n'), and
d((soh)(n),z) < 5 and d((s o h)(n'),z) < §. Hence

2

d((s o h)(n), (s o h)(n')) < d((s o h)(n),z) + d((s o h)(n'), z)

ie. Br((soh)(n)) & {(soh)(n)}. Therefore, there exists h(n) € N such that
B,(s(h(n))) ¢ {s(h(m)}! QED.

S41. If (X,d) is a metric space, A is a sequentially compact set of (X,d), and O
is an open cover of A, then there exists r > 0 such that, for all x € A, there exists
O, € O such that B,(z) C O,.

Proof. Let (X, d) be a metric space, A be a sequentially compact set of (X, d), and
O be an open cover of A.

Assume that for all > 0, there exists z € A such that, forall O € O, B,(x) ¢ O.
Then for all n € N, there exists x,, € A such that, for all O € O, B1 (xn) € O. Let

s € AN be such that, for all n € N, s(n) = z,,. Since A is sequentially compact,

then there exists h € NV increasing and such that s o h is convergent to = € A.

Since A C UpepO and = € A, then there exists O € O such that x € O. Since O
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is open, then there exists 7 > 0 such that B,.(x) C O. Since x is the limit of s o h,
then (soh)~!(Bjz(x)) is finite. For all n € N such that n > max(soh) ™' (Bg (x)°)

and n > %,
(1) since n > max(so h)~!(B
d((s o h)(n),x) <3,
(2) sincen > 2, L4 2 <
Therefore, for all n € N such that n > max(so h)™1(B
7' € By (s 0 h)(n),

(2)9), then (s o h)(n) € Bz(x), that is to say

xr
2

(z)¢) and n > 2, and all

I3

d(z',z) < d((soh)(n),z’) +d((soh)(n),)

i.e. ' € B,.(x). Hence, for all n € N such that n > max(s o h)~}(Bz(x)¢) and
n> 2, Bi(z,) C By(z), and since B,(z) C O, then Bi(z,) C O!

Q.ED.

r
2

S42. In a metric space a set is compact iff it is sequentially compact. If
(X,d) is a metric space and A C X, then A is a compact set of (X, d) if, and only
if, A is a sequentially compact set of (X, d).

Proof. Let (X,d) be a metric space and A C X.

Assume that A is a compact set of (X,d). Let s € AN be such that s does
not have a convergent subsequence whose limit is in A. Then there is no cluster
point of s in A, i.e. for all € A, there exists r, > 0 such that, s7!(B,, (z)) is
finite, and since s(N)N B, (z) C s(s (B, (z))), then s(N)N B, (z) is finite. Since
A CUgeaB,, (x), forall z € A, B,_(z) is open, and A is compact, then there exists
C C A finite such that A C Ugzee B, (z). Since, for all x € C, s(N) N B, (x) is
finite, and C' is finite, then

Uzec(s(N) N By, (2)) = s(N) N (Uzec Br, (7))

is finite. Since s(N) C A and A C U,ec By, (), then s(N) C Uyee B, (z) and hence
s(N) N (UgecBr, (x)) = s(N), i.e. s(N) is finite. Therefore, since

N = 57!(s(N))
= Usz(N)S_l(x)

is not finite, then there exists 2’ € s(N) such that s~ (2’) is not finite. Let h € NN
be such that, for all n € N, h(n) is the n-th smallest element of s~!(z’). Then h is
increasing and s o h is a subsequence of s such that, for all n € N, (so h)(n) = 2’
Thus, for all r > 0, (s o h)(B,(z')¢) is finite, i.e. 50 h is convergent to z’. Since
z' € s(N) and s(N) C A, then 2’ € A, i.e. s has a convergent subsequence whose
limit is in A!

Conversely, assume that A is a sequentially compact set of (X, d). Let O be an
open cover of A. Then,

(1) there exists > 0 such that, for all € A, there exists O, € O such that
B.(z) C O,
(2) there exists C' C A finite and such that A C Uzeco B, ().
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Therefore, for all x € C, there exists O, € O such that B,.(z) C O,, and hence

AC UxECBr(aj)
- UmECOma

i.e. {O;}zec is a finite subcover of A. Q.E.D.

On Cauchy sequences.

The next property provides a necessary condition for a sequence to be convergent,
namely that the sequence be a Cauchy sequence. A sequence that is not Cauchy
cannot be convergent.

S43. Every convergent sequence is a Cauchy sequence. If (X,d) is a metric
space and s € X" is convergent then s is a Cauchy sequence.

Proof. Let (X, d) be a metric space, s € X~ be convergent to x, and r > 0. Then
there exists n € N such that, for all n’ > n, d(s(n’),z) < 37. Let n/,n” > n. Then
both d(s(n),z) < ir and d(s(n”),z) < $r hold and hence

d(s(n’), s(n")) < d(s(n), z) + d(x, s(n"))

i.e. sis a Cauchy sequence. Q.E.D.

The converse is not true in general. For instance, let s € QY be a sequence
of rational numbers, with the usual distance, such that s(n) is the exact decimal
expansion of v/2 up to the n-th decimal. This is a Cauchy sequence since the
difference between any two terms s(n), s(n’) with n < n’ is smaller than 10~", and
hence for any r > 0, letting n be such that 10" < r, then d(s(n’), s(n”)) < 107" <
r for any n’,n” > n. Notwithstanding this there is no rational number to which
this sequence converges.

The following property, together with the previous one, provides another nec-
essary condition for a sequence to be convergent, namely boundedness. In effect,
a sequence that is not bounded cannot be a Cauchy sequence, so it cannot be a
convergent sequence either.

S44. Every Cauchy sequence is bounded. If (X,d) is a metric space and
x € SN is a Cauchy sequence, then z is a bounded sequence.

Proof. Let € X" be a Cauchy sequence, and let s > 0. Then there exists n € N
such that, for all ', n” > n, d(x,/,x,) < s. Hence for any given n’ > n and for
all n” > n, x,» € Bs(x, ), i.e. at most the n first terms of the sequence are not
in Bs(z, ). Let r = max{s,d(x1,2y),...,d(xn,x, )} + 1. Therefore since for all
n” € N, d(zyr, ) < max{s,d(x1,2y),...,d(xn,xy)} < r, then, for all n” € N,
Ty € Br(Ilfn/). QED
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S45. Every Cauchy sequence converges to the limit of any convergent
subsequence. If (X,d) is a metric space, s € X" is Cauchy and such that there
exists h € NN increasing and x € X such that x = lim s o h, then x = lim s.

Proof. Let (X, d) be a metric space, s € X~ be Cauchy and such that there exists
h € NN increasing and x € X such that x = lim s o h, and let r > 0.

Since z = lim s o h, then there exists n’ € N such that, for all n > n/, d((s o
h)(n),z) < ir. Since s is Cauchy, there exists n” € N such that, for all m,n > n”,
d(s(m), s(n)) < zr. Then, for all m,n > max{n’,n"}, since h(n) > n,

d((s o h)(n),s(m)) =
d(s(h(n)),s(m)) < =r
and d((s o h)(n),z) < 3r, and hence

d(s(m),z) <

U

((s o h)(n),s(m)) + d((s o h)(n), x)

1
r+ -7

<
2

I o

Therefore, for all > 0, there exists n € N such that, for all m > n, d(s(m),z) < r,
ie. z=lims. Q.E.D.

The following proposition establishes that every compact metric space is also
complete. This fact makes compact metric spaces an extremely useful framework
in which to (1) characterize points as maxima or minima of continuous, real valued
functions (e.g. their existence is guaranteed by the compactness of the domain)
and (2) characterize points as limits of Cauchy sequences (i.e. sequences whose
convergence is guaranteed by the completeness implied by the compactness).

S46. Every compact metric space is complete. If (X,d) is a compact metric
space, then (X,d) is a complete metric space.

Proof. Let (X, d) be a compact metric space and s € X" be Cauchy. Since (X, d) is
a compact metric space, then there exists h € NN and « € X such that z = lim soh.
Since s o h is convergent and s is Cauchy, then lims o h = lims, i.e. x = lims.
Therefore, since, for all s € X~ Cauchy, there exists z € X such that z = lims,
then X is a complete set of (X, d), i.e. (X,d) is a complete metric space. Q.E.D.

The next property, the continuity of the distance from a given point to any other
point for any metric, will be needed in the following proposition.

S47. The distance from a given point to any other point is continuous
for any metric. If (X,d) is a metric space, ¥’ € X and f € RX is such that
f(z) =d(z,2’) for all x € X, then f is continuous.

Proof. Let xz € X, r > 0 and 2”7 € X be such that d(z",z) < r.
Since d(2”,2") < d(z",z) + d(z’, x), then
d(z",2") — d(z,2") < d(2", )

<r
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and since d(z,2’') < d(z”,z) + d(z”,2'), then

d(z,z") —d(z",2") < d(2",x)
<r,

Le. —r <d(z",2') — d(z,z") < r or, equivalently, |f(z") — f(z)| <.
Therefore, for all x € X and all » > 0, there exists s > 0 (namely s = r) such
that if d(z”,x) < s, then |f(2”) — f(x)| < r, i.e. f is continuous. Q.E.D.

S48. The space of bounded functions to a complete metric space is
itself complete with respect to the sup metric. If X is a set and (Y,dy) is
a complete metric space, then (B(Y™X), d) is complete.

Proof. Let X be a set and (Y, dy) be a complete metric space.

In (B(YX),ds), let f € (B(YX))YN be Cauchy, and let r > 0. Since f is Cauchy,
then there exists n € N such that, for all n/,n” > n, deo(fur, fn) < 3r. Since, for
all n/,n" > n, doo(fnr, far) < 37, then, for all z € X and all n/,n” > n,

IN

dY(fn’ (-77)7 fn”(x))
sup dY(fn’ (:13), fn”(x))

reX

doo(fn’,fn”)
1

N

r.

Since, for all r > 0, there exists n € N such that, for all z € X and all n’,n” > n,
dy (fn/(2), far(z)) < ir, then, for all z € X, f(z) € YN is Cauchy. Since, for
all x € X, f(x) is Cauchy and (Y,dy) is complete, then, for all z € X, f(z) is
convergent. Let ¢ € YX be such that, for all z € X, (z,lim f(z)) € ¢. Since,
and all r > 0, there exists n € N such that, for all x € X and all n/,n” > n,
dy (fn(2), far(z)) < ir, and dy is continuous, then, for all r > 0, there exists

n € N such that, for all z € X and all n’ > n,

dy (fu (), ¢(2))
dy (fp(2), lim fon(z)) = lim dy (fp(2), for(2))

n’’—oo " —o00

3

VAN
N | =

Since, for all » > 0, there exists n € N such that, for all z € X and all n’ > n,
dy (fn (), ¢(z)) < 3r, then, for all 7 > 0, there exists n € N such that, for all

n' >n,
dOO (fn’7 ¢) =
sup dy (o (2),6(2)) < 57
reX
<r

Since, for all » > 0, there exists n € N such that, for all n’ > n, doo(frr, @) < 1,
then ¢ = lim f.
Let » > 0. Since ¢ = lim f, then there exists n € N such that, for all n’ > n,
doo(frnr, @) < r. Since, for all n’ > n, doo(fn,®) < r, then, for all x € X and all
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n >n,

dy (fu (), $(2)) <
sup dy (fn (), ¢(2))

reX

doo(fn’v ¢)

<.

Since, for all n € N, f, € B(YX), then, for all n € N, there exist y € Y and
r’ > 0 such that, for all z € X, dy (fn(z),y) <r’. Let n’ > n. Since n’ > n, then,
for all x € X, dy(fn(z),¢(x)) < r and there exist y € Y and »’ > 0 such that,
for all x € X, dy (fn (x),y) < r’. Since, for all x € X, dy (fn (x),d(x)) < r and
dy (fnr(x),y) < r', then, for all z € X

dy (¢(2),y) < dy (fur(2), d(2)) + dy (for (z), y)
<r+7r.

Since, for all » > 0, there exist y € Y and ' > 0 such that, for all x € X,
dy (¢(x),y) <r+1r', then ¢ = lim f € B(Y™).

Therefore, in (B(Y ™), ds), since, for all f € (B(Y*))N Cauchy, f is convergent
and lim f € B(Y™X), then (B(Y?), ds) is complete. Q.E.D.

As a consequence of the previous proposition both ¢2, and /., are complete, as
is the space of continuous, bounded functions, taking values in a complete metric
space with respect to the sup metric. The reason is that it is a closed set of the
previous metric space, and any closed set of a complete metric space is complete
as well. As a consequence any metric subspace that is a closed set of an ambient
metric space which is complete, is complete as well. Conversely, if a metric subspace
is complete it must be closed with respect to the ambient metric space.

S49. Every closed set of a complete metric space is complete. If (X,d) is

a complete metric space and A is a closed set of (X,d), then A is a complete set of
(X,d).

Proof. Let (X, d) be a complete metric space, A is a closed set of (X, d), and s € AN
be Cauchy.

Since s(N) C A and A C X, then s(N) C X, i.e. s € XN, Since s is Cauchy
and X is a complete set of (X,d), then there exists x € X such that x = lims.
Since z = lim s, then x € Cls(N), i.e. for all » > 0, s(N) N B.(z) # ¢. Since
s(N) C A, then, for all » > 0, s(N) N B,.(z) C AN B,(x). Since, for all » > 0,
s(N)NB,(z) C AN B,(z) and s(N) N B,(z) # ¢, then AN B,(z) # ¢, i.e. x € ClA.
Since x € CIA and ClA C A, then z € A, i.e. lims € A. Therefore, since, for all
s € AN Cauchy, s is convergent and lims € A then A is a complete set of (X, d).
Q.E.D.

S50. Every complete metric subspace is closed in the ambient space. If
(X, d) is a metric space, X' C X and (X', d|x/) is complete, then X' is a closed set
of (X,d).

Proof. Let (X, d) be a metric space, X’ C X, (X', d|x/) be complete, and z € C1X’
with respect to (X, d).

Since x is a closure point of X’ with respect to (X, d), then either x is an isolated
point of X’ or z is an accumulation point of X'.

(1) If x is an isolated point of X', then x € X'.
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(2) If x is an accumulation point of X', then there exists s € (X’ \ {z}) such
that lims = z. Since s is convergent, then s is Cauchy. Since s is Cauchy
and (X', d|x/) is complete, then lims € X’. Since lims € X’ and = = lim s,
then x € X'.

Therefore, C1X’ C X', i.e. X’ is a closed set of (X, d).
Q.E.D.

S51. The space of continuous, bounded functions from a metric space
to a complete metric space is itself complete with respect to the sup
metric. If (X,dx) and (Y,dy) are metric spaces and (Y,dy) is complete, then
CB(YX) with d., is a complete metric space.

Proof. Let (X,dx) and (Y, dy) be metric spaces, (Y, dy) be complete, {f,}nen be
a convergent sequence in CB(YX) with respect to do, f € B(Y ) be its limit,
r € X and r > 0.

Since f is the limit of {f, }nen, there exists N € N such that, for all n > N,

doo(fnaf) =
sup dy ( (), f(2)) <
reX
i.e. ,
dy (fu(2), f(2)) < 5
for all z € X.

Let n > N. Since f,, is continuous, there exists s > 0 such that

fn(Bs(x)) C B (fn(2)).

Let 2’ € Bg(x) Then

i.e. f(Bs(z)) C By(f(z)) and hence f is continuous at any = € X. Therefore
f € CB(YX) as well and CB(Y ) is thus closed.

Finally, since B(YX) with d., is complete, because (Y,dy) is complete, and
CB(YX) c B(YX) is closed, then CB(YX) with d., is a complete metric space.
Q.E.D.

S52. If (X,dx) and (Y,dy) are metric spaces (Y,dy) is complete, {fn}nen is a
convergent sequence in CB(Y*X) with respect to ds, and z € X is convergent,
then

lim ((lim f,)(zn)) = (nlLrI;O fo) (lim a,,0).

n’—oo " n—oo n— 00

Proof. Let (X,dx) and (Y, dy) be metric spaces (Y, dy) be complete, {f,}nen be
a convergent sequence in CB(YX) with respect to do, and z € X~ be convergent.
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Since { fn tnen is convergent, then {f, }nen is Cauchy. Since {f,}nen is Cauchy
and CB(Y¥) with do, is complete, then lim,/ ., f, € CB(YX), i.e. lim,/ o f), is
continuous. Since lim, . f}, is continuous and x is convergent, then

lim (( lim fo)(z,)) = ((lim fo)( lim z,).

n—oo " n’/—oo n’— oo n’— oo

Q.E.D.
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