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Abstract

In this paper I show that a pay-as-you-go Social Security system may
be Pareto-improving if a group of agents has property rights in technologi-

cal knowledge that lets ¯rms produce more e±ciently. This is true even if
the economy does not over-accumulate capital, if the economy is dynami-

cally e±cient. The model is based on a standard deterministic two-period
overlapping generations model with production and exogenous growth. In
contrast to the standard model there are two groups of agents, workers and

innovators. All agents are endowed with labor. In addition, innovators are
endowed with technological knowledge.

Innovators charge fees for the right to use the improved technology which
are proportional to the capital stock of the ¯rm. This drives a wedge be-

tween the marginal product of capital and the return to savings. Thus, the
return to savings may be below the growth rate of the economy. This can

occur even if the marginal product of capital is above the growth rate and
hence the economy does not over-accumulate capital. If the fee is su±ciently

large, a pay-as-you-go Social Security system can be welfare improving for
all agents by improving the intertemporal allocation of resources. However,
the capital stock and thus total consumption in each period decrease.



1. Introduction

The current debate on the privatization of unfunded pay-as-you-go (henceforth
PAYG) Social Security systems is centered around the issue of saving and capital
accumulation. It is commonly believed that the PAYG Social Security system
reduces savings and hence investment. Thus the capital stock and output in the
economy are too low, which imposes substantial welfare losses.
However from a theoretical point of view, it is well-known that equilibria in

in¯nite horizon economies with an overlapping generations structure need not
be Pareto-e±cient. Samuelson (1958) showed in a very simple model without
production or storage that if the interest rate in the economy is below the growth
rate of the economy, the economy is dynamically ine±cient. A tax-transfer system
that taxes the young and transfers the proceeds to the old can pay an implicit
rate of return of the growth rate and hence is Pareto-improving. A pay-as-you-go
Social Security system can be viewed as such a tax-transfer system.
Diamond (1965) explicitly introduced production and capital accumulation

into overlapping generations economies. Again, competitive equilibria are dy-
namically ine±cient if the interest rate is below the growth rate. This is the case
if and only if the economy over-accumulates capital. Consumption and hence
utility for all generations could be increased by reducing the capital stock. This
can be accomplished by a PAYG Social Security system. Abel et al. (1989) have
shown that an assessment of whether economies over-accumulate capital can be
based on an a cash °ow criterion. If there is always a net cash °ow from the
production sector (in addition to wage payments) which is used for consumption,
the economy does not over-accumulate capital. This criterion can be used not
only in deterministic environments but also for economies which are subject to
a variety of shocks. Abel et al. applied their cash °ow criterion to some OECD
economies and concluded that these economies are dynamically e±cient. Hence
a PAYG Social Security system seems undesirable.
In this paper I present a model in which a PAYG Social Security system

may be welfare-improving even if the economy does not over-accumulate capital.
Hence an assessment of dynamic e±ciency as done by Abel et al. (and others)
is not su±cient to conclude that a Social Security System is undesirable. Other
empirical criteria must be used to make that claim.
The basic idea can be illustrated with a simple storage technology. There are
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two groups of agents in the economy, workers and innovators. All agents live for
two periods. Total endowment in each period is constant and equal to total wage
income of the workers. The population does not grow. Agents can save through a
storage technology. The rate of return to the technology is larger than one, i.e. the
interest rate is positive. Workers and innovators alike earn income from labor in
the ¯rst period only and have to provide for their old age through savings. They
can choose to save through the storage technology. However, every agent who
decides to do so has to pay a fee to the innovators based on the amount invested.
If the fee is large enough, the net return to investors can be below one. In such
a situation agents would prefer to forego saving through the storage technology
even though it reduces total output and total consumption. They would be better
o® to make a contract with future generations to simply transfer part of the ¯rst
period wages of the young to the old at a rate of one. Such a tax - transfer system
can be interpreted as a PAYG Social Security system.
In the remainder of the paper I develop this idea for economies with produc-

tive capital. Innovators have technological knowledge that improves productivity.
They sell this knowledge to ¯rms. Because innovators are monopolists in their
knowledge, they set a perfectly discriminating pricing scheme that maximizes
their income from this knowledge. I show that innovators set a pricing scheme
that has a component which is proportional to the capital stock of the ¯rms. This
fee on capital drives a wedge between the marginal product of capital and the rate
of return to investment. Thus, the rate of return to owners of the ¯rm may be
pushed below the growth rate of the economy even though the marginal product
of capital is above the growth rate, i.e. even though the economy is dynamically
e±cient. Wages and income grow at the growth rate of the economy. A PAYG
Social Security system of some size with an implicit rate of return at the growth
rate seems desirable.
However, in a dynamically e±cient economy which produces with accumulated

capital, the introduction of a Social Security system (under standard assumptions)
reduces the capital stock and thus total consumption. Therefore a Social Security
system is only welfare-improving if the utility derived from improved intertem-
poral allocation is larger than the loss of utility due to the reduction in total
consumption.
In the next section I lay out an explicit overlapping generations model with

production and two groups of agents, workers and innovators with monopolistic
powers. In section 3 the decision problem of the innovator is analyzed in detail,
and section 4 describes the equilibrium. Section 5 derives the main result - the
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welfare e®ects of the Social Security system - which is illustrated with an example
in section 6. Section 7 discusses the results and concludes.

2. The model

Consider an overlapping generations model with no population growth. Each
agent in this economy lives for 2 periods. Agents who become economically active
in period t constitute generation t. The economy starts at time 0 with agents of
generation ¡1 living in their second period.
Agents: Preferences of all individuals are given by their utility function

U = u (c1t; c2;t+1)

with cij ; i = 1; 2; j = t; t+1 denoting consumption spending at age i in period
j.

Assumption 1: U is twice continuously di®erentiable, increasing in both vari-
ables, strictly quasi-concave on the interior of R2+ and homothetic.

Assumption 2: limc1t!0 u1 (c1t; c2;t+1) =1 if c2t > 0 and
limc2t!0 u2 (c1t; c2;t+1) =1 if c1t > 0

Assumption 3: c1t and c2t+1 are normal goods and gross substitutes.

There are N agents in the economy, NW workers and N I innovators. All work-
ers are identical, hence there is a representative worker indicated by superscript
W . Innovators are indexed by i, i = 1; :::; N I . All agents are endowed with one
unit of labor when young which they sell inelastically in the market for the wage
wt.
Each innovator, in addition, is endowed with some unique technological knowl-

edge { his innovation. The innovation is valuable because it increases the pro-
ductivity of the technology. Hence, the innovator may receive some payment zit
for his knowledge. The innovator has a monopoly on his knowledge for only one
period, then the knowledge becomes part of the generally available technology.
Consumption in period 2 for either group of agents has to be ¯nanced out of

savings or through transfers (if any).
Workers maximize their utility subject to their budget constraint, given the

price of the consumption good, the wage rate, taxes and expected transfers, and
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the expected return to savings. The budget constraints (in real terms) for workers
are

wt ¡ tt = cW1t + s
W
t

cW2;t+1 = ½t+1s
W
t + Tt+1

where ½t+1 indicates the rate of return to investment, tt taxes paid when young,
Tt+1 transfers received when old. The equilibrium concept employed is the concept
of perfect foresight equilibrium. Hence expected prices are con¯rmed in equilib-
rium. Therefore I do not introduce distinct notation for expected prices. Given
the assumptions on the utility function, for each (wt; ½t+1; tt; Tt+1) the solution to
the intertemporal allocation problem for workers exists and is unique. The indi-
rect utility function for the representative worker is U ¤W (wt; ½t+1; tt; Tt+1) and his
savings function is sW (wt; ½t+1; tt; Tt+1).
Each innovator maximizes his utility. The budget constraints (in real terms)

for innovator i are

wt + z
i
t ¡ tt = ci1t + s

i
t

ci2;t+1 = ½t+1s
i
t + Tt+1

The innovator takes ½t+1, tt and Tt+1 as given. z
i
t and possibly wt depend on

how the innovator sells his technological knowledge in the market or otherwise uses
it. However, for any wt+ zit and given (½t+1; tt; Tt+1) the solution to the intertem-
poral allocation problem for innovators exists and is unique. Denote the indirect
utility function for innovator i given some wt and z

i
t by U

¤i (wt; ½t+1; zit; tt; Tt+1)
and his savings function by si (wt; ½t+1; z

i
t; tt; Tt+1). Standard arguments show that

the innovator's utility is strictly increasing in his income, i.e.

dU¤i (wt; ½t+1; zit; tt; TT+1)

d (wt + zit)
> 0 . (2.1)

By Assumption 3 savings are increasing in ½t+1, i.e.
@esW (ewt;½t+1;ezt;;tt;Tt+1)

@½t+1
> 0

and
@esI(ewt;½t+1;ezt;;tt;Tt+1)

@½t+1
> 0.

Production: At the end of t ¡ 1 the young found ©t ¯rms indexed by Á =
1; :::;©t. Firms exist for one period. The investment decisions of the young
determine the amount of capital KÁ which ¯rm Á owns. Hence total capital stock
in period t is Kt =

P©t
Á=1K

Á.
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Firms maximize their value to their owners. Firms do so by producing the
single good of the economy using their capital KÁ and hiring labor. Alternatively,
¯rms sell their productive capacity. Firms are small compared to the economy
and hence act as price taker when making their decisions. At the end of period t
¯rms distribute their pro¯ts or their selling price to their owners.
The technology of the economy is described by the constant return to scale

production function F (K; °L). ° is a productivity coe±cient which can di®er
from ¯rm to ¯rm and also changes over time.

Assumption 4: F is twice continuously di®erentiable, increasing, strictly con-
cave and FKL > 0.

Assumption 5: The Inada conditions are satis¯ed, i.e. limK!0 F (K; °L) = 0 ,
limK!0 FK (K;°L) = 0 and limK!1 FK (K; °L) =1

Assumption 6: FL (K; °L) + °LFLL (K;°L) > 0.

Capital depreciates fully, hence F (K;°L) is total output. In each period
technological progress takes place and increases the productivity coe±cient °. In
each period all available new knowledge combined can increase productivity by
a factor ¸ = 1. Hence in period t, F (K;¸tL) is the best available technology.
However, some of the knowledge necessary to achieve ¸t is privately owned by
innovators and can only be used if the innovator permits it.
Assume that in period t ¯rms by their own e®orts can utilize the technology

according to a productivity coe±cient ¹¸t¡1. The factor ¹ with ¹ 5 ¸ measures
how well ¯rms can utilize the available knowledge which permits a productivity
coe±cient ¸t¡1. If ¸ = ¹ > 1 ¯rms make a positive contribution to technological
progress in each period. Innovator i owns knowledge that permits a productiv-
ity increase measured by the factor ¹i. If a ¯rm obtained the right to use the
knowledge of innovator i, it would produce with a coe±cient ¹i¹¸t¡1. Hence
¸ =

QN I

i=1 ¹
i¹.

Without access to the privately owned knowledge, ¯rm Á's pro¯ts are

max
LÁ

n
F
³
KÁ; ¹¸t¡1LÁ

´
¡ wLÁ

o
1 (2.2)

This is the minimum pro¯t that ¯rm Á can generate, its "reservation-pro¯t".

1Time subscripts are omitted for simplicity because the decision probem of the ¯rm is not
intertemporal.
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If innovator i o®ers to license knowledge to ¯rm Á, the ¯rm makes its decision
according to

max
1;2

8
<
:
maxLÁ

n
F
³
KÁ; ¹i

Q
J ¹

j¹¸t¡1LÁ
´
¡wLÁ ¡ zÁi

o
,

maxLÁ
n
F
³
KÁ;

Q
J ¹

j¹¸t¡1LÁ
´
¡ wLÁ

o
9
=
; . (2.3)

Q
J ¹

j is the knowledge that ¯rm Á has licensed from innovators

J ½
n
jjj = 1; :::; N I ; j 6= i

o
before i's o®er. zÁi denotes the payment of ¯rm Á to

the innovator i. zÁi can be a function of KÁ, LÁ and other characteristics of ¯rm
Á. Note that ¯rms take wages as being independent of their choice of technology
because they are small relative to the market.
If innovator i o®ers to purchase ¯rm Á, the ¯rm makes its decision taking into

account its reservation pro¯t (2.2) and expected pro¯ts due to o®ers by other
innovators.
Social Security: A pay-as-you-go Social Security system taxes the young for

an amount tt to pay transfers Tt to the old. The Social Security system taxes wage
income at rate ¿ = 0 for a total amount of tt = ¿wt per agent. It must balance its
budget every period, hence each agent receives Tt+1 = ¿wt+1 when old. As labor
is supplied inelastically the tax on wages is a lump sum tax.

3. Pricing Decisions by Innovators

From the discussion of the innovators' optimization problem (see (2.1)) it is clear
that innovators want to maximize (real) income . The strategy to achieve that goal
depends on how innovators perceive their environment. I present two scenarios.
First, innovators set prices for their knowledge but take the real wage rate as
given. Second, innovators realize that their monopoly power over the technology
may have spill-over e®ects in the labor market and they take this into account.
In addition, I brie°y discuss the interaction between multiple innovators.

3.1. Innovators as Price Takers

To simplify the presentation I assume for the remainder of this section that there
is only one innovator I. Then ¯rms produce with production coe±cient ¸t if they
use the knowledge of the innovator, and with ¹¸t¡1 without the knowledge of the
innovator. Equation (2.1) shows that the innovator maximizes his utility when he
maximizes zIt for given wt.
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Suppose the innovator licenses his knowledge to ¯rms. Then zIt is the sum of
payments from each ¯rm, i.e. zIt =

P©t
Á=1 z

ÁI
t . The decision problem of each ¯rm

is independent of the decision problem of all the other ¯rms. Hence the innova-
tor maximizes his income by perfectly price discriminating between the ¯rms and
maximizing his income from each ¯rm. This in particular implies that the innova-
tor licenses his knowledge to all ¯rms. The innovator solves the following problem
for each ¯rm. For ease of notation I omit time subscripts and the superscript I
denoting the innovator.

max zÁ

s.to. max
LÁ

n
F
³
KÁ; ¸tLÁ

´
¡ wLÁ ¡ zÁ

o
= max

LÁ

n
F
³
KÁ; ¹¸t¡1LÁ

´
¡ wLÁ

o
(3.1)

where zÁ can be a function of the characteristics of the ¯rm in particular its capital
stock and labor input. The constraint is a participation constraint for the ¯rm
derived from the maximization problem of the ¯rm (2.3). The right hand side
is the "reservation-pro¯t" for the ¯rm, the pro¯t the ¯rm can earn without the
innovator.
De¯ne LÁ¹ and LÁ¸.

LÁ¹ = argmax
LÁ

n
F
³
KÁ; ¹¸t¡1LÁ

´
¡ wLÁ

o

and LÁ¸ = argmax
LÁ

n
F
³
KÁ; ¸tLÁ

´
¡ wLÁ ¡ zÁ

o
(3.2)

Note that LÁ¸ depends on the the function zÁ.

Proposition 3.1. The innovator sets a licensing fee for each ¯rm Á which is
proportional to the capital stock of the ¯rm, i.e. zÁ = ³KÁ.

Proof. Firm Á's optimal labor demand LÁ¹ for technology ¹ is determined
by ¹¸t¡1FL

³
KÁ; ¹¸t¡1LÁ

´
= w. Given w the reservation pro¯t is determined.

This implies that zÁ can attain its maximal value only when the ¯rm's pro¯t
F
³
KÁ; ¸tLÁ

´
¡ wLÁ is maximal. Like the ¯rm, the innovator takes w as given.

Hence, the innovator wants the optimal labor choice LÁ¸ to be governed by
¸tF

³
KÁ; ¸tLÁ

´
= w. The innovator does not want to distort the labor input

decision LÁ¸ by the ¯rm. Optimal zÁ does not depend on labor.
Thus, optimal choices of LÁ¸ and LÁ¹ combined with the fact that F is constant

return to scale implies

F
³
KÁ; ¸tLÁ¸

´
¡wLÁ¸ = FK

³
KÁ; ¸tLÁ¸

´
KÁ

and F
³
KÁ; ¹¸t¡1LÁ¹

´
¡ wLÁ¹ = FK

³
KÁ; ¹¸t¡1LÁ¹

´
KÁ (3.3)
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Hence,
zÁ =

h
FK

³
KÁ; ¸tLÁ¸

´
¡ FK

³
KÁ; ¹¸t¡1LÁ¹

´i
KÁ

The constant return to scale property also implies that the marginal product
of labor and capital only depend on the capital labor ratio KÁ=LÁ¸ and KÁ=LÁ¹,
respectively. Given w these capital labor ratios are constant across ¯rms. Thus,
the di®erence in the marginal products of capital for the di®erent technologies is
constant across ¯rms. Hence, the innovator sets the fee zÁ = ³KÁ proportional
to the capital stock of each ¯rm with

³ =
h
FK

³
KÁ; ¸tLÁ¸

´
¡ FK

³
KÁ; ¹¸t¡1LÁ¹

´i
(3.4)

The fee of the innovator creates a wedge between the marginal product of
capital and the return to saving. This fee has an e®ect similar to a tax on capital.

Lemma 3.2. If innovator I contributes to technical progress
³
i.e. ¸ > ¹ or ¹I > 1

´

the fee is positive. It increases in ¹I .

Proof. To show that ³ > 0 analyze dG=d° with

G ´ FK
³
KÁ; °LÁ°

´

s.to. °FL
³
KÁ; °LÁ°

´
¡ w = 0 .

For any capital stockKÁ and any wage rate w the marginal product of capital is
determined by the optimal labor choice LÁ°. If dG=d° > 0, a better technological
coe±cient ° increases the marginal product of capital. The ¯rm with the higher
coe±cient (¸t versus ¹¸t¡1) has a higher marginal product of capital.
Total di®erentiation yields

dG = FKL ¢
h
LÁ°d° + °dLÁ°

i

h
FL + °L

Á°FLL
i
d° +

h
°2FLL

i
dLÁ° = 0 (3.5)

Rearranging (3.5) shows that e®ective labor input °LÁ° increases in °

LÁ°d° + °dLÁ° = ¡ FL
°FLL

d° (3.6)
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By the constant return to scale property of F , in particular ¡FKL=FLL =
°LÁ°=KÁ, the result

dG

d°
=
FLL

Á°

KÁ
> 0

is obtained. Hence ³ > 0 if ¹I > 1: As
³ =

h
FK

³
KÁ; ¹I¹¸t¡1LÁ¸

´
¡ FK

³
KÁ; ¹¸t¡1LÁ¹

´i
, ³ increases in ¹I .

Remark 1: Even though e®ective labor input °LÁ° increases in ° for a given
w, in general LÁ° need not increase in °. LÁ° increases in ° if (from (3.5))

°LÁ°FLL + FL > 0

By Assumption 6 the technology has this property.
Remark 2: The above result depends on the assumption that ¯rms believe

they are small compared to the market. They believe that their own choice of
technology does not in°uence the price system. This however means that the
prices they assume to be prevailing if they do not adopt the technology are not
equilibrium prices if a non-negligible fraction of ¯rms does not adopt the technol-
ogy.
The next lemma shows that licensing the knowledge in the above way is an

optimal strategy.

Lemma 3.3. Given the price taking assumption, the innovator is indi®erent be-
tween licensing his knowledge to ¯rms and purchasing the productive capacity of
¯rms and operating them himself.

Proof. As both the ¯rms and the innovator take prices as given, the optimal
choice of labor input for an amount KÁ is identical. Hence output and labor costs
are the same. The licensing fee zÁ is so large that ¯rm Á just earns its reservation
pro¯t. But if the innovator purchased the ¯rm he would have to pay the ¯rm at
least its reservation pro¯t. Hence the innovator cannot do better by producing
himself.

Denote total capital stock in the economy by

K =
©X

Á=1

KÁ (3.7)
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and total hypothetical labor demand if technology ¹¸t¡1 were used by

L¹ =
©X

Á=1

LÁ¹ . (3.8)

With these de¯nitions ³ can be expressed in terms of aggregate variables.

Lemma 3.4. In equilibrium ³ = [FK (K;¸tN)¡ FK (K;¹¸t¡1L¹)] with L¹ de-
termined by ¸tFL (K;¸tN ) = ¹¸t¡1FL (K;¹¸t¡1L¹).

Proof. If the innovator charges the optimal licensing fee, ¯rms are indi®erent
between licensing the technology and not licensing. Therefore, in equilibrium all
¯rms license the technology. Then by the constant return of scale property of the
production function, the market clearing wage is w = ¸tFL (K;¸

tN). Hence for
each ¯rm the optimal capital labor ratio isKÁ=LÁ¸ = K=N . This ratio determines
the marginal product of capital in the ¯rst part of ³.
In equilibrium the reservation pro¯t for ¯rms is determined at the equilibrium

wage rate for technology ¸. Again by constant return to scale, all ¯rms choose
an identical capital labor ratio KÁ=LÁ¹ = K=L¹ with L¹ determined as stated
above. Thus ³ has the structure as stated.

The analysis in this section showed the crucial role of the wage rate in deter-
mining the market value of the innovation. If the innovator realizes that he may
be able to in°uence the wage rate if he purchases ¯rms and hence acquires market
power in the labor market, the above licensing structure is not optimal. The next
section discusses this issue in detail.

3.2. An Innovator as Price Leader

As in the previous section assume that there is only one innovator I. Because
I want to discuss how the monopoly power of the innovator leads to imperfect
competition in the labor market, this assumption intensi¯es any potential e®ects.
Suppose that the innovator purchases ¯rms outright and operates them himself

instead of licensing his knowledge to these ¯rms. If he buys enough ¯rms he
becomes large relative to the market. However, as long as there is any other ¯rm
in the market { which may produce with technology ¹¸t¡1 { the innovator has to
compete for labor because workers work for the ¯rm that pays the highest wage.
But by assumption, existing ¯rms act as price takers. Thus, the innovator can
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establish himself as a price leader in the labor market; he chooses the wage rate
w.
The innovator announces a wage rate w, purchases some ¯rms at the reserva-

tion pro¯t to their owners and licenses his technology to others.2

Proposition 3.5. The optimal licensing schedule is linear in KÁ and LÁ.

Proof. Suppose the innovator purchased all ¯rms outright. Then the innovator
controls total production in the economy. Hence all production decisions are
made to maximize the innovator's real income and thus his utility. The innovator
considers the following problem:

max
fLÁ;LÁ¹g

w +
©X

Á=1

h
F (KÁ; ¸tLÁ)¡ wLÁ

i
¡

©X

Á=1

h
F (KÁ; ¹¸t¡1LÁ¹)¡ wLÁ¹

i
3

s.to. ¹¸t¡1FL(K
Á; ¹¸t¡1LÁ¹) = w 8Á; Á = 1; :::;© (3.9)

and
©X

Á=1

LÁ = N

Again, de¯ne K as total capital stock (see (3.7)) and L¹ as total hypothetical
labor demand (see (3.8)).
First, consider the LÁ's. The optimal choices of LÁ require that the marginal

product of labor ¸tFL(KÁ; ¸tLÁ) be equal for all ¯rms and that all resources be
used. The constant return to scale property and the resource constraints imply
¸tFL(K

Á; ¸tLÁ) = ¸tFL(K;¸
tN ) 8Á. Hence,

©X

Á=1

h
F (KÁ; ¸tLÁ)¡ wLÁ

i
= F (K;¸tN)¡ wN

Second, (3.9) implies that KÁ=LÁ¹ is constant across all ¯rms. Thus,

2I assume the innovator cannot 'cheat' on his wage announcement. If he were able to purchase
all ¯rms and only then commence production, he would not want to pay the wage he announced
but a wage rate of 0. But then previous owners would regret their sale.

3Recall that the innovator supplies one unit of labor himself. Also note, that a positive tax
on wages alters the decision of the innovator. His after tax income from labor is (1¡ ¿)w.
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¹¸t¡1FL(KÁ; ¹¸t¡1LÁ¹) = ¹¸t¡1FL(K;¹¸t¡1L¹) 8Á and
©X

Á=1

h
F (KÁ; ¹¸t¡1LÁ¹)¡ wLÁ¹

i
= F (K;¹¸t¡1L¹)¡wL¹

Moreover,
w = ¹¸t¡1FL(K;¹¸

t¡1L¹) (3.10)

Thus, the decision problem of the innovator can be expressed as a choice
problem over L¹.

max
L¹

w + F (K;¸tN)¡ wN ¡ F (K;¹¸t¡1L¹) + wL¹

with w as in (3.10). Taking the derivative with respect to L¹ gives the condi-
tion

¹2¸2(t¡1)FLL(K;¹¸
t¡1L¹) [1¡N + L¹] = 0

The second derivative at [1¡N + L¹] = 0 is ¹2¸2(t¡1)FLL(K;¹¸t¡1L¹) < 0.
Hence, the innovator maximizes his real income when he sets wages such that
L¹ = N ¡ 1.
The innovator is indi®erent between purchasing a ¯rm and licensing his knowl-

edge to that ¯rm if the ¯rm uses a capital labor ratio KÁ=LÁ = K=N and pays

zÁ = F (KÁ; ¸tLÁ) ¡wLÁ ¡
h
F (KÁ; ¹¸t¡1LÁ¹)¡ wLÁ¹

i
:

The price taking ¯rm chooses the right capital labor ratio if the innovator
charges a fee on labor

³L = ¸
tFL(K;¸

tN)¡ ¹¸t¡1FL
³
K;¹¸t¡1 (N ¡ 1)

´
(3.11)

The remainder of the desired fee zÁ can be extracted if the innovator charges
a fee on capital

³K = FK(K;¸
tN) ¡ FK

³
K;¹¸t¡1 (N ¡ 1)

´
(3.12)

The argument is analogous to (3.3)
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Hence,
zÁ = ³LL

Á + ³KK
Á

As in the price taking case, the innovator wants to license his knowledge to
all ¯rms. However the wage rate which maximizes his income is not equal to
the optimal marginal product of labor. The licensing fee on labor equalizes the
e®ective wage rate to ¯rms with the marginal product of labor. If the innovator
did not charge such a fee on labor, ¯rms in the market would demand more labor
than optimal because of the low wage rate. The actions of the innovator have
to support his announced wage rate. Hence, he would have to reduce the labor
demand for the ¯rms he owns below the optimal amount. The marginal product
of labor for the innovators' own ¯rms would be higher than the marginal product
of labor for ¯rms in the market.

Lemma 3.6. ³L and ³K are positive.

Proof. ³L is positive by Assumption 6, ³K is positive by FKL > 0.

The following lemma compares the fee on capital for the price taking scenario
and the price leader scenario.

Lemma 3.7. The fee on capital is higher if the innovator is a price taker than if
he is a price leader on the labor market.

Proof. Compare ³K (see (3.12)) and ³ in the price taking equilibrium (see
Lemma 3.4). The marginal product of capital of actual production is identical.
However, hypothetical labor input for production with technology ¹¸t¡1 is lower
in the price taking scenario. The wage rate in the price taking case is
w = ¸tFL (K;¸

tN) and thus by Assumption 6 higher than
w = ¹¸t¡1FL (K;¹¸t¡1 (N ¡ 1)) in the price leading case. As FKL > 0 the hypo-
thetical marginal product of capital with technology ¹¸t¡1 is lower in the price
taking scenario.

Remark 3: It is a well-known result that in models with imperfectly compet-
itive pro¯t maximizing ¯rms, the price-normalization rule for the economy can
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in°uence the equilibrium allocation4. Imperfectly competitive ¯rms manipulate
the relative prices in the economy and use the pro¯t objective to evaluate various
relative price systems. But this implies that the price level at each of the relative
price systems is relevant for the comparison and hence in°uences the ultimate
allocation in the economy.
If the innovator acts as a price taker, he does not actively in°uence the relative

price system. Thus, the price-normalization rule has no in°uence on the equilib-
rium allocation even though the innovator sets his fees according to an income
criterion.
If the innovator acts as a price leader he manipulates the relative price system

and the price-normalization rule could potentially be relevant for the equilibrium
allocation. However, the primary objective of the innovator is to maximize his
utility. Income maximization is only a derived objective. As the innovator only
derives utility from the single (consumption) good in the economy maximization
of his utility is equivalent to maximization of his real income in that good.

3.3. Many Innovators

If many innovators contribute to technical knowledge, these innovators may com-
pete among themselves for the right to sell their innovation to ¯rms. However,
in this model knowledge is cumulative. Any increase in the production coe±cient
increases pro¯t to the ¯rm. Hence, no matter how productive the ¯rm already
is, the ¯rm would like to use the knowledge of the innovator and conversely the
innovator can sell his knowledge for a positive price to that ¯rm. If innovators
act as price takers in the labor market, they sell their knowledge to all ¯rms.
However, an issue arises about the fee the innovator can charge. The order in
which innovators sell their knowledge to ¯rms matters.
Suppose the ¯rm produces with production coe±cient ° which is determined by

the generally available coe±cient and the productivity increases due to knowledge
already purchased from other innovators. The innovator currently negotiating
with the ¯rm can improve the production coe±cient by a factor ¹i. He can
charge the fee

³ =
h
FK

³
KÁ; ¹i°LÁ(¹°)

´
¡ FK

³
KÁ; °LÁ°

´i

with LÁ(¹°) and LÁ° the optimal labor choices at the wage rate w. The ¯rst

4The earliest reference for this class of results I know of is Gabszewicz and Vial (1972).
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derivative with respective to °

¹iLÁ(¹°)FKL
³
KÁ; ¹i°LÁ(¹°)

´
¡ LÁ°FKl

³
KÁ; °LÁ°

´

shows that this ³ is increasing in ° because ¹i > 1, LÁ(¹°) > LÁ° by Assumption
6, and FKL > 0. Additional knowledge is more valuable the more productive the
¯rm already is. But this implies that an innovator would want to be the last
one to sell his knowledge to ¯rms. Thus, given the price taking assumption no
innovator has an incentive to purchase ¯rms outright. Once he has done so he
would want to license knowledge from other innovators; however the pro¯t he
realizes from his own innovation would be the lowest one given the opportunities
in the economy.
The total fee the innovator is able to charge depends on the order in which

he and other innovators sell their knowledge to ¯rms. I do not make any speci¯c
assumptions on how this order is determined.
If innovators realize that they may establish market power on the labor market,

a variety of imperfectly competitive outcomes become a possibility. However, it
should be clear that innovators always want to charge some fee related to the
capital stock of the ¯rm in order to extract the increased pro¯t from the increase
in the marginal product of capital.
To summarize, the analysis of the decision problem of the innovators has shown

that irrespective of the assumption on price taking behavior, innovators charge
some fee that is proportional to the capital stock of the ¯rm. The presence of
the innovators creates a wedge between the marginal product of capital and the
return to investment. This wedge drives the result about the bene¯ts of a Social
Security system.
Thus, for the remainder of the paper I focus on the case with many innovators

who are price takers in the labor market. To simplify the presentation, I assume
that all innovators earn the same income from their knowledge and hence treat
them as if there were a representative innovator. However, it is straightforward
to adapt the notation to treat innovators individually.

4. Equilibrium

The following equations describe an equilibrium with many price taking innovators
who (by simplifying assumption) earn the same income from their innovation. The
demand functions arising from the maximization problem for workers are denoted
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cW1t (wt; ½t+1; wt+1; ¿) ; c
W
2t (wt; ½t+1; wt+1; ¿ ) and s

W
t (wt; ½t+1; wt+1; ¿ ), the demand

functions for the innovators by cI1t (wt; ½t+1; zt; wt+1; ¿) ; c
I
2t (wt; ½t+1; zt; wt+1; ¿) and

sIt (wt; ½t+1; zt; wt+1; ¿). This notation incorporates the balanced budget assump-
tion of the Social Security system.
De¯nition: Given K0; sW¡1 and s

I
¡1 an equilibrium is a sequence of allo-

cations
n
cW1t ; c

W
2t ; s

W
t ; c

I
1t; c

I
2t; s

I
t

o1
t=0

and of prices fwt; ½t; ³tg1t=0 such that for all
t = 0; 1; 2; :::
(a)

³
cW1t ; c

W
2t ; s

W
t

´
;
³
cI1t; c

I
2t; s

I
t

´
solve the agents maximization problem.

(b) wt = ¸
tFL

³
Kt; ¸

tL¸t
´

(c) ½t+1 = FK
³
Kt; ¸tL¸t

´
¡ ³t+1

(d) ³t = FK
³
Kt; ¸tL¸t

´
¡ FK (Kt; ¹¸t¡1L

¹
t )

(e) L¹t de¯ned by wt = ¹¸
t¡1FL (Kt; ¹¸

t¡1L¹t )
(f) Kt+1 = N

W sWt +N
IsIt

(g) L¸t = N
(h) Firms adopt technology ¸.
(i) The Social Security system balances its budget.
(a)-(g) and the budget constraints imply that materials balance:

Kt+1 +N
W cWt +N

IcIt = F (Kt; ¸
tLt)

I use R to indicate the marginal product of capital. Hence, Rt = ½t + ³t and
zt = ³tKt=N I .
The existence of the old technology gives rise to some unusual features of these

equilibrium conditions. Plugging (d) into (c) shows that

½t+1 = FK
³
Kt; ¹¸

t¡1L¹t
´
:

The return to investment is fundamentally determined by the marginal product
of capital associated with the "reservation-pro¯t" of ¯rms and not the realized
marginal product of capital.
This implies that ½t+1 (and similarly zt via ³) depends on the hypothetical

labor input decision L¹t at wage rate wt. In general L
¹
t is not equal to L

¸
t = N .

For the welfare analysis it proves useful to restate the equilibrium conditions,
detrending all variables and using the production function in its intensive form.
The economy grows exogenously at rate ¸. With the homogeneity assumptions

on preferences and technology all variables can be detrended by dividing by ¸t.
All detrended variables are indicated by a tilde e, i.e. esWt = sWt =¸

t, esIt = sIt =¸
t,

ecW1;t = cW1;t=¸t, ecW2;t = cW2;t=¸t, ecI1;t = cI1;t=¸t, ecI2;t = cI2;t=¸t, fKt = Kt=¸
t, ewt = wt=¸t,

ezt = zt=¸t.
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To transform the production function into its intensive form, output and input
variables are divided by N to restate them in terms of "per person of generation
t".
De¯ne the capital labor ratio ekt ´ Kt=¸t

N
and the "employment ratio for tech-

nology ¹" `¹t ´ L¹t
N

5. By analogy, the "employment ratio for technology ¸" is

`¸t ´ L¸t
N
which is equal to 1 in equilibrium. De¯ne the intensive form of technol-

ogy F by f (x) ´ F (x; 1). For a technology ¹ the following relations hold:

F (Kt; ¹¸
t¡1L¹t )

¸tN
=
¹

¸
`¹t F

Ã
¸

¹

1

`¹t
ekt; 1

!
= FK

Ã
¸

¹

1

`¹t
ekt; 1

!
ekt +

¹

¸

FL
³
¸
¹
1
`¹t

ekt; 1
´

¸t
`¹t

Hence, in particular, competitive ¯rms choose the optimal labor input according
to

ewt =
¹

¸

FL
³
¸
¹
1
`¹t

ekt; 1
´

¸t
=
¹

¸
f

Ã
¸

¹

1

`¹t
ekt
!
¡ f 0

Ã
¸

¹

1

`¹t
ekt
! ekt
`¹

Below are the equilibrium conditions restated in their detrended per person form.
The set of equilibrium conditions has been expanded to include one explicitly
stating ezt.

ewt = f
³ekt

´
¡ f 0

³ekt
´ ekt (4.1)

½t = f 0
³ekt

´
¡ ³t (4.2)

ezt =
N

N I
³tekt (4.3)

³t = f 0
³ekt

´
¡ f 0

Ã
¸

¹

1

`¹t
ekt
!

(4.4)

ewt =
¹

¸
f

Ã
¸

¹

1

`¹t
ekt

!
¡ f 0

Ã
¸

¹

1

`¹t
ekt

! ekt
`¹t

(4.5)

¸ekt+1 =
NW

N
esW ( ewt; ½t+1; ewt+1; ¿) +

N I

N
esI ( ewt; ezt; ½t+1; ewt+1; ¿ ) (4.6)

De¯nition: A balanced growth equilibrium is an equilibrium in which ek = ekt
for all t. This implies that ewt = ew, ezt = ez, ½t = ½, ³t = ³, `¹ = `¹t , esWt = esW ,

5Recall that this 'employment ratio for technology ¹' is an out of equilibrium choice not an
actually realized employment ratio. If some or all ¯rms were actually operating with technology
¹, the equilibrium wage rate would change until full employment is achieved.
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esIt = esI , ecW1;t = ecW1 , ecW2;t = ecW2 , ecI1;t = ecI1, ecI2;t = ecI2 for all t. The capital stock,
consumption and wages grow at the constant rate ¸. Hence kt+1 = ¸kt and
wt+1 = ¸wt.
The following properties for the equilibrium can be established.
Existence: A perfect foresight balanced growth equilibrium exists for this

economy. The proof follows Galor and Ryder (1989).

By
@es(ewt;½t+1;ezt;¿)

@½t+1
> 0, for every ekt there is a unique ekt+1 and by (4.5) a unique

ekt+1=`¹t+1 which solve (4.6). Hence ½t+1 is a perfect foresight price. Given the
assumption on the production function there exist a maximal sustainable capital
stock. Hence every path enters the range (ekmax; 0] and remains there. With the
assumption on preferences a balanced growth path exists with ek in (ekmax; 0].
Dynamic e±ciency: Moreover, a non-trivial balanced growth path is dy-

namically e±cient if R = ¸. Then economy does not over-accumulate capital; it
is not possible to increase total balanced growth consumption.
Following Phelps (1965), total consumption measured per person of generation

t is ect = f(ekt) ¡ ekt+1 = f(ekt) ¡ ¸ekt. Di®erentiating this equation gives @ect
@ekt =

f 0(ekt)¡ ¸ which implies the result.

5. Welfare e®ects of the Social Security System

I am now turning to the main result of the paper:

Proposition 5.1. There exist economies which do not over-accumulate capital
in which a pay-as-you-go Social Security system can be welfare improving for all
agents.

Proof. (Outline) First, the conditions are derived for which a marginal tax
increase in the Social Security tax increases the utility for both the workers and
the innovators in the economy on a balanced growth path. A necessary condition
is that the growth rate for the economy ¸ is larger than the rate of return to
savings ½. To show that there exist economies for which this marginal utility is
positive, I study the balanced growth equilibria of economies with a Cobb-Douglas
technology and log-linear preferences. For some parameter values these economies
have a marginal product of capital R which is greater than the growth rate ¸ while
at the same time the return to savings is below the growth rate. Moreover, I show

19



that for some of these economies the marginal utility of a Social Security tax
increase (from a level of 0) is positive.

In the remainder of this section I derive the condition for which a marginal
increase in the tax rate ¿ increases the utility on the balanced growth path.6

The indirect utility functions are given by

UW¤ = UW¤ ( ew; ½; ¿ ) and U I¤ = U I¤ ( ew; ez; ½; ¿)

As the decision problem for the workers and the innovators only di®ers in
their budget constraint, the welfare analysis is similar for both. Therefore, I only
state the conditions for the problem of the innovator. The di®erence between the
problem of the worker and the innovator is that innovators have a second source
of income and hence their utility depends on ez.
Totally di®erentiating the indirect utility function, recognizing that the budget

constraint could be written as ec1+¸=½ec2 = eII with eII =
³
1¡ ¿ + ¿¸

½

´
ew+ ez gives:

dU I¤( ew; ez; ½; ¿ ) =
±U I¤

± eI
± eII

± ew
d ew +

"
±U I¤

±1=½

±1=½

±½
+
±U I¤

± eI
± eII

±½

#
d½

+
±U I¤

± eI
± eII

±ez
dez +

±U I¤

± eII
± eII

±¿
d¿ (5.1)

±UI¤

±eII is positive. By Roy's identity
±UI¤
±1=½

.
±UI¤

±eII = ¡¸ec2 = ¡
³
½esI + ¿¸ ew

´
: Then

equation (5.1) can be rewritten as

1
±Ui¤

±eII
dU I¤( ew; ez; ½; ¿) =

"Ã
1¡ ¿ + ¿¸

½

!
;
esI

½
; 1;

Ã
¸

½
¡ 1

!
ew
#
2
6664

d ew
d½
dez
d¿

3
7775 (5.2)

To determine [d ew; d½; dez; d¿ ] the system of equilibrium conditions is totally
di®erentiated. ew, ½, ez depend on ek; in addition ½ and ez depend on `¹ via ³.

D1 ¢

2
6666664

d ew
d½
dez
d³
d`¹

3
7777775
= v ¢

"
@es
@ ew
;
@es
@½
;
@es
@ez
;
@es
@¿

#
¢

2
6664

d ew
d½
dez
d¿

3
7775

6This analysis is similar to Galor/ Ryder (1988).
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with

D1 =

2
666666664

1 0 0 0 0
0 1 0 1 0

0 0 1 ¡ N
NI
ek 0

0 0 0 1 ¡f 00
³
¸
¹
1
`¹
ek
´
¸
¹

ek
(`¹)2

1 0 0 0 ¡f 00
³
¸
¹
1
`¹
ek
´
¸
¹

ek2
(`¹)3

3
777777775

and

v =

2
666666664

¡f 00
³ek
´ ek

f 00
³ek
´

N
NI ³

f 00
³ek
´
¡ f 00

³
¸
¹
1
`¹
ek
´
¸
¹
1
`¹

¡f 00
³
¸
¹
1
`¹
ek
´
¸
¹

1
(`¹)2

ek

3
777777775

where es denotes total saving and the partial derivatives @es
@ew ;

@es
@½
; @es
@ez ;

@es
@¿
are de-

rived from (4.6) the law of motions for capital

ek = es ( ew; ez; ½; ¿) =
1

¸

"
NW

N
esW ( ew; ½; ¿ ) +

N I

N
esI ( ew; ez; ½; ¿ )

#
:

De¯ne D to be the following matrix:

D = D1 ¡ v ¢
"
@es
@ ew
;
@es
@½
;
@es
@ez

#
.

Then provided that D is invertible the equilibrium conditions can be written
as: 2

6666664

d ew
d½
dez
d³
d`¹

3
7777775
=
adj D

jDj v ¢
@es
@¿
d¿ (5.3)

with adj D the transpose of the cofactor matrix of D. The e®ect of parameter
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changes on the endogenous variables is re°ect by the matrix E.

e ¢ E ´ adjD ¢ v = e ¢

2
6666666664

¡f 00
³ek
´ ek

f 00
³ek
´
`¹

N
N I

³
³ + f 00

³ek
´ ek (1¡ `¹)

´

f 00
³ek
´
(1¡ `¹)h

f 00
³ek
´ ek ¡ ¸

¹(`¹)2
f 00
³
¸
¹
1
`¹
ek
´i
=e

3
7777777775

with

e = ¡f 00
Ã
¸

¹

1

`¹
ek
!
¸

¹

ek2

(`¹)3

jDj evaluates to

jDj = e¡ e
Ã
¡f 00

³ek
´ ek
@es
@ ew

+ f 00
³ek
´
`¹
@es
@½
+
N

N I

³
³ + f 00

³ek
´ ek (1¡ `¹)

´ @es
@ez

!

The sign of jDj is related to the stability property of the equilibrium. If
¯̄
¯̄
¯
kt+1
kt

¯̄
¯̄
¯ =

¡f 00
³ek
´ ek @es

@ ewt +
N
NI

³
³ + f 00

³ek
´ ek (1¡ `¹)

´
@es
@ez

1¡ f 00
³ek
´
`¹ @es
@½t+1

< 1 (5.4)

the equilibrium is stable. The denominator is positive by @es
@½t+1

> 0. Rearrang-

ing (5.4) shows that if the equilibrium is stable, jDj > 0 as e > 0. However, no
general statement about the size and sign of jDj can be made.
With the changes in the endogenous variables determined by (5.3) the marginal

utility of a tax rate change using (5.2) can be expressed in the following form:

M I ´ 1
±U I¤

±eII

dU I¤( ew; ½; ez; ¿ )
d¿

jDj
e

=

"Ã
1¡ ¿ + ¿¸

½

!
;
esI

½
; 1;

Ã
¸

½
¡ 1

!
ew
#
2
666664

¡f 00
³ek
´ ek @es

@¿

f 00
³ek
´
`¹ @es
@¿

N
N I

³
³ + f 00

³ek
´ ek (1¡ `¹)

´
@es
@¿

jDj =e

3
777775

(5.5)
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MW can be de¯ned analogously. MW does not depend on ez, and the relevant
saving is esW .
If the equilibrium is stable andM I

³
MW

´
is positive, then the marginal utility

of a tax rate increase is positive for innovators (workers).

The last term
³
¸
½
¡ 1

´
ew jDj
e
inM I

³
MW

´
shows the direct e®ect of the tax rate

change. It is positive for stable equilibria when the growth rate in the economy ¸
is larger than the rate of return to savings ½.
The ¯rst three terms of M I

³
MW

´
capture the general equilibrium e®ect of a

change in tax rates on the capital stock. At ¿ = 0 the ¯rst part of M I evaluates
to "

¡f 00
³ek
´ ek ¢ 1 + f 00

³ek
´
`¹
esI

½
+
N

N I

³
³ + f 00

³ek
´ ek (1¡ `¹)

´
¢ 1
#
±es
±¿

and the ¯rst three terms of MW to
"
¡f 00

³ek
´ ek ¢ 1 + f 00

³ek
´
`¹
esW

½

#
±es
±¿

This implies that

M I =MW +

"
f 00
³ek
´
`¹
esI ¡ esW

½
+
N

N I

³
³ + f 00

³ek
´ ek (1¡ `¹)

´
¢ 1
#
±es
±¿

(5.6)

As ±esI
±¿
< 0 and ±esW

±¿
< 0, total saving declines in ¿ , i.e. ±es

±¿
< 0. ForM I

³
MW

´

to be positive, the utility gain from the Social Security system has to outweigh
the e®ect of the decline in balanced growth capital stock.

6. Example

Assume that U = ln c1;t + ¯ ln c2;t+1. Then savings for the workers is

sW ( ew;½; ¿ ) =
¯

1 + ¯

"Ã
1¡ ¿ ¡ ¿¸

¯½

!
ew
#

and for the innovators

sI ( ew; ez; ½; ¿ ) =
¯

1 + ¯

"Ã
1¡ ¿ ¡ ¿¸

¯½

!
ew + ez

#
:
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Using (4.6), balanced growth capital stock is

ek =
¯

¸ (1 + ¯)

"Ã
1¡ ¿ ¡ ¿¸

¯½

!
ew +

N I

N
ez
#
=

¯

¸ (1 + ¯)

"Ã
1¡ ¿ ¡ ¿¸

¯½

!
ew + ³ek

#
:

Thus, at ¿ = 0

@es
@ ew

=
¯

¸ (1 + ¯)

@es
@½

= 0

@es
@ez

=
¯

¸ (1 + ¯)

N I

N

@es
@¿

=
¡¯

¸ (1 + ¯)

Ã
1 +

¸

¯½

!
ew

The technology is Cobb-Douglas with coe±cient ®; i.e. f(ek) = ek®.
From equation (4.5) `¹ is determine as

`¹ =
µ
¹

¸

¶ 1¡®
®

=
µ
¹

¸
`¹
¶1¡®

The fee by the innovators is

³ = ®ek®¡1 (1¡ `¹) (6.1)

and the balanced growth capital stock is

ek =
Ã

¯

¸ (1 + ¯)

"
1¡ ®

µ
¹

¸

¶ 1¡®
®

#! 1
1¡®

(6.2)

At any balanced growth equilibrium jDj=e = 1¡ ®.
Hence at ¿ = 0

MW = ¡
Ã
1 +

¸

¯½

!
ew

¯

(1 + ¯)¸

"
®(1¡ ®)ek®¡1 ¡ esW

½
`¹®(1¡ ®)ek®¡2

#

+

Ã
¸

½
¡ 1

!
ew ¢
"
1¡ ¯

(1 + ¯)¸

³
®(1¡ ®)ek®¡1 + ³®

´#
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Using the balanced growth capital stock (6.2), ³ from (6.1),
and the facts that R = ®ek®¡1 and ½ = `¹R gives

¸(1 + ¯)
MW

ew
= ¡

Ã
1 +

¸

¯½

!
¯(1¡ ®)R

"
1¡ ¯(1¡ ®)

(1 + ¯)®

#
(6.3)

+

Ã
¸

½
¡ 1

!
(1¡ ®)¸(1 + ¯)

M I is derived analogously.

M I

ew
=
MW

ew
¡
Ã
1 +

¸

¯½

!
¯

(1 + ¯)¸

"
®(®¡ 1)k®¡2 `

¹

½

¯

1 + ¯

N

N I
³ek +

N

N I
®³

#

or

¸(1 + ¯)
M I

ew
= ¸(1 + ¯)

MW

ew
¡
Ã
1 +

¸

¯½

!
¯

1 + ¯

N

N I
(2®¯ + ® ¡ ¯) ³ (6.4)

Note that (2®¯ + ® ¡ ¯) > 0 if the economy is dynamically e±cient at ¹ = ¸
respectively ³ = 0. As the capital stock increases in ¹, this is a necessary condition
for any economy to be dynamically e±cient. Hence M I < MW for the economies
relevant for this analysis.
The innovators' utility is more adversely a®ected by a reduction in the cap-

ital stock than the workers' because their income depends directly on the total
amount of capital in the economy. This e®ect is stronger the smaller the group
of innovators, i.e. the larger N=N I . Thus if the Social Security system is welfare
improving for the innovators it is welfare improving for workers as well.
The balanced growth equation can be rewritten as

R =
¸(1 + ¯)¡ ¯³

¯

®

1¡ ® (6.5)

As ½ = R¡³ the two equations (6.4) and (6.5) determine the sign of ¸(1+¯)Mew
and hence the sign of dUW ( ew; ½; ¿ ) =d¿ for a balanced growth economy described
by Cobb-Douglas technology, log-linear utility and parameters ®, ¯, ¸, ¹.

³ = ®ek®¡1
µ
1¡

³
¹
¸

´1¡®
®

¶
re°ects the importance of the knowledge of the innova-

tors for that economy or alternatively is a measure for their monopoly power.
The graph in the Appendix shows in a R ¡ ³ diagram (a) the loci of R ¡ ³

combinations for which M I = 0 and MW = 0, respectively, (b) the locus of
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balanced growth economies which di®er by their parameter ¹ as captured by ³,
and (c) the locus of economies for which the marginal product of capital R = ¸.
In steady state economies to the left of the line M I = 0 innovators and hence

all agents bene¯t from a Social Security system. The diagram shows the economies
with ¯ = 1, ® = 0:38; N I=N = 0:2 and ¸ = 3:2 or an annual growth rate of 1:04
over 30 years. The locus of balanced growth economies and M I = 0 intersect at
R = 3:275 and ³ = 0:577. The associated ½ = 2:698 implies an annual rate of
return of 1:033. Hence, for example the balanced growth economy with ³ = :65,
R = 3:234 and an interest rate for savings ½ = 2:585 or annual interest of 1:032
has positive marginal utility for a Social Security system. In this economy ¯rms
contribute ¹ = 2:8213 and innovators ¹I = 1:134 to technological progress.

7. Discussion and Conclusion

This model shows that property rights of innovators in technological knowledge
can make a PAYG Social Security system desirable for all agents in the long run.
The transfer of wealth from the in¯nite future via the Social Security system can
Pareto-improve the allocation. The utility gains from changes in the intertemporal
allocation of consumption are so large that they outweigh utility losses due to
reduced total consumption.
However it should be noted that the Social Security system does not achieve a

Pareto-optimal allocation. The reason is that the economy is not e±cient in the
short run. Since the marginal product of capital is larger than the growth rate of
the economy, higher investment in the technology would increase total available
consumption. Moreover, the additional investment could receive a rate of return
at the marginal product of capital instead of the lower current rate of return to
savings. Hence agents' intertemporal allocation could be improved as well. To
achieve that goal innovators would have to be taxed. If this is not possible because
innovators cannot be identi¯ed, a PAYG Social Security system may be the second
best choice.
The example suggests that the costs of a Social Security system are larger to

innovators than to workers. Inspection of M I (see (5.6)) reveals that innovators
are less in favor of a social security system (M I < MW ) if the direct reduction
in income due to a reduction in the capital stock is large enough relative to
o®setting e®ects on the marginal product of capital. The e®ect of this income loss
on innovators is stronger the fewer innovators there are in the economy. Hence
it seems likely that innovators prefer no Social Security system or only a very
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small one, whereas workers are in favor of a larger system. Thus a Social Security
system may be too large relative to the Pareto-criterion but still provide welfare
gains for a large part of the population.
Whether the e®ects of monopolistic ownership of technology are large enough

to make a Social Security system desirable will ultimately be an empirical ques-
tion. In a stochastic environment it is not clear what interest rate should be used
to compare rates of return to investment and growth rates of the economy. More-
over, whether a PAYG Social Security system is welfare improving depends not
only on technological parameters but also on preferences.
A direct attempt to measure the size of payments to owners of technological

information or individuals who can otherwise increase productivity could use stock
market information. If company shares are issued to individuals without payment
or with only partial payment, these individuals acquire claims against the future
proceeds from the ¯rm. In other words, they are paid a fraction of the return
to capital investment by previous owners. The ratio of new shares to new total
shares gives the fraction of the return to capital that is paid to the new owners.
Combined with information on the marginal product of capital, a measure for the
return to investement is obtained.
As this paper shows, property rights in technological knowledge can potentially

warrant the existence of a PAYG Social Security system. The development of
empirical measures remains for future research.
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