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Abstract

We study the ex ante incentive compatible core, and provide conditions under which the e
incentive compatible core is nonempty when agents are informationally small in the sense of M
and Postlewaite (2002a, Econometrica, 70, 2421–2453).
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1. Introduction

While most of the game theoretic literature dealing with asymmetric informa
has focused primarily on noncooperative games, there is an expanding literatu
studies the core in the presence of incomplete information, most of which is sur
in Forges et al. (2002). Several different definitions of the core in incomplete inform
environments are possible depending on whether incentive constraints are imposed
whether coalitional decisions are made ex ante (before agents learn their types) o
interim stage (after agents learn their types). Our analysis deals with the ex ante in
compatible core which, as the name suggests, treats the case in which decisions a
at the ex ante stage and incentive constraints are taken to matter.
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While the core with complete information is nonempty under quite general cir
stances, Vohra (1999) and Forges et al. (2002) have recently shown that the ex a
centive compatible core may be empty in well-behaved exchange economies. One
this paper is to provide something akin to a continuity theorem: when the asymme
information among the agents in an exchange economy is small, the approximate
incentive compatible core is nonempty.

We study the core of pure a exchange economy in which agents are asymme
informed. Specifically, the agents’ utility functions will depend on an underlying
unobserved state of nature and each agent will receive a private signal that is cor
with the state of nature. Roughly speaking, this corresponds to a “common value” mo
which signals do not directly affect the underlying payoff functions but do affect expe
utilities.

Vohra (1999) has shown that the ex ante incentive compatible core is non
under strong conditions that limit the degree of informational asymmetry among a
Postlewaite and Schmeidler (1986) introduced the notion of nonexclusive inform
under which no single agent’s information is necessary to identify the correct sta
the world. Vohra shows that, if information is nonexclusive, then the ex ante ince
compatible core is nonempty. When an information structure is nonexclusive, the
information of one agent cannot affect the conditional probability distribution over s
when the information of the other agents is known. For the common value model th
study in this paper, we use the concept of informational size that we developed in M
and Postlewaite (2002a). This notion of informational size extends the nonexc
information concept by quantifying the degree to which a given agent’s information
affect the probability distribution over states, given all other agents’ information. Rou
speaking, an agent will be informationally small if, given other agents’ information,
very likely that the given agent’s information will have a small effect on the probab
distribution over states.

Our theorem on the nonemptiness of the ex ante incentive compatible core de
on two other aspects of the information structure used in McLean and Postle
(2002a): aggregate uncertainty and the variability of agents’ beliefs. Aggregate unce
quantifies the degree to which the aggregate of agents’ information resolves all unce
regarding the state of nature. Roughly speaking, the variability of an agent’s b
quantifies the difference in the conditional distributions on the state space induced
different types he might be. We show that generically, the ex ante incentive comp
core is nonempty if all agents are informationally small relative to the variability of t
beliefs and aggregate uncertainty. We further show that, in a replica economy, an a
informational size goes to zero as the number of agents increases.

2. Basic notation

Throughout the paper, letJq = {1, . . . , q} for each positive integerq and let‖ · ‖ denote
the 1-norm unless specified otherwise. LetN = {1,2, . . . , n} denote the set ofeconomic
agents. LetΘ = {θ1, . . . , θm} denote the (finite)state space and letT1, T2, . . . , Tn be finite
sets whereTi represents the set of possiblesignals that agenti might receive. For eac
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S ⊆N, let TS ≡∏
i∈S Ti. Elements ofTS will be written tS. For notational simplicity, we

will simply write T for TN andt for tN . If t ∈ T , then we will often writet = (tN\S, tS). If
X is a finite set, define

∆X :=
{
ρ ∈ �|X|

∣∣∣ ρ(x)� 0,
∑
x∈X

ρ(x)= 1

}
and

∆0
X :=

{
ρ ∈ �|X|

∣∣∣ ρ(x) > 0,
∑
x∈X

ρ(x)= 1

}
.

In our model, nature chooses an elementθ ∈ Θ. The state of nature is unobservab
but each agenti receives a “signal”ti that is correlated with nature’s choice ofθ. More
formally, let (θ̃ , t̃1, t̃2, . . . , t̃n) be an(n + 1)-dimensional random vector taking values
Θ × T with associated distributionP ∈∆Θ×T where

P(θ, t1, . . . , tn)= Prob
{
θ̃ = θ, t̃1 = t1, . . . , t̃n = tn

}
.

We will make the following assumption regarding the marginal distributions:1

For eachθ ∈Θ,

P(θ)= Prob
{
θ̃ = θ

}
> 0

and for eacht = (t1, . . . , tn) ∈ T ,

P(t)= Prob
{
t̃1 = t1, . . . , t̃n = tn

}
> 0.

If t ∈ T , let PΘ(·|t) ∈ ∆Θ denote the induced conditional probability measure onΘ.
Let χθ ∈∆Θ denote the degenerate measure that puts probability one on stateθ .

2.1. Economies

The consumption set of each agent is��+ and for eachθ ∈ Θ, wi ∈ ��++ denotes the
(state independent) initial endowment of agenti in stateθ . The preferences of agenti are
given by a utility functionui :��+ ×Θ → � whereui(·, θ) is the utility function of agen
i in stateθ . The following assumptions are maintained throughout the paper:

(i) ui(·, θ) is continuous and concave;
(ii) ui(0, θ)= 0;
(iii) ui(·, θ) is (strongly) monotonic: ifx, y ∈ ��+, x � y and x �= y, thenui(x, θ) >

ui(y, θ).

The collection({ui,wi}i∈N, θ̃ , t̃, P ) will be called aprivate information economy (PIE
for short). It will be assumed that the data defining the PIE is common knowle
A private information economy allocation z = (z1, z2, . . . , zn) for the PIE is a collection
of functionszi :T → ��+ satisfying

∑
i∈N(zi(t) − wi) � 0 for all t ∈ T . We will not

1 The assumption thatP (t) > 0 for all t ∈ T is relaxed in McLean and Postlewaite (2002b).
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distinguish betweenwi ∈ ��++ and the constant allocation that assigns the bundlewi to
agenti for all t ∈ T .

For eachπ ∈∆Θ , the collection(π, {ui,wi}i∈N) defines an associated Arrow–Debr
economy with state contingent commodities. A commodity vector for agenti in this
Arrow–Debreu economy is a vector of state contingent bundles in��m+ and is written as(

xi(θ1), . . . , xi(θm)
)
.

The initial endowment of agenti is the vector̂wi = (wi, . . . ,wi) ∈ R�m++ and the utility
of agenti is the functionvi :��m+ → � defined for each(xi(θ1), . . . , xi(θm)) ∈ ��m+ as
follows:

vi
(
xi(θ1), . . . , xi(θm)

) :=
m∑
k=1

ui
(
xi(θk); θk

)
π(θk).

The Arrow–Debreu economy with commodity bundles, endowments and ut
defined in this manner will be denotedE(π, {ui,wi}i∈N). The economyE(π, {ui,wi}i∈N)
will play an important technical role in our work and for this reason, we will refe
E(π, {ui,wi}i∈N) as theπ -auxiliary economy, or auxiliary economy for short. Finally
each PIE({ui,wi}i∈N, θ̃ , t̃, P ) gives rise to a natural auxiliary economy(PΘ, {ui,wi}i∈N)
wherePΘ is the marginal ofP onΘ.

For each endowment profilew = (w1, . . . ,wn) and S ⊆ N , the set ofS-feasible
allocations inE(π, {ui,wi}i∈N) is the set

ΦS(w)=
{(
xi(θ1), . . . , xi(θm)

)
i∈S ∈ (��m+ )|S| ∣∣∣∑

i∈S
xi(θ)�

∑
i∈S

wi for eachθ ∈Θ
}
.

Throughout the remainder of this section, letE = E(π, {ui,wi}i∈N) be an auxiliary
economy. The economyE gives rise to an NTU game in a natural way by defining the
of attainable payoffs as

V E(S)= {
(yi)i∈S

∣∣ for some
(
xi(θ1), . . . , xi(θm)

)
i∈S ∈ΦS(w),

yi � vi
(
xi(θ1), . . . , xi(θm)

)
for all i ∈ S}.

Since eachui is concave, a standard argument establishes that this NTU game is ba
and, therefore, has a nonempty core.

An allocation(x̂i(θ1), . . . , x̂i(θm))i∈N ∈ΦN(w) is a core allocation ofE if(
v1
(
x̂1(θ1), . . . , x̂1(θm)

)
, . . . , vn

(
x̂n(θ1), . . . , x̂n(θm)

))
is a payoff vector in the core of the NTU gameVE .

For an allocationx ∈ ΦN(w), denote the set of bundles weakly preferred byi to his
component of the allocation by

Pi (x)=
{
y ∈ R�m+

∣∣ vi(y(θ1), . . . , y(θm)
)
� vi

(
xi(θ1), . . . , xi(θm)

)}
.

For eachS ⊆ N , let PS(x) = ∑
i∈S Pi (x),wS = ∑

i∈S wi , andxS(θ) = ∑
i∈S xi(θ).

DefineŵS := (wS, . . . ,wS) to be the point(y(θ1), . . . , y(θm)) ∈ R�m+ with y(θk)=wS for
eachk.
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Definition 1. A core allocationx = (xi(θ1), . . . , xi(θm))i∈N of the auxiliary economyE is
a strict core allocation if

ŵS /∈ PS(x)

wheneverS �=N .

If x = (xi(θ1), . . . , xi(θm))i∈N is a strict core allocation ofE, then the agents in an
proper subsetS ⊂N cannot guarantee themselves the utility levels associated withx using
only the resources available toS. Finally, an allocationx = (xi(θ1), . . . , xi(θm))i∈N ∈
ΦN(w) is a Walras equilibrium ofE if for some price vector(p(θ1), . . . , p(θm)) ∈ R�m+ ,
the bundle(xi(θ1), . . . , xi(θm)) solves the problem

maxvi
(
zi(θ1), . . . , zi(θm)

)
s.t.

∑
θ

p(θ) · [zi(θ)−wi]� 0 andzi(θ) ∈ ��+ for all θ ∈Θ

for eachi ∈N .

3. Incentive compatible cores

3.1. Notions of blocking

Let e = ({ui,wi}i∈N, θ̃ , t̃, P ) be a PIE. In order to define the core of an economy w
incomplete information, it is necessary to define “improve upon” or “block.” For e
S ⊆N , let the set ofS-feasible allocations for the PIEe be defined as

AS =
{
(zi)i∈S

∣∣∣ zi :TS → ��+ and
∑
i∈S

(
zi(tS)−wi

)
� 0 for all tS ∈ TS

}
.

An S-feasible allocation(zi)i∈S is incentive compatible if∑
θ∈Θ

∑
tS\i∈TS\i

ui
(
zi(tS\i , ti), θ

)
P(θ, tS\i | ti)

�
∑
θ∈Θ

∑
tS\i∈TS\i

ui
(
zi
(
tS\i , t ′i

)
, θ
)
P(θ, tS\i | ti)

for eachti , t ′i ∈ Ti andi ∈ S.
The set of incentive compatible,S-feasible allocations will be denotedA∗

S .

Definition 2. Let e= ({ui,wi}i∈N, θ̃ , t̃ , P ) be a PIE and let(zi)i∈N ∈AN .

(i) (Ex ante blocking.) A coalitionS ⊆ N canX-block (zi)i∈N if there exists(xi)i∈S ∈
AS satisfying the following condition:



R.P. McLean, A. Postlewaite / Games and Economic Behavior 45 (2003) 222–241 227

1999)
e

se, the
∑
tS∈TS

∑
θ∈Θ

ui
(
xi(tS), θ

)
P(θ, tS)

>
∑
tS∈TS

∑
tN\S∈TN\S

∑
θ∈Θ

ui
(
zi(tN\S, tS), θ

)
P(θ, tN\S, tS)

for all i ∈ S.
(ii) (Ex ante incentive compatible blocking.) A coalitionS ⊆N canICX-block (zi)i∈N if

there exists(xi)i∈S ∈A∗
S satisfying the following condition:∑

tS∈TS

∑
θ∈Θ

ui
(
xi(tS), θ

)
P(θ, tS)

>
∑
tS∈TS

∑
tN\S∈TN\S

∑
θ∈Θ

ui
(
zi(tN\S, tS), θ

)
P(θ, tN\S, tS)

for all i ∈ S.
(iii) ( Ex ante incentive compatible ε-blocking.) Supposeε � 0. A coalition S ⊆ N can

εICX-block (zi)i∈N if there exists(xi)i∈S ∈A∗
S satisfying the following condition:∑

tS∈TS

∑
θ∈Θ

ui
(
xi(tS), θ

)
P(θ, tS)

>
∑
tS∈TS

∑
tN\S∈TN\S

∑
θ∈Θ

ui
(
zi(tN\S, tS), θ

)
P(θ, tN\S, tS)+ ε

for all i ∈ S.

3.2. Incentive compatible cores

Definition 3. Let e= ({ui,wi}i∈N, θ̃ , t̃ , P ) be a PIE.

(i) An N -feasible, incentive compatible allocation(zi)i∈N ∈ A∗
N is anEx Ante Incentive

Compatible Core Allocation for e if (zi)i∈N cannot beICX-blocked by anyS ⊆N .
(ii) An N -feasible, incentive compatible allocation(zi)i∈N ∈ A∗

N is anEx Ante Incentive
Compatible ε-Core Allocation for e if (zi)i∈N cannot beICX-blocked byN and
(zi)i∈N cannot beεICX-blocked by anyS �=N .

Obviously, every ex ante IC core allocation is an ex ante ICε-core allocation for each
ε � 0.

The model and definitions that we have described are similar to those in Vohra (
(see also Forges et al. (2002)). Vohra works with utilitiesûi(·; t) that depend on the typ
profile t but the two approaches are formally interchangeable. If we define

ûi(·; t)=
∑
θ∈Θ

ui(·; θ)PΘ(θ |t)

then our model can be embedded in Vohra’s. By definingΘ = T andP(θ |t)= 1 if θ = t ,
then Vohra’s model is a special case of ours. His work shows that, for this special ca
ex ante incentive compatible core can be empty under benign assumptions. WhenΘ = T ,
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agents are not informationally small in a sense defined precisely in the next sectio
goal is to consider those cases in which agents are informationally small and in whi
ex ante incentive compatible core is nonempty as a result.

4. Informational size, aggregate uncertainty, and distributional variability

We will show that there exist incentive compatible core allocations for econo
with asymmetric information when an agent’s informational size is small relative to
properties of the information structure of the economy. In formulating the conditions u
which the incentive compatible core is nonempty, we need the notions of informa
size, aggregate uncertainty and distributional variability which we introduced in Mc
and Postlewaite (2002a). We will define these concepts below, but refer the reader
paper for a full discussion of the concepts.

4.1. Informational size

If t ∈ T , recall thatPΘ(·|t) ∈∆Θ denotes the induced conditional probability meas
on Θ andχθ ∈ ∆Θ denotes the measure that puts probability one onθ . Any vector of
agents’ typest = (t−i , ti ) ∈ T induces a conditional distribution onΘ and, if agenti
unilaterally changes his announced type fromti to t ′i , this conditional distribution will
(in general) change. We consider agenti to be informationally small if, for eachti , there
is a “small” probability that he can induce a “large” change in the induced condit
distribution onΘ by changing his announced type fromti to some othert ′i . We formalize
this in the following definition.

Let

I iε
(
t ′i , ti

)= {
t−i ∈ T−i

∣∣ ∥∥PΘ(·|t−i , ti )− PΘ(· ∣∣ t−i , t ′i)∥∥> ε}.
Theinformational size of agent i is defined as

νPi = max
ti∈Ti

max
t ′i∈Ti

min
{
ε � 0

∣∣ Prob
{
t̃−i ∈ I iε

(
t ′i , ti

) ∣∣ t̃i = ti
}

� ε
}
.

Loosely speaking, we will say that agent i isinformationally small with respect toP
if his informational sizeνPi is “small.” If agent i receives signalti but reportst ′i �= ti ,
then the effect of this misreport is a change in the conditional distribution onΘ from
PΘ(·|t−i , ti) to PΘ(·|t−i , t ′i ). If t−i ∈ I iε (t ′i , ti ), then this change is “large” in the sen
that ‖PΘ(·|t̂−i , ti) − PΘ(·|t̂−i , t ′i )‖ > ε. Therefore, Prob{t̃−i ∈ I iε(t ′i , ti) | t̃i = ti} is the
probability thati can have a “large” influence on the conditional distribution onΘ by
reportingt ′i instead ofti when his observed signal isti . An agent is informationally sma
if for each of his possible typesti , he assigns small probability to the event that he can h
a “large” influence on the distributionPΘ(·|t−i , ti ), given his observed type.

4.2. Negligible aggregate uncertainty

We will next quantify aggregate uncertainty. Let

µPi = maxmin
{
ε � 0

∣∣ Prob
{∥∥PΘ(· ∣∣ t̃ )− χθ

∥∥> ε for all θ ∈Θ ∣∣ t̃i = ti
}

� ε
}
.

ti∈Ti
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If µPi is small for eachi, then we will say thatP exhibitsnegligible aggregate uncertainty.
In this case, each agent knows that, conditional on his own signal, the agg
information of all agents will, with high probability, provide a good prediction of the
state.

4.3. Distributional variability

To define the measure of variability, we first define a metricd on∆Θ as follows: for
eachα,β ∈∆Θ , let

d(α,β)=
∥∥∥∥ α

‖α‖2
− β

‖β‖2

∥∥∥∥
2

where‖ · ‖2 denotes the 2-norm. Hence,d(α,β) measures the Euclidean distance betw
the Euclidean normalizations ofα and β . If P ∈ ∆Θ×T , let PΘ(·|ti) ∈ ∆Θ be the
conditional distribution onΘ given thati receives signalti and define

ΛPi = min
ti∈Ti

min
t ′i∈Ti\ti

d
(
PΘ(·|ti),PΘ

(· ∣∣ t ′i))2.
This is the measure of the “variability” of the conditional distributionPΘ(·|ti) as a function
of ti . Let

∆∗
Θ×T = {

P ∈∆Θ×T
∣∣ for eachi, PΘ(·|ti) �= PΘ

(· ∣∣ t ′i) wheneverti �= t ′i
}
.

The set∆∗
Θ×T is the collection of distributions onΘ × T for which the induced

conditionals are different for different types. Hence,ΛPi > 0 for all i wheneverP ∈∆∗
Θ×T .

It can be shown that for eachi, ti , andθ there exists a collection of numberszi(θ, ti)
satisfying

0 � zi(θ, ti )� 1 and
∑
θ

[
zi(θ, ti)− zi

(
θ, t ′i

)]
PΘ(θ |ti) > 0

for each ti , t ′i ∈ Ti if and only if P ∈ ∆∗
Θ×T . This means that, if the posterio

{PΘ(·|ti)}ti∈Ti are all distinct, then these “incentive compatibility” inequalities are st
However, the expression on the left-hand side decreases asΛPi → 0.

The construction of an allocation in the ex ante IC core for a PIE({ui,wi}i∈N, θ̃ , t̃ , P )
relies on a delicate balance between informational size, aggregate uncertain
variability. We begin with a core allocation(ζi(θ1), . . . , ζi(θm))i∈N of the auxiliary
economyE(PΘ, {ui,wi}i∈N) wherePΘ is the marginal ofP on Θ. We then use this
core allocation to construct an incentive efficient PIE allocation(zi)i∈N ∈ A∗

N in the ex
ante incentive compatible core. Both aggregate uncertainty and informational size
critical role in proving incentive compatibility. When agenti of typeti lies and reportst ′i , he
may experience a utility gain by doing so. In order to give agenti the appropriate incentiv
to report truthfully, we must impose a utility loss oni when he lies that outweighs an
gain from the lie. In the mechanism that we construct, the gain thati can experience from
lying is bounded from above byi ’s informational size while the loss that we can impo
is bounded from below by his measure of variability. Therefore, the mechanism w
incentive compatible if informational size is small enough relative to variability.
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5. Existence results

5.1. The nonemptiness of the incentive compatible core

We now present two results concerning the nonemptiness of the core in the pres
incomplete information.

Theorem 1. Let π ∈∆Θ and let

∆Θ×T (π)= {P ∈∆Θ×T | PΘ = π}.
For every ε > 0, there exists a δ > 0 such that, whenever P ∈∆Θ×T (π) and satisfies

max
i
µPi � δmin

i
ΛPi , max

i
νPi � δmin

i
ΛPi

the ex ante incentive compatible ε-core of the PIE ({ui,wi}i∈N, θ̃ , t̃ , P ) is nonempty.

Proof. Chooseε > 0. Let (ζi(θ1), . . . , ζi(θm))i∈N be a core allocation of the auxiliar
economyE(π, {ui,wi}i∈N). (The concavity assumption guarantees that a core alloc
exists.) Let

M = max
θ

max
i
ui

(
n∑
j=1

wj ; θ
)
,

and let

η= ε

5M + 2
.

The monotonicity and continuity assumptions imply that there exists an allocationζ η =
(ζ
η
i (θ1), . . . , ζ

η
i (θm))i∈N of the auxiliary economy such that, for eachi ∈ N and eachk,

ζ
η
i (θk) �= 0 and

ui
(
ζ
η
i (θk); θk

)
� ui

(
ζi(θk); θk

)− η.
Applying Theorem 1 in McLean and Postlewaite (2002a), we conclude that there e
δ > 0 such that, wheneverP ∈∆Θ×T (π) and satisfies

max
i
µPi � δmin

i
ΛPi , max

i
νPi � δmin

i
ΛPi ,

there exists an incentive compatible PIE allocationẑ(·) for the PIE({ui,wi}i∈N, θ̃ , t̃ , P )
and a collectionB1, . . . ,Bm of disjoint subsets ofT such that

(i) Prob{t̃ ∈⋃m
k=1Bk} � 1− η;

(ii) Prob{θ̃ = θk | t̃ = t} � 1− η for all k and allt ∈ Bk ;
(iii) for all i ∈N , all k and allt ∈Bk ,

ui
(
ẑi (t); θk

)
� ui

(
ζ
η
i (θk); θk

)− η.
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Given the definition ofζ η, it is clear that

ui
(
ẑi (t); θk

)
� ui

(
ζi(θk); θk

)− 2η

whent ∈ Bk . DefineB0 = T \[⋃m
k=1Bk]. SinceA∗

N is compact and eachui is continuous,
there existsz(·) ∈A∗

N such thatz(·) cannot be ICX blocked byN and∑
t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)�

∑
t∈T

∑
θ∈Θ

ui
(
ẑi (t), θ

)
P(θ, t)

for all i ∈ N . To show thatz(·) is an ex ante incentive compatibleε-core allocation, le
S ⊆N,S �=N , and suppose that there exists(xi)i∈S ∈AS satisfying∑

tS∈TS

∑
θ∈Θ

ui
(
xi(tS), θ

)
P(θ, tS) >

∑
t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)+ ε

for all i ∈ S. We will show that this leads to a contradiction.
Step 1. For eachθ ∈Θ and eachi ∈ S, let

ξi(θ)=
∑
tS∈TS

xi(tS)P (tS |θ)

and note that∑
i∈S

ξi(θ)=
∑
tS∈TS

[∑
i∈S

xi(tS)

]
P(tS |θ)�

∑
tS∈TS

[∑
i∈S

wi

]
P(tS |θ)�

∑
i∈S

wi.

Furthermore, for eachi ∈ S,

vi
(
ξi(θ1), . . . , ξi (θk)

)=
∑
k

ui
(
ξi(θk), θk

)
π(θk)

=
∑
k

ui

( ∑
tS∈TS

xi(tS)P (tS |θk), θk
)
π(θk)

�
∑
k

∑
tS∈TS

ui
(
xi(tS), θk

)
P(tS |θk)π(θk)

=
∑
k

∑
tS∈TS

ui
(
xi(tS), θk

)
P(tS , θk).

Step 2. Direct computation establishes that‖χθk − PΘ(·|t)‖ � 2η whenevert ∈ Bk .
Therefore,

∑
k |∑t∈Bk P (t)− P(θk)| � 3η and it follows that, for eachi ∈ S,∑

t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)

�
∑
t∈T

∑
θ∈Θ

ui
(
ẑi (t), θ

)
P(θ, t)

=
∑
k

∑
t∈Bk

∑
θ∈Θ

ui
(
ẑi (t), θ

)
P(θ |t)P (t)+

∑
t∈B0

∑
θ∈Θ

ui
(
ẑi (t), θ

)
P(θ, t)

�
∑∑∑

ui
(
ẑi (t), θj

)
P(θj |t)P (t)�

∑∑
ui
(
ẑi (t), θk

)
P(t)− 2Mη
k t∈Bk j k t∈Bk
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�
∑
k

ui
(
ζi(θk), θk

)[∑
t∈Bk

P (t)

]
− (2M + 2)η

�
∑
k

ui
(
ζi(θk), θk

)
P(θk)− 5Mη− 2η= vi

(
ζi(θ1), . . . , ζi(θm)

)− (5M + 2)η.

Step 3. Combining steps 1 and 2, we conclude that, for eachi ∈ S,

vi
(
ξi(θ1), . . . , ξi (θm)

)
�
∑
k

∑
tS∈TS

ui
(
xi(tS), θk

)
P(tS , θk) >

∑
t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)+ ε

� vi
(
ζi(θ1), . . . , ζi(θm)

)− (5M + 2)η+ ε = vi
(
ζi(θ1), . . . , ζi(θk)

)
contradicting the assumption that{(ζi(θ1), . . . , ζi(θm))}i∈N is a core allocation of the
auxiliary economyE(π, {ui,wi}i∈N). ✷

The concavity assumption regarding utility functions guarantees that the core
auxiliary economyE(PΘ, {ui,wi}i∈N) is nonempty and this is enough to show that
ex ante incentive compatibleε-core is nonempty. However, we need the strict core
the auxiliary economy to be nonempty in order to prove the nonemptiness of the e
incentive compatible core.

Theorem 2. Let π ∈∆Θ and let

∆Θ×T (π)= {P ∈∆Θ×T | PΘ = π}.
Furthermore, suppose that the strict core of the auxiliary economy E(π, {ui,wi}i∈N) is
nonempty. Then there exists a δ > 0 such that, whenever P ∈∆Θ×T (π) and satisfies

max
i
µPi � δmin

i
ΛPi , max

i
νPi � δmin

i
ΛPi

the ex ante incentive compatible core of the PIE ({ui,wi}i∈N, θ̃ , t̃ , P ) is nonempty.

Proof. Let π ∈∆Θ and suppose thatζ is a strict core allocation ofE(π, {ui,wi}i∈N).
Step 1. There existsε > 0 such that the following condition holds: there is no coalit

S �=N such that, for some(yi(θ1), . . . , yi(θm))i∈S ∈ΦS(w),
vi
(
yi(θ1), . . . , yi(θm)

)
� vi

(
ζi(θ1), . . . , ζi(θm)

)− ε
for all i ∈ S.

To see this, suppose that, for everyk, there is anSk �= N and an allocation
(yki (θ1), . . . , y

k
i (θm))i∈Sk ∈ΦSk such that

vi
(
yki (θ1), . . . , y

k
i (θm)

)
� vi

(
ζi(θ1), . . . , ζi(θm)

)− 1/k

for each i ∈ Sk . Since there are only finitely many coalitions, since eachΦS(w)
is compact and eachvi is continuous, it follows that there exists anS �= N and
(yi(θ1), . . . , yi(θm))i∈S ∈ΦS(w) such that

vi
(
yi(θ1), . . . , yi(θm)

)
� vi

(
ζi(θ1), . . . , ζi(θm)

)
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for eachi ∈ S. In particular,̂wS = (wS, . . . ,wS) ∈PS(ζ ) contradicting the assumption th
ζ is a strict core allocation ofE(π, {ui,wi}i∈N).

Step 2. Let

M = max
θ

max
i
ui

(
n∑
j=1

wj ; θ
)
,

and let

η= ε

5M + 2
.

Applying the same argument used in the proof of Theorem 1 above, there exists aδ > 0
such that, wheneverP ∈∆Θ×T (π) and satisfies

max
i
µPi � δmin

i
ΛPi , max

i
νPi � δmin

i
ΛPi ,

there exists an incentive compatible PIE allocationẑ(·) for the PIE({e(θ)}θ∈Θ, θ̃, t̃ , P ) and
a collectionB1, . . . ,Bm of disjoint subsets ofT such that

(i) Prob{t̃ ∈⋃m
k=1Bk} � 1− η;

(ii) Prob{θ̃ = θk|t̃ = t} � 1− η for all k and allt ∈Bk ;
(iii) For all i ∈N , all k and allt ∈Bk ,

ui
(
ẑi (t); θk

)
� ui

(
ζi(θk); θk

)− 2η.

SinceA∗
N is compact and eachui is continuous, there existsz(·) ∈A∗

N such thatz(·) cannot
be ICX blocked byN and∑

t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)�

∑
t∈T

∑
θ∈Θ

ui
(
ẑi (t), θ

)
P(θ, t)

for all i ∈ N . To show thatz(·) is an ex ante incentive compatible core allocation,
S ⊆N,S �=N , and suppose that there exists(xi)i∈S ∈AS satisfying∑

tS∈TS

∑
θ∈Θ

ui
(
xi(tS), θ

)
P(θ, tS) >

∑
t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)

for all i ∈ S. We will show that this leads to a contradiction.
Defining(ξi(θ1), . . . , ξi (θm))i∈S as in the proof of Theorem 1 and using the same s

found there, we conclude that, for eachi ∈ S,

vi
(
ξi(θ1), . . . , ξi (θm)

)
�
∑
k

∑
tS∈TS

ui
(
xi(tS), θk

)
P(tS , θk) >

∑
t∈T

∑
θ∈Θ

ui
(
zi(t), θ

)
P(θ, t)

� vi
(
ζi(θ1), . . . , ζi(θm)

)− (5M + 2)η� vi
(
ζi(θ1), . . . , ζi (θm)

)− ε.
This contradicts the conclusion of step 1 and it follows that the ex ante IC co
nonempty. ✷
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5.2. Strict cores of auxiliary economies

In order to show that the incentive compatible core is nonempty, we assum
Theorem 2 that the strict core of the auxiliary economy was nonempty. In the first res
this section, we provide conditions under which this assumption holds.

We begin with a definition.

Definition 4. A Walras equilibrium allocationx = (xi(θ1), . . . , xi(θm))i∈N of the auxiliary
economyE(π, {ui,wi}i∈N) with associated price vector(p(θ1), . . . , p(θm)) ∈ R�m+ is a
strict Walras equilibrium allocation if for each i ∈ N , (xi(θ1), . . . , xi(θm)) is the unique
solution to the problem:

maxvi
(
zi(θ1), . . . , zi(θm)

)
s.t.

∑
θ

p(θ) · [zi(θ)−wi]� 0 andzi(θ) ∈ ��+ for all θ ∈Θ.

Not every strict Walras equilibrium is a strict core allocation but the two notions
related as the next result demonstrates.

Proposition 1. Suppose π ∈ ∆0
Θ and that x = (xi(θ1), . . . , xi(θm))i∈N is a strict Walras

equilibrium of the auxiliary economy E(π, {ui,wi}i∈N) with associated price vector
(p(θ1), . . . , p(θm)) ∈ R�m+ . If S �= N implies that wS �= xS(θ) for some θ ∈ Θ , then x
is a strict core allocation for E(π, {ui,wi}i∈N).

Proof. First, we show that, for eachS,(
y(θ1), . . . , y(θm)

) ∈PS(x),

y(θ) �= xS(θ) for someθ ⇒
∑
θ

p(θ) · [y(θ)−wS]> 0.

To see this, choose(y(θ1), . . . , y(θm)) ∈ PS(x) and suppose thaty(θ ′) �= xS(θ
′). From

the definitions, it follows that there exist(zi(θ1), . . . , zi (θm))i∈S such thatzS(θ)= y(θ) for
all θ and(zi(θ1), . . . , zi(θm)) ∈ Pi (x) for eachi ∈ S. If

∑
θ p(θ) · zi(θ) <∑θ p(θ) · wi

for somei, then the monotonicity assumption implies thatzi does not maximizei ’s utility
on his budget set (recall thatπ ∈∆0

Θ and(p(θ1), . . . , p(θm)) ∈ R�m+ ). This in turn means
that x is not a Walras equilibrium. Therefore,

∑
θ p(θ) · zi(θ) �

∑
θ p(θ) · wi for every

i ∈ S. Sincey(θ ′) �= xS(θ
′), it follows that zi(θ ′) �= xi(θ

′) for somei ∈ S, say i ′. Since
x is a strict Walras equilibrium, we conclude that

∑
θ p(θ) · zi′ (θ) >∑θ p(θ) · wi′ and,

consequently,∑
θ

p(θ) · y(θ)=
∑
θ

p(θ) · zS(θ) >
∑
θ

p(θ) ·wS.

To complete the proof of the proposition, suppose thatS �= N . ThenwS �= xS(θ)

for someθ ∈ Θ. If ŵS ∈ PS(x), then
∑
θ p(θ) · wS >∑

θ p(θ) · wS , an impossibility.
Therefore,̂wS /∈PS(x). ✷
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The proof of Proposition 1 does not use the assumption that utility function
concave. However, every Walras equilibrium is strict if utilities are strictly concave. He
Proposition 1 does imply the following corollary: if

(i) π ∈∆0
Θ ,

(ii) x = (xi(θ1), . . . , xi(θm))i∈N is a Walras equilibrium of the auxiliary econom
E(π, {ui,wi}i∈N),

(iii) the utilities ui(·, θ) are strictly concave, and
(iv) for eachS �= N there exists aθ ∈ Θ such thatwS �= xS(θ), thenx is a strict core

allocation forE(π, {ui,wi}i∈N).

We now turn to the question of the nonemptiness of the strict core of an auxiliary eco
We begin with two results that will lead to a “genericity” theorem.

Proposition 2. Suppose π ∈∆0
Θ and suppose that the strict core of the auxiliary economy

E(π, {ui,wi}i∈N) is nonempty. Then there exists an ε > 0 such that the strict core of the
auxiliary economy E(π, {ui, ai}i∈N) is nonempty whenever ‖wi − ai‖< ε for all i .

Proof. Suppose thatx = (xi(θ1), . . . , xi(θm))i∈N is a strict core allocation of the auxiliar
economyE(π, {ui,wi}i∈N).

Claim. There exists an ε∗ > 0 such that, for each a = (a1, . . . , an) satisfying ‖wi − ai‖<
ε∗ for all i , there exists an ξ ∈ΦN(a) such that âS /∈ PS(ξ) whenever S �=N .

Proof of Claim. Suppose instead that there exists a sequenceak = (ak1, . . . , a
k
n) →

w = (w1, . . . ,wn) such that, for eachξ ∈ ΦN(ak), there exists anSξ �= N such that
âkSξ ∈ PSξ (ξ). Since ak → w, x ∈ ΦN(w), and ΦN(·) is a lower hemi-continuou

correspondence, it follows that there exists a sequence{ξk} such thatξk ∈ ΦN(ak) and
ξk → x. Therefore, there exists for eachk an Sk �= N such thatâkSk ∈ PSk (ξk). Since
there are only finitely many coalitions, we may (choosing a subsequence if nece
assume thatS is independent ofk. In particular, there exists anS �=N such that for eachk,
âkS ∈ PS(ξk). SinceâkS → ŵS, ξ

k → x, andPS(·) is a correspondence with closed graph
follows thatŵS ∈ PS(x). This contradicts the assumption thatx is a strict core allocation
and the proof of the claim is complete.✷

To complete the proof of the theorem, choosea = (a1, . . . , an) satisfying‖wi−ai‖< ε∗
for all i. Applying the claim, there existsξ ∈ ΦN(a) such thatâS /∈ PS(ξ) whenever
S �=N . Next, choose an efficient allocationξ ′ for the auxiliary economyE(π, {ui, ai}i∈N)
satisfyingξ ′

i ∈ Pi (ξ) for eachi ∈ N . SincePS(ξ ′) ⊆ PS(ξ), it follows that âS /∈ PS(ξ ′)
and we conclude thatξ ′ is a strict core allocation forE(π, {ui, ai}i∈N). ✷
Proposition 3. Suppose π ∈∆0

Θ and suppose that x = (xi(θ1), . . . , xi(θm))i∈N is a strict
Walras equilibrium of the auxiliary economy E(π, {ui,wi}i∈N) with associated price
vector (p(θ1), . . . , p(θm)) ∈ ��m+ . If there exists S �= N such that wS = xS(θ) for all θ ,
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then for every δ > 0 there exists a vector a = (a1, . . . , an) such that ai ∈ R�++ for all i ,
‖wi − ai‖ < δ for all i , and x is a strict core allocation of the auxiliary economy
{π, {ui, ai}i∈N }.
Proof. Let

S = {
S ⊆N

∣∣ S �=N andwS = xS(θ) for all θ ∈Θ}
and suppose thatS �= ∅. Let y �= 0 be a net trade vector such that[∑

θ

p(θ)

]
· y = 0

where (p(θ1), . . . , p(θm)) ∈ ��m+ is the equilibrium price vector. Now consider t
following perturbations to the endowment vectorw:

w′
i (ε)=wi + εy for i �= 1,

w′
1(ε)=w1 − (n− 1)εy.

Since eachwi ∈ ��++, the vectorw′
i (ε) will have positive components for sufficient

smallε. Also, note that

w′
N(ε)=wN

while

w′
S(ε) �=wS

wheneverS �= N . If S ∈ S, thenw′
S(ε) �= xS(θ) for all θ and for allε > 0. Since there

are only finitely many coalitions and sincew′
S(ε)→wS asε→ 0, it follows thatw′

S(ε) �=
xS(θ) for at least oneθ wheneverS /∈ S, S �= N , andε is small enough. Summarizin
there existŝε > 0 such that, whenever 0< ε < ε̂, the following statement holds: for eac
S �=N , there existsθ ∈Θ such thatw′

S(ε) �= xS(θ).
To complete the proof, chooseδ > 0 and chooseε∗ satisfying 0< ε∗ < ε̂ and

‖wi −w′
i (ε

∗)‖< δ for all i. Next, defineai =w′
i (ε

∗). Since[∑
θ

p(θ)

]
· ai =

[∑
θ

p(θ)

]
·w′

i (ε
∗)=

[∑
θ

p(θ)

]
·wi

for each i, it follows that x is a strict Walras equilibrium of the auxiliary econom
E(π, {ui, ai}i∈N) with associated price vector(p(θ1), . . . , p(θm)). The proof is now
completed by applying Proposition 1 to the auxiliary economyE(π, {ui, ai}i∈N). ✷

We can now combine Propositions 2 and 3 and provide a genericity result for strict
of auxiliary economies.

Corollary. Suppose that π ∈∆0
Θ and define

X = {
(w1, . . . ,wn) ∈

(��++
)n ∣∣ the strict core of

{
π,
{
ui(·, θ),wi

}
θ∈Θ

}
is nonempty

}
.

If each ui(·, θ) is strictly concave, then X is an open dense subset of (��++)n.
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Proof. Proposition 2 implies thatX is open. Ifw /∈X, then the strict concavity assumptio
together with monotonicity and positivity ofwi , implies that there exists a strict Walr
equilibrium of the auxiliary economy. Applying Propositions 1 and 3, we conclude thX
is dense in(��++)n. ✷

6. The replica problem

In the presence of a large number of agents, we might expect any single agen
informationally small and replica economies provide a natural framework in whic
investigate this conjecture.

6.1. Notation and definitions

Recall thatJr = {1,2, . . . , r} and defineNr =N × Jr . Given the collection{wi,ui}i∈N
and a positive integerr, let {wis, uis}(i,s)∈Nr denote ther replication of {wi,ui}i∈N
satisfying:

(1) wis =wi for all i ∈N and alls ∈ Jr ;
(2) uis(z, θ)= ui(z, θ) for all z ∈ ��+, i ∈N ands ∈ Jr .

For any positive integerr, let T r = T × · · · × T denote ther-fold Cartesian produc
and let tr = (tr·1, . . . , tr·r ) denote a generic element ofT r where tr·s = (tr1s, . . . , t

r
ns). If

P r ∈∆Θ×T r , thener = ({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) is a PIE withnr agents.

Definition 5. A sequence of replica economies{({wis, uis}(i,s)∈Nr , θ̃, t̃ r ,P r )}∞r=1 is a
conditionally independent sequence if there exists aP ∈∆∗

Θ×T such that

(a) for eachr, eachs ∈ Jr and each(θ, t1, . . . , tn) ∈Θ × T ,

Prob
{
θ̃ = θ, t̃ r1s = t1, t̃

r
2s = t2, . . . , t̃

r
ns = tn

}= P(θ, t1, t2, . . . , tn);
(b) for eachr and eachθ , the random vectors(

t̃ r11, t̃
r
21, . . . , t̃

r
n1

)
, . . . ,

(
t̃ r1r , t̃

r
2r , . . . , t̃

r
nr

)
are independent giveñθ = θ ;

(c) for everyθ , θ̂ with θ �= θ̂ , there exists at ∈ T such thatP(t|θ) �= P(t|θ̂ ).

6.2. The replica theorem

A conditionally independent sequence is a sequence of PIE’s withnr agents containingr
“copies” of each agenti ∈ N . Each copy of an agenti is identical, i.e., has the sam
endowment and the same utility function. Furthermore, the realizations of type pr
across cohorts are independent given the true value ofθ̃ . As r increases each agent
becoming “small” in the economy in terms of endowment, and we can show that
agent is also becoming informationally small. Note that, for larger, an agent may hav
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a small amount of private information regarding the preferences of everyone throu
information about̃θ . We now state an analogue of Theorem 1 for replica economies.

Theorem 3. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a conditionally independent se-
quence. For every ε > 0, there exists an integer r̂ > 0 such that for all r > r̂ , the ex ante IC
ε-core of the PIE ({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) is nonempty.

Proof. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a conditionally independent sequence
let P rΘ denote the marginal ofP r onΘ. From the definition, it follows that there exis
π ∈ ∆Θ such thatP rΘ = π for all r. Since eachui(·; θ) is concave and monotonic an
eachwi ∈ ��++, it follows that the auxiliary economyE(π, {wi,ui}i∈N) has a Walras
equilibrium ζ = (ζi(θ1), . . . , ζi(θm))i∈N . Defining ζ ri,s (θk) = ζi(θk) for all r, i, s, andk,
it follows that the allocation(ζ ri,s (θ1), . . . , ζ

r
i,s (θm))(i,s)∈Nr (the “r-replica” of ζ ) is a core

allocation of ther-replicated auxiliary economyE(π, {wis, uis}(i,s)∈Nr ) for everyr. Let

M = max
θ

max
i
ui

(
n∑
j=1

wj ; θ
)
.

Chooseε > 0 and let

η= ε

5M + 2
.

There exists an̂r > 0 such that, for allr > r̂ , there exists an incentive compatible P
allocation ẑr (·) for the PIE({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) and a collectionBr1, . . . ,B

r
m of

disjoint subsets ofT r such that

(i) Prob{t̃ r ∈⋃m
k=1B

r
k } � 1− η,

(ii) Prob{θ̃ = θk | t̃ r = tr } � 1− η for all k ∈ Jm and alltr ∈Brk ,
(iii) For all i ∈N , for all k ∈ Jm and alltr ∈ Brk ,

ui
(
ẑris (t

r ); θk
)
� ui

(
ζi(θk); θk

)− 2η.

(To see this, apply the claim in step 3 in the proof of Theorem 2 in McLean
Postlewaite (2002a) to a perturbed allocation(ζ ηi (θ1), . . . , ζ

η
i (θm))i∈N as defined in the

proof of Theorem 1 above.)
If C ⊆ Nr , letArC denote theC-feasible allocations for the PIEer and letAr∗C denote

the incentive compatible elements ofArC . SinceAr∗N is compact and eachui is continuous,
there existszr (·) ∈Ar∗N such thatzr (·) cannot be ICX blocked byNr and∑

t r∈T r

∑
θ∈Θ

ui
(
zri,s (t

r ), θ
)
P r (θ, tr )�

∑
t r∈T r

∑
θ∈Θ

ui
(
ẑri,s (t

r ), θ
)
P r (θ, tr )

for all (i, s) ∈Nr . Now chooser > r̂. To show thatzr (·) is an ex ante incentive compatib
ε-core allocation forer , let C ⊆ Nr , C �= Nr , and suppose that there exists(xri,s)(i,s)∈C ∈
ArC satisfying∑

t r ∈T r

∑
θ∈Θ

ui
(
xri,s
(
trC
)
, θ
)
P r
(
θ, trC

)
>
∑
t∈T r

∑
θ∈Θ

ui
(
zri,s
(
tr
)
, θ
)
P r
(
θ, tr

)+ ε

C C
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that
for each(i, s) ∈ C. We will show that this leads to a contradiction. LetCi = {s ∈ Jr |
(i, s) ∈ C} and letI = {i | Ci �= ∅}.

In the remaining steps, we suppress the dependence ofT r , T rC, t
r , trC, t

r
i,s ,A

r
k,P

r , zr , ẑr ,
etc. onr.

Step 1. For eachθ ∈Θ and eachi ∈ I , let

ξi(θ)= 1

|Ci |
∑
s∈Ci

[ ∑
tC∈TC

xi,s(tC)P (tC |θ)
]

and note that∑
i∈I

|Ci |ξi(θ)=
∑
i∈I

∑
s∈Ci

[ ∑
tC∈TC

xi,s (tC)P (tC |θ)
]

�
∑
tC∈TC

[ ∑
(i,s)∈C

wi,s

]
P(tC |θ)

=
∑
(i,s)∈C

wi,s .

Furthermore, for eachi ∈ I ,

vi
(
ξi(θ1), . . . , ξi (θk)

)=
∑
k

ui
(
ξi(θk), θk

)
π(θk)

=
∑
k

ui

(
1

|Ci |
∑
s∈Ci

[ ∑
tC∈TC

xi,s(tC)P (tC |θk)
]
, θk

)
π(θk)

�
∑
k

1

|Ci |
∑
s∈Ci

∑
tC∈TC

ui
(
xi,s (tC), θk

)
P(tC |θk)π(θk)

= 1

|Ci |
∑
s∈Ci

[∑
k

∑
tC∈TC

ui
(
xi,s (tC), θk

)
P(tC, θk)

]
.

Step 2. Duplicating the argument in step 2 of the proof of Theorem 1, we conclude
for each(i, s) ∈C,∑

t∈T

∑
k

ui
(
zi,s (t), θk

)
P(θk, t)� vi

(
ζi(θ1), . . . , ζi(θm)

)− (5M + 2)η.

Step 3. Combining steps 1 and 2, it follows that for eachi ∈ I ,

vi
(
ξi(θ1), . . . , ξi (θm)

)
� 1

|Ci |
∑
s∈Ci

[∑
k

∑
tC∈TC

ui
(
xi,s (tC), θk

)
P(tC, θk)

]

>
1

|Ci |
∑
s∈Ci

[∑
t∈T

∑
k

ui
(
zi,s (t), θk

)
P(θk, t)+ ε

]

� 1

|Ci |
∑
s∈Ci

[
vi
(
ζi(θ1), . . . , ζi(θm)

)− (5M + 2)η+ ε
]

= vi
(
ζi(θ1), . . . , ζi (θm)

)
.
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To complete the proof, define an allocation(ξi,s (θ1), . . . , ξi,s (θm))(i,s)∈C whereξi,s (θk)=
ξi(θk) for eachk and each(i, s) ∈ C. Step 1 establishes that∑

(i,s)∈C
ξi,s (θk)=

∑
i∈I

|Ci |ξi(θ)�
∑
(i,s)∈C

wi,s

so(ξi,s (θ1), . . . , ξi,s (θm))(i,s)∈C isC-feasible. Step 3 establishes that

vi,s
(
ξi,s (θ1), . . . , ξi,s (θm)

)= vi
(
ξi(θ1), . . . , ξi (θm)

)
> vi

(
ζi(θ1), . . . , ζi(θm)

)
= vi,s

(
ζ ri,s (θ1), . . . , ζ

r
i,s (θm)

)
for each(i, s) ∈ C. Therefore, the coalitionC can improve upon the allocation(ζ ri,s (θ1),

. . . , ζ ri,s (θm))(i,s)∈Nr contradicting the assumption that(ζ ri,s(θ1), . . . , ζ
r
i,s(θm))(i,s)∈Nr is a

core allocation of the replicated auxiliary economyE(π, {wis, uis}(i,s)∈Nr ). ✷

7. Discussion

1. In independent work, Krasa and Shafer (2001) investigate a question sim
that addressed in this paper. They consider economies with asymmetric informa
which agents receive noisy signals of the state of the world. They then study a seq
of economies with incomplete information that converges to an economy with com
information in the sense that the agents’ signals are asymptotically perfect sign
the state of the world. Using the notion of strict core, Krasa and Shafer show tha
a sequence of asymmetric information economies that converge to a complete infor
economy for which the strict core is nonempty, the incentive compatible core w
nonempty for economies close to the limit (see their Theorem 2).

There is a close relationship between their notion of convergence to com
information and our concept of informational size. If the accuracy of all age
information is increased uniformly, the agents’ informational size will go to zero. It
be the case, however, that if the accuracy of one agent’s information increases muc
than the accuracy of other agents, then that agent will not become informationally
In McLean and Postlewaite (2002a), it is discussed how our arguments can be exte
this case.

While uniformly increasing the accuracy of agents’ signals of the state neces
makes the agents informationally small, the converse isnot true. This is demonstrate
by our replica theorem. In this case, the agents’ information is not becoming increa
accurate, but they are nevertheless becoming informationally small. The relevant in
tional consideration for assuring a nonempty incentive compatible core is not tha
agent necessarily have very accurate information about the environment. Rather, th
vant consideration is that no agent have amonopoly on information about the environmen

2. Forges et al. (2002) construct an example of a three person asymmetric infor
economy in which the incentive compatible core is empty. It is straightforward to show
agents are informationally large, as they must be given our results. One can paramet
information structure in their example so that the parameter controls the informatio
of agents. In the parametrized version, one can determine the limits on the informa
size of the agents that would guarantee that the incentive compatible core is nonem
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