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Abstract

We study the ex ante incentive compatible core, and provide conditions under which the ex ante
incentive compatible core is nonempty when agents are informationally small in the sense of McLean
and Postlewaite (2002a, Econometrica, 70, 2421-2453).
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1. Introduction

While most of the game theoretic literature dealing with asymmetric information
has focused primarily on noncooperative games, there is an expanding literature that
studies the core in the presence of incomplete information, most of which is surveyed
in Forges et al. (2002). Several different definitions of the core in incomplete information
environments are possible depending on whether incentive constraints are imposed and on
whether coalitional decisions are made ex ante (before agents learn their types) or at the
interim stage (after agents learn their types). Our analysis deals with the ex ante incentive
compatible core which, as the name suggests, treats the case in which decisions are made
at the ex ante stage and incentive constraints are taken to matter.
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While the core with complete information is nonempty under quite general circum-
stances, Vohra (1999) and Forges et al. (2002) have recently shown that the ex ante in-
centive compatible core may be empty in well-behaved exchange economies. One goal of
this paper is to provide something akin to a continuity theorem: when the asymmetry of
information among the agents in an exchange economy is small, the approximate ex ante
incentive compatible core is nonempty.

We study the core of pure a exchange economy in which agents are asymmetrically
informed. Specifically, the agents’ utility functions will depend on an underlying but
unobserved state of nature and each agent will receive a private signal that is correlated
with the state of nature. Roughly speaking, this corresponds to a “common value” model in
which signals do not directly affect the underlying payoff functions but do affect expected
utilities.

Vohra (1999) has shown that the ex ante incentive compatible core is nonempty
under strong conditions that limit the degree of informational asymmetry among agents.
Postlewaite and Schmeidler (1986) introduced the notion of nonexclusive information,
under which no single agent’s information is necessary to identify the correct state of
the world. Vohra shows that, if information is nonexclusive, then the ex ante incentive
compatible core is nonempty. When an information structure is nonexclusive, then the
information of one agent cannot affect the conditional probability distribution over states
when the information of the other agents is known. For the common value model that we
study in this paper, we use the concept of informational size that we developed in McLean
and Postlewaite (2002a). This notion of informational size extends the nonexclusive
information concept by quantifying the degree to which a given agent’s information can
affect the probability distribution over states, given all other agents’ information. Roughly
speaking, an agent will be informationally small if, given other agents’ information, it is
very likely that the given agent’s information will have a small effect on the probability
distribution over states.

Our theorem on the nonemptiness of the ex ante incentive compatible core depends
on two other aspects of the information structure used in McLean and Postlewaite
(2002a): aggregate uncertainty and the variability of agents’ beliefs. Aggregate uncertainty
guantifies the degree to which the aggregate of agents’ information resolves all uncertainty
regarding the state of nature. Roughly speaking, the variability of an agent’s beliefs
guantifies the difference in the conditional distributions on the state space induced by the
different types he might be. We show that generically, the ex ante incentive compatible
core is nonempty if all agents are informationally small relative to the variability of their
beliefs and aggregate uncertainty. We further show that, in a replica economy, an agent’s
informational size goes to zero as the number of agents increases.

2. Basic notation

Throughout the paper, le};, = {1, ..., ¢} for each positive integey and let|| - || denote
the 1-norm unless specified otherwise. ét= {1, 2, ..., n} denote the set ofconomic
agents. Let® = {61, ..., 6,,} denote the (finitejtate space and letTy, T», ..., T, be finite
sets wherdl; represents the set of possildgnals that agent might receive. For each
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SCN, letTs =[];cs T;- Elements offs will be written z5. For notational simplicity, we
will simply write T for Ty andt for ty. If € T, then we will often writer = (tw\s, ). If
X is afinite set, define

Ax = {pem" ‘p(x) >0, Zp(x):l}

xeX
and
A% = {,0 e wiXl ‘ p(x)>0, ) p(x)= 1}.
xeX

In our model, nature chooses an eleménrt ®. The state of nature is unobservable
but each agent receives a “signall; that is correlated with nature’s choice @f More
formally, let (9, 1, 72, ..., 7,) be an(n + 1)-dimensional random vector taking values in
® x T with associated distributioR € Ao 7 Where

PO,11,....tn) =Problf =6, 1 =11,....0, =1,}.

We will make the following assumption regarding the marginal distributions:
For eaclhy € ©,

P(©)=Probd =6} >0
and foreach = (t1,...,t,) € T,
P(t)=Probliy=11,...,05, =1y} > 0.
If t €T, let Po(-|t) € Ap denote the induced conditional probability measureson
Let xy € Ap denote the degenerate measure that puts probability one ol state

2.1. Economies

The consumption set of each agent isi, and for eaclv € @, w; € %t} denotes the
(state independent) initial endowment of agemt stated. The preferences of agehare
given by a utility functiony; : E)‘Lﬁ x ® — % whereu; (-, 0) is the utility function of agent
i in stated. The following assumptions are maintained throughout the paper:

() u;(-,0) is continuous and concave;

(i) u;(0,0)=0;
(i) wu;(-,0) is (strongly) monotonic: ifx, y € S)‘L‘i, x>y andx #y, thenu;(x,0) >
ui(y,0).

The collection({u;, w;}ien, 8, 7, P) will be called aprivate information economy (PIE
for short). It will be assumed that the data defining the PIE is common knowledge.
A private information economy allocation z = (z1, z2, .. ., z») for the PIE is a collection
of functionsz; : T — E)‘L‘i satisfying ) ",y (zi (1) — w;) <O for all r € T. We will not

1 The assumption that (r) > 0 for all r € T is relaxed in McLean and Postlewaite (2002b).
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distinguish betweem; € EH?H and the constant allocation that assigns the bungléo
agent forallzeT.

For eachr € Ag, the collection(r, {u;, w;}icn) defines an associated Arrow—Debreu
economy with state contingent commodities. A commodity vector for agentthis
Arrow—Debreu economy is a vector of state contingent bundléis_eﬁhand is written as

(xi (0D, - .., xi (O)).

The initial endowment of ageritis the vectorw; = (w;, ..., w;) € Rfr’ﬁ and the utility
of agenti is the functionv; : R¢" — 9 defined for eachx; (1), ..., x;(Om)) € RY" as
follows:
m
Vi (xi 01), ..., xi (9m)) = Z ui (x,' (Bk); 9k)ﬂ(9k)-
k=1
The Arrow—-Debreu economy with commodity bundles, endowments and utilities
defined in this manner will be denoté&t, {u;, w;}ien). The economyE (, {u;, w;}ien)
will play an important technical role in our work and for this reason, we will refer to
E(m, {u;, w;}icy) as themx-auxiliary economy, or auxiliary economy for short. Finally,
each PIE{u;, wi}ien, 0, , P) gives rise to a natural auxiliary econort§e , {u;, w;}icn)
wherePg is the marginal of? on ©.
For each endowment profile® = (ws,...,w,) and § € N, the set ofS-feasible
allocations inE (7, {u;, w; };en) is the set

Ps(w) = {(xi(el), e Xi(Om)), g € (RG] ‘ Y xi©) < wy for eachy e @}.
ieS ieS
Throughout the remainder of this section, let= E (r, {u;, w; }ieny) be an auxiliary
economy. The econom¥ gives rise to an NTU game in a natural way by defining the set
of attainable payoffs as

VE(S) ={()ies | for some(x; (61). ... xi (Om)), .5 € Ps(w),
yi <vi(xi(61),...,xi(6p)) foralli € S}.

Since eachy; is concave, a standard argument establishes that this NTU game is balanced
and, therefore, has a nonempty core.
An allocation(x; (01), ..., xi(0))ieny € @Pn(w) is a core allocation of if

(vl()?l(@l), e, )21(9,")), e, Up ()2,1(91), e )?n(Gm)))

is a payoff vector in the core of the NTU gariié .
For an allocationt € @y (w), denote the set of bundles weakly preferred: kg his
component of the allocation by

Pix)={y € RY" [ vi(y(0D). ... yOm)) = vi(xi (D). ... xi (Bm))}-

For eachS C N, let Ps(x) =) ;g Pi(x), ws = D ;cgwi, andxg(®) = > ;g xi(0).
Definews := (wg, ..., ws) to be the poin{y(91), ..., y(@n)) € Rim with y(6x) = wg for
eachk.
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Definition 1. A core allocationt = (x;(61), ..., xi(6m))icn Of the auxiliary economy is
adtrict core allocation if
ws ¢ Ps(x)
whenevers # N.

If x =(x;(61),...,xi(6n))ien IS a strict core allocation of/, then the agents in any
proper subset C N cannot guarantee themselves the utility levels associatedwiting
only the resources available  Finally, an allocationx = (x;(61), ..., x;(6))ien €
@y (w) is a Walras equilibrium of if for some price vecto(p(61), ..., p(6y)) € Rﬁ’",
the bundle(x; (01), ..., x;(6,)) solves the problem

maxv; (zi (61). - ., 2i Om))
sty p®) - [zi(0) —w;] <0 andz; (6) € % forall g € ©
0

for eachi € N.

3. Incentive compatible cores
3.1. Notions of blocking

Lete = ({ui, wilien, 0,1, P) be a PIE. In order to define the core of an economy with
incomplete information, it is necessary to define “improve upon” or “block.” For each
S C N, let the set ofS-feasible allocations for the PIEe be defined as

As= {(Zi)ieS

zi:Ts — NY and Z(Z,’(l‘s) —w;) <Oforallzs e TS}.
ieS
An S-feasible allocatiorz;);cs is incentive compatible if

Z Z wi(zi(ts\i 1), 0) PO, ts\i | 1;)

0€0 t5\;€Ts\i

>y Y wilziltsvi 1), 0) PO, sy | 1)

0€0 ts\;€Ts\;

foreachy;, 1/ € T; andi € S.
The set of incentive compatibl§;feasible allocations will be denotets.

Definition 2. Lete = ({u;, w;}ien, 9~, f, P)beaPIE and letz;)icy € An.

() (Ex ante blocking.) A coalition S € N canX-block (z;);ey if there exists(x;);cs €
A satisfying the following condition:
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D0 uilxits). 0) PO, t5)

tseTs 0O

>Z Z Zui(Zi(tN\s,ts),Q)P(G,tN\s,ts)

ts€Ts tn\s€TN\s €O

foralli € S.
(i) (Exanteincentive compatible blocking.) A coalitionS € N canlCX-block (z;);cn if
there existgx;);cs € A’ satisfying the following condition:

Y0 uilxitts), 0) PO, 1s)

tseTs 0e®

> Z Z Z (zi (tn\s. 15), 0) P (0, ta\s. 15)

ts€Ts tn\s€TN\s €O

foralli e S.
(iii) (Ex ante incentive compatible e-blocking.) Suppose > 0. A coalition S € N can
elCX-block (z;)ien if there exists(x;);es € A% satisfying the following condition:

Y uilxitts), 0) PO, 1s)

tseTs 0e®

> Z Z Z (zi (tans, 15), O) P (8, I s, 15) + &

ts€Ts tn\s€TN\S fe®

foralli € S.
3.2. Incentive compatible cores
Definition 3. Let e = ({u;, w;}ien, 0, 7, P) be a PIE.

(i) An N-feasible, incentive compatible allocation);cy € A}, is anEx Ante Incentive
Compatible Core Allocation for e if (z;);enxy cannot bd CX-blocked by any§ C N.

(i) An N-feasible, incentive compatible allocation);cy € A}, is anEx Ante Incentive
Compatible ¢-Core Allocation for e if (z;);ey cannot belCX-blocked by N and
(zi)ien cannot besICX-blocked by anys = N.

Obviously, every ex ante IC core allocation is an ex ante-4re allocation for each
e>0.

The model and definitions that we have described are similar to those in Vohra (1999)
(see also Forges et al. (2002)). Vohra works with utilities; r) that depend on the type
profile t but the two approaches are formally interchangeable. If we define

(0 =Y ui(50)Po@®l)
0e®
then our model can be embedded in Vohra's. By defirting T andP(0]t) =1 if 6 =1,

then Vohra’s model is a special case of ours. His work shows that, for this special case, the
ex ante incentive compatible core can be empty under benign assumptions@\aéh
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agents are not informationally small in a sense defined precisely in the next section. Our
goal is to consider those cases in which agents are informationally small and in which the
ex ante incentive compatible core is nonempty as a result.

4. Informational size, aggregate uncertainty, and distributional variability

We will show that there exist incentive compatible core allocations for economies
with asymmetric information when an agent’s informational size is small relative to other
properties of the information structure of the economy. In formulating the conditions under
which the incentive compatible core is honempty, we need the notions of informational
size, aggregate uncertainty and distributional variability which we introduced in McLean
and Postlewaite (2002a). We will define these concepts below, but refer the reader to that
paper for a full discussion of the concepts.

4.1. Informational size

If t € T, recall thatPy (-|t) € Ap denotes the induced conditional probability measure
on ® and xp € Ap denotes the measure that puts probability on& oAny vector of
agents’ types = (t_;, t;) € T induces a conditional distribution o® and, if agenti
unilaterally changes his announced type frono ¢/, this conditional distribution will
(in general) change. We consider agetd be informationally small if, for each, there
is a “small” probability that he can induce a “large” change in the induced conditional
distribution on® by changing his announced type frajrio some other,. We formalize
this in the following definition.

Let

Ié(ti/, t,') = {t_,' eT_; | HP@(-U_[, i) — P@(- | t_,',tl»/) H > 8}.
Theinformational size of agent i is defined as
v/ =maxmaxmin{e > 0| Prob{i_; € I'(t].t;) | i = 1;} < &}.
LeT; t{eT;

Loosely speaking, we will say that agent iiigormationally small with respect toP
if his informational sizevl.P is “small.” If agenti receives signat; but reportsr, # 1,
then the effect of this misreport is a change in the conditional distributio® dnom
Po(-lt—i, ;) t0 Po(:|t—i,t). If t_; € 1;' (t,1;), then this change is “large” in the sense
that || Po (-|7—i, t;) — Pe(li—i,t))|| > &. Therefore, Profi_; € I!(t],;) | i; = t;} is the
probability thati can have a “large” influence on the conditional distribution@rby
reportingz] instead of; when his observed signalis An agent is informationally small
if for each of his possible types he assigns small probability to the event that he can have
a “large” influence on the distributioRe (-|z—;, ;), given his observed type.

4.2. Negligible aggregate uncertainty

We will next quantify aggregate uncertainty. Let
nl =ma}xmin{s >0|Prolf|Po(-|7) — xo| >cforallo e ® |ii =1} <e}.
ti€l;



R.P. McLean, A. Postlewaite / Games and Economic Behavior 45 (2003) 222-241 229

If y,f is small for each, then we will say thaP exhibitsnegligible aggregate uncertainty.

In this case, each agent knows that, conditional on his own signal, the aggregate
information of all agents will, with high probability, provide a good prediction of the true
State.

4.3. Distributional variability

To define the measure of variability, we first define a mefricn Ao as follows: for
eacha, B € Ag, let

o B

lellz B2 12

where| - |2 denotes the 2-norm. Henakw, ) measures the Euclidean distance between
the Euclidean normalizations af and 8. If P € Agxr, let Po(-|t;) € Ap be the
conditional distribution or® given thati receives signal and define

d(a, p) =

AP =min min d(Pe(lt), Po(-|1))%
;=min min, (Po Clt), Po (- | 1))
This is the measure of the “variability” of the conditional distributi@s(-|z;) as a function
of ;. Let

Ay r ={P € Aoxr | foreachi, Po(:|t;) # Po(-|1]) whenever; 1/}.

The set Ay, , is the collection of distributions o® x T for which the induced
conditionals are different for different types. Henﬂ@", > Oforalli wheneverP € AF, ;.

It can be shown that for eadhy;, andg there exists a collection of numberg0, ;)
satisfying

0<z(0.6) <1 and ) [z(0.1) —z(0.4)]Po@]t) >0
%

for eachs,t/ € T; if and only if P € A}, ,. This means that, if the posteriors
{Po (-|ti)};er, are all distinct, then these “incentive compatibility” inequalities are strict.
However, the expression on the left-hand side decreasaﬁ as 0.

The construction of an allocation in the ex ante IC core for a@4&, w;}icn, 0,7, P)
relies on a delicate balance between informational size, aggregate uncertainty and
variability. We begin with a core allocationg;(01),...,Zi(6,))ieny Of the auxiliary
economyE (Pg, {u;, w;}ien) Where Pg is the marginal ofP on ®. We then use this
core allocation to construct an incentive efficient PIE allocatigh;cy € A} in the ex
ante incentive compatible core. Both aggregate uncertainty and informational size play a
critical role in proving incentive compatibility. When agéf typer; lies and reportg, he
may experience a utility gain by doing so. In order to give agéin¢ appropriate incentive
to report truthfully, we must impose a utility loss @rwhen he lies that outweighs any
gain from the lie. In the mechanism that we construct, the gaini tban experience from
lying is bounded from above bys informational size while the loss that we can impose
is bounded from below by his measure of variability. Therefore, the mechanism will be
incentive compatible if informational size is small enough relative to variability.
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5. Existenceresults
5.1. The nonemptiness of the incentive compatible core

We now present two results concerning the nonemptiness of the core in the presence of
incomplete information.

Theorem 1. Let 7 € Ap and let
Apxr(m) ={P € Aoxr | Po =7}
For every ¢ > 0, there exists a § > 0 such that, whenever P € Ag 7 (7r) and satisfies

maxul <sminAf,  maxy) <smina?
l L l 1
the ex ante incentive compatible e-core of the PIE ({u;, wi}ien, 0, 7, P) is nonempty.

Proof. Chooses > 0. Let (¢;(61), ..., ¢ (0m))ien be a core allocation of the auxiliary
economyE (r, {u;, w;}ien). (The concavity assumption guarantees that a core allocation
exists.) Let

n
M = meaxmaXu,» (Z wj; 9),

1 /:1

and let

_ &

- 5M+2

The monotonicity and continuity assumptions imply that there exists an allocgtien

(;{7(91), gi”(em)),»eN of the auxiliary economy such that, for eack N and eaclk,
&' (6r) # 0 and

wi (£ Ok); 0k) = ui (¢ (6k); 6k) — .

Applying Theorem 1 in McLean and Postlewaite (2002a), we conclude that there exists a
§ > 0 such that, wheneve? € Ag 7 (r) and satisfies

n

maxu! <sminAf,  maxy/ <sminAf,
l ]

1 1

there exists an incentive compatible PIE allocatign for the PIE ({u;, w;}ien, 6,1, P)
and a collectiorBy, ..., B, of disjoint subsets of" such that

(i) Probif e ULy Bi} > 1—n;
(i) Prob{f =6, |t =t} > 1—nforall k and allt € By;
(i) forall i € N, all k and allz € By,

ui (2i(1); 6k) = ui (& (01); k) — n.
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Given the definition ot ", it is clear that

ui (2i (1); 0) = ;i (¢ (Ok); 6k) —

whent € By. DefineBo = T\[U;—1 Bkl SinceA}, is compact and eaak is continuous,
there existg (-) € A}, such that(-) cannot be ICX blocked by and

DY i, 0)PO.0) =D > ui(2:(1).0) PO, 1)
teT He® teT He®

for all i € N. To show thatz(-) is an ex ante incentive compatibdecore allocation, let
S C N, S # N, and suppose that there existg);cs € Ag satisfying

D0 ui(xi(ts), 0) PO, 1) > Y > ui(zi(t),0) PO, 1) + ¢
tseTs 0@ teT €O

for all i € S. We will show that this leads to a contradiction.

Sep 1. For eact® € ® and eacti € S, let
E©0)= ) xits) P(1510)
tseTs

and note that
dEO) =) [ZX[(IS)}P(ISIG) <> [Zw,}P(me) <> wi
ieS tseTs —i€S tseTs = i€S ieS

Furthermore, for eache S,

vi (& 01, ... &O0) =D ui (&), 61)7 (k)
k

= Zm( > x,»as)P(rswk),ek)n(ek)
k

tseTs

> > uilxi(s), 6x) P(is|6) (k)

k tgeTs

_Z Z x, (ts), 9k P(ts,ek)

k tseTs

Sep 2. Direct computation establishes thgts, — Po (:|t)|| < 2n wheneverr € By.
Therefore) ", | ZteBk P(t) — P(9;)| < 3n and it follows that, for eache S,

3 ui(zi(,6) P@, 1)

teT Oe®
ZZ (2i(1),0) P(6,1)
teT 0€®
=3 3N wiGE®.0)POIOPO+ Y > ui(2:(0).0)P©. 1)
k teBr0e® teBpbe®

> Y Y wi(E0,0;)POINP@) =Y Y wi(Z:(0), 6) P(1) — 2M7

k teBy j k teBy
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>3 ui (60, ek)[ 3 P(r)} —(2M +2)n

k teBy

> > ui (600, ) POk) — 5My — 20 = vi (& (0). ... &i(O)) — (BM + 2.
k

Sep 3. Combining steps 1 and 2, we conclude that, for gaels,
Vi (El 01),....& (em))

>y Z (xi(15), k) P(1s, 60) > ) D ui(zi(1),0) P(0,1) + ¢

k tseTs teT Oe®
>0 (¢i(01), ... £ (Bm)) — (BM +2)n+ & = v (£ (1), ... &i (Br))
contradicting the assumption thétz; (01), ..., (0m))}ieny IS @ core allocation of the

auxiliary economyE (T, {u;, w;tien). O

The concavity assumption regarding utility functions guarantees that the core of the
auxiliary economyE (Pg, {u;, w;};en) is nonempty and this is enough to show that the
ex ante incentive compatible-core is nonempty. However, we need the strict core of
the auxiliary economy to be nonempty in order to prove the nonemptiness of the ex ante
incentive compatible core.

Theorem 2. Let 7 € Ap and let

Agxr(mw)={P € Agxr | Po =7}

Furthermore, suppose that the strict core of the auxiliary economy E (, {u;, w; }icn) IS
nonempty. Then there existsa § > 0 such that, whenever P € Ag 7 (;r) and satisfies

maxul <sminAf,  maxy) <smina?
l L l 1
the ex ante incentive compatible core of the PIE ({u;, w;}ien, 0, 7, P) iS nonempty.

Proof. Letw € Ag and suppose thatis a strict core allocation of (r, {u;, w;}icn)-
Sep 1. There exists > 0 such that the following condition holds: there is no coalition
S # N such that, for soméy; (61), ..., ¥i(0m))ies € Ps(w),

i (i (0, -, ¥iOm)) =i (i (B, ..., &i(Om)) — &

foralli € S.
To see this, suppose that, for eveky there is anS* # N and an allocation
K01, ..., Y5 (Om));esr € P such that

Vi (E O, - YEOm)) = vi (600, ... i (Om)) — 1/k

for eachi € S*. Since there are only finitely many coalitions, since eakf(w)
is compact and eacly; is continuous, it follows that there exists ah# N and
(3i(01), ..., Yi(Om))ies € Ps(w) such that

Vi (yi (1), ...,y (9,,,)) Vi (é't 01),.... ¢ (em))
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foreachi € S. In particularws = (ws, ..., ws) € Ps(¢) contradicting the assumption that
¢ is a strict core allocation af (7, {u;, w;}ien).
Sep 2. Let
n
M = maxmax; (Z wj; 9),
Jj=1
and let
_ &
T=smy2

Applying the same argument used in the proof of Theorem 1 above, there exist® a
such that, wheneve? € Ag 7 (7r) and satisfies

maxu! <sminAf,  maxy] <sminAf,
l 1 l 14

there exists an incentive compatible PIE allocafion for the PIE({e(0)}yco, 0, 7, P) and
a collectionBy, ..., B,, of disjoint subsets of" such that

(i) Probi7 e U;—y Be) > 1—n;
(ii) Prob{d =6x|i =1} >1—nforallk andallr € By;
(i) Foralli € N, all k and allf € By,

wi (2i(); O) = wi (£i (6k); Ok) —

SinceAy, is compact and eaah is continuous, there exist$-) € A}, such that(-) cannot
be ICX blocked byN and

D> uiz@),0) PO, 0= Y ui(2:(t),0)P©, 1)
teT O€e® teT O€®

for all i € N. To show thatz(-) is an ex ante incentive compatible core allocation, let
SC N, S#N, and suppose that there exigts);cs € Ag satisfying

Z Z (xi(15),0) P8, 15) >ZZM, zi(1),0) P9, 1)
tseTs 0e® teT He®

for all i € S. We will show that this leads to a contradiction.
Defining (& (1), - . ., & (6))ies as in the proof of Theorem 1 and using the same steps
found there, we conclude that, for eaich S,

vi(&01), ..., & (6m))

>3 D wilxiCs), 0) Plis, 6) > Y D uilzi(1),0) PO, 1)

k tseTs teT OO
> 0i (¢ (01, ... & (Om)) — BM + 2)n > v; (£ (0), ..., 5 (Om)) — &.

This contradicts the conclusion of step 1 and it follows that the ex ante IC core is
nonempty. O
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5.2. Strict cores of auxiliary economies

In order to show that the incentive compatible core is nhonempty, we assumed in
Theorem 2 that the strict core of the auxiliary economy was nonempty. In the first result of
this section, we provide conditions under which this assumption holds.

We begin with a definition.

Definition 4. A Walras equilibrium allocation = (x;(61), - . ., xi (6i))icn Of the auxiliary
economyE (w, {u;, wi}ien) With associated price vect@p(61), ..., p(6n)) € Rﬁm is a
strict Walras equilibrium allocation if for eachi € N, (x;(01), ..., x;(6,,)) IS the unique
solution to the problem:

maxv; (zi (61), - ., 2i (Om))
st. Y p(0) - [zi(6) — w;] <0 andz; (0) € %’ forall 6 € ©.
0

Not every strict Walras equilibrium is a strict core allocation but the two notions are
related as the next result demonstrates.

Proposition 1. Suppose 7 € A% and that x = (x;(01), ..., x;(0))icy iSastrict Walras
equilibrium of the auxiliary economy E(r, {u;, w;}icy) With associated price vector
(pB1),...,pBn)) € Rfr’". If S§ £ N implies that wg # x5(0) for some 6 € ©, then x
isastrict coreallocation for E (r, {ui, w;}ien).

Proof. First, we show that, for eacf,

(y(61), ..., y(Om)) € Ps(x),

¥(0) # x5(0) for somed = Y " p(®) - [y(6) — ws] > O.
6

To see this, choosg (61), ..., y(6,)) € Ps(x) and suppose that(0’) # xs(0’). From
the definitions, it follows that there exi&l; (61), ..., z; (Bm))ics SUch that s(6) = y(0) for
all 6 and (z; (1), ..., zi(Om)) € Pi(x) for eachi € S. If Yy p(9) - z;(8) <Dy p(6) - w;
for somei, then the monotonicity assumption implies thatioes not maximizé's utility
on his budget set (recall thate A% and(p(61),..., p(By)) € Rfr'"). This in turn means
thatx is not a Walras equilibrium. Therefor®,, p(©) - z; (6) = Y, p(0) - w; for every
i €S.Sincey(8) # xg(0), it follows thatz; (8) # x; (') for somei € §, sayi’. Since
x is a strict Walras equilibrium, we conclude thal, p(6) -z (0) > >, p(6) - wy and,
consequently,

D PO -yO®) =) p®)-z50) > Y _ p(®) - ws.
0 0 0

To complete the proof of the proposition, suppose thigt N. Then wg # xs5(6)
for somed € ©. If wg € Ps(x), then) ", p(0) - ws > Y, p(6) - ws, an impossibility.
Therefores ¢ Ps(x). O
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The proof of Proposition 1 does not use the assumption that utility functions are
concave. However, every Walras equilibrium is strict if utilities are strictly concave. Hence,
Proposition 1 does imply the following corollary: if

(i) = eA?,
(i) x = (x;(01),...,xi(6m))ien is a Walras equilibrium of the auxiliary economy
E(mw, {ui, wi}ien),
(iii) the utilities u; (-, 0) are strictly concave, and
(iv) for eachS # N there exists @ € ® such thatwg # xs(0), thenx is a strict core
allocation forE (r, {u;, wi}ien).

We now turn to the question of the nonemptiness of the strict core of an auxiliary economy.
We begin with two results that will lead to a “genericity” theorem.

Proposition 2. Suppose € A% and suppose that the strict core of the auxiliary economy
E(m, {u;, w; }icny) is nonempty. Then there exists an ¢ > 0 such that the strict core of the
auxiliary economy E (r, {u;, a;}icn) 1S nonempty whenever ||w; — a;|| < ¢ for all i.

Proof. Suppose that = (x;(61), ..., x;(0))ien IS a strict core allocation of the auxiliary
economyk (r, {u;, w;}ien)-

Claim. There exists an ¢* > 0 such that, for eacha = (ay, ..., a,) satisfying |w; — a;| <
g* for all i, thereexistsan & € @y (a) suchthat ag ¢ Ps(£) whenever S # N.

Proof of Claim. Suppose instead that there exists a sequetice (a’l‘,...,af‘l) —
w = (w1, ..., wy) such that, for eacl§ € dy(a¥), there exists arfg # N such that
af‘% € Ps.(§). Since a* > w, x € dy(w), and dy(-) is a lower hemi-continuous

correspondence, it follows that there exists a sequéglidesuch thate* e @y (a*) and

gk — x. Therefore, there exists for eaghan S; # N such that&fgk € ng(sk). Since

there are only finitely many coalitions, we may (choosing a subsequence if necessary)
assume thaf is independent of. In particular, there exists ah N such that for each,

ak e Ps(&h). Sinceak — wg, &8 — x, andPs(-) is a correspondence with closed graph, it
follows thatws € Ps(x). This contradicts the assumption thais a strict core allocation,

and the proof of the claim is completer

To complete the proof of the theorem, choase (as, . . ., a,) satisfying|w; —a;|| < &*
for all i. Applying the claim, there exists € @y (a) such thatas ¢ Ps(¢§) whenever
S # N. Next, choose an efficient allocatighfor the auxiliary economy (r, {u;, a;}icn)
satisfyingé/ € P; (&) for eachi € N. SincePs(¢') € Ps(£), it follows thatas ¢ Ps(&”)
and we conclude thdt is a strict core allocation foE (r, {u;, a;}icy). O

Proposition 3. Suppose € A% and suppose that x = (x;(61), ..., xi(6m))icn iSastrict
Walras equilibrium of the auxiliary economy E(r, {u;, w;}ieny) With associated price
vector (p(61), ..., p(On)) € mﬁm. If there exists S = N such that ws = x5(@) for all 6,
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then for every § > O there exists a vector a = (as, ..., a,) such that a; € RfH for all i,
lw; —ai]| <& for all i, and x is a strict core allocation of the auxiliary economy
{m, {ui, ai}ien}.

Proof. Let
S={SCN|S+#N andws=xs(0) forall 6 € ©}
and suppose that £ ¢. Let y == 0 be a net trade vector such that
[ > p(G)} -y=0
0
where (p(01), ..., p(Bn)) € mﬁ’" is the equilibrium price vector. Now consider the
following perturbations to the endowment vectar
wi(e) =w; +ey fori#1,
wi(e) =w1— (n — Dey.
Since eachw; € %Y |, the vectorw/(s) will have positive components for sufficiently
smalle. Also, note that
wiy () = wy
while
w's(e) # ws

wheneverS # N. If S € S, thenw/(¢) # x5(0) for all # and for alle > 0. Since there
are only finitely many coalitions and sinag (¢) — ws ase — 0, it follows thatwy (¢) #
xs(0) for at least on& wheneverS ¢ S, S # N, ande is small enough. Summarizing,
there existg > 0 such that, whenever9 ¢ < &, the following statement holds: for each
S # N, there exist® € ©@ such thatw|(e) # xs5(0).

To complete the proof, choosk > 0 and choose™* satisfying O< ¢* < £ and
lw; —w;(e*)|| <& foralli. Next, definez; = w;(¢*). Since

][] =[]

for eachi, it follows that x is a strict Walras equilibrium of the auxiliary economy
E(m,{u;,a;}ien) With associated price vectarp(61), ..., p(6,)). The proof is now
completed by applying Proposition 1 to the auxiliary econdiity, {u;, a;}ien). O

We can now combine Propositions 2 and 3 and provide a genericity result for strict cores
of auxiliary economies.

Corollary. Supposethat = A% and define
X ={(wy,...,wy) € (N,)" | thestrict core of {r, {u;(-,0), w;}

is nonempty}.

96@}

If each u; (-, 0) isstrictly concave, then X is an open dense subset of (SR?H)".
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Proof. Proposition 2 implies that is open. Ifw ¢ X, then the strict concavity assumption,
together with monotonicity and positivity ab;, implies that there exists a strict Walras
equilibrium of the auxiliary economy. Applying Propositions 1 and 3, we concludexthat
isdense int )". O

6. Thereplica problem

In the presence of a large humber of agents, we might expect any single agent to be
informationally small and replica economies provide a natural framework in which to
investigate this conjecture.

6.1. Notation and definitions

Recallthat/, ={1, 2, ...,r} and defineV, = N x J,.. Given the collectiofw;, u;}icn
and a positive integer, let {wis, uis}i sen, denote ther replication of {w;, u;}ien
satisfying:

(1) wis=w; foralli e N andalls € J,;
(2) uis(z,0) =u;(z,0) forallz € %Y, i e N ands € J,.

For any positive integer, let 7" =T x --- x T denote the--fold Cartesian product
and lett” = (¢/;,...,t}) denote a generic element @f" wheret| = (11,.....1;,). If
P € Apxrr, thene” = ({wis, uis}i.s)en,, 0,1, P) is a PIE withnr agents.

Definition 5. A sequence of replica economies{w,»s,u,'s}(,-,s)eNr,é, i, P2, is a
conditionally independent sequence if there exists aP € A7, . such that
(a) for eachr, eachs € J, and eachd,11,...,t,) €@ x T,
Probld = 0,7, =11, =ta,.... 05, =ty } = PO, 11,12, ..., 1y);
(b) for eachr and eacl®, the random vectors
(e fn’l), U (0 S f,{,)
are independent giveh=6;
(c) for everyd, 6 with 6 £ 6, there exists ac T such thatP (¢|0) # P(¢|9).
6.2. Thereplicatheorem

A conditionally independent sequence is a sequence of PIE'swigents containing
“copies” of each agent € N. Each copy of an agerntis identical, i.e., has the same
endowment and the same utility function. Furthermore, the realizations of type profiles
across cohorts are independent given the true valug @éfs r increases each agent is
becoming “small” in the economy in terms of endowment, and we can show that each
agent is also becoming informationally small. Note that, for largan agent may have
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a small amount of private information regarding the preferences of everyone through his
information abou®. We now state an analogue of Theorem 1 for replica economies.

Theorem 3. Let {({wis,uis}(i,s)efv,,é, 1, P")}22, be a conditionally independent se-
guence. For every ¢ > 0, there exists an integer 7 > O such that for all » > 7, theexante IC

e-core of the PIE ({wiy, uis}i.s)en,, 0,1, P") isnonempty.

Proof. Let{({wis, uis}i.s)en, 6,1, P")}22, be a conditionally independent sequence and
let P, denote the marginal oP” on @. From the definition, it follows that there exists
7 € Ap such thatP}, = nr for all r. Since each;(-; 0) is concave and monotonic and
eachw; € ‘R?H, it follows that the auxiliary econom¥ (zr, {w;, u;};en) has a Walras
equilibrium¢ = (¢ (61), .-, i (Om))ien- Definingg 6 =6 forall r, i, s, andk,

it follows that the allocatiorig/  (61), ..., ¢/ S(em))(, s)eN, (the “r-replica” of ¢) is a core
allocation of ther-replicated auxmary economﬁ(n {wis, uis}i s)en,) for everyr. Let

n
M = maxmax; (Z wj; 9).

j=1

Choose:s > 0 and let

_ &
"= +2
There exists art > 0 such that, for ali- > 7, there exists an incentive compatible PIE
allocationz” (-) for the PIE ({wis, uis}i.s)en,. 0,1, P") and a collectionBy, ..., B;, of

disjoint subsets of'” such that

(i) Prob{i" e U >1-—n,
(ii) Prob{f =6y | t’ = t’} >1-nforallk e J, andallt" € By,
(i) Foralli e N, forallk € J,, and allz” € By,

ui (255 ("); 0k) = ui (6 (Br); k) —

(To see this, apply the claim in step 3 in the proof of Theorem 2 in McLean and
Postlewaite (2002a) to a perturbed aIIocat'(qﬂ(el), gi”(em)),-eN as defined in the
proof of Theorem 1 above.)

If C C N,, let A, denote theC-feasible allocations for the PIE and letA;" denote
the incentive compatible elements4f.. SinceA’ is compact and eaal is continuous,
there existg” (-) € A’y such that”(-) cannot be ICX blocked by, and

ZZ (25", 0) P (0,1") = ZZ (2, ("), 0)P"(6.1")
el 0O T 0e®

forall (i, s) € N,. Now choose > 7. To show that" (-) is an ex ante incentive compatible
g-core allocation for”, let C C N,, C # N,, and suppose that there EXiSt'{S)(i,s)ec €
A satisfying

DY ui( O)P (0.10) > > > ui( 0) P (6,1") +

to€T, 0O teT" 0e®



R.P. McLean, A. Postlewaite / Games and Economic Behavior 45 (2003) 222-241 239

for each(i, s) € C. We will show that this leads to a contradiction. L&t = {s € J, |
(i,s) € C}and letl = {i | C; # @}.

In the remaining steps, we suppress the dependerite 6f., 1", 1¢, 1/, Ay, P", 2", 2",
etc. onr.

Sep 1. For eacty € ® and eachi € I, let

[ > xi,s(rc)P(th)}

seCi “tcelc

£i(0) = |C|

and note that

Z|c,-|s,~(9>=22[ > xi,s(tc)P(rc|9>}< > [ > wi,s}P(rdG)

iel iel seC; ~tcelc tceTc ~(i,5)eC

Furthermore, for eache I,

vi (& (01, ..., & Op) = Z i (€ (61, 0) 7 (00)

<|C| Z[ Z xi,s(tC)P(tC|9k)j|,Gk)n(Gk)
! seC;

tcelc

Z D wi(xis(tc), 0x) Pt |0x)7 (6)

eCitcelc

Z [Z > ui(xig(tc). 6k) Ptc, ek)}

seC; k tcelc

D
?

Tl

Sep 2. Duplicating the argument in step 2 of the proof of Theorem 1, we conclude that
for each(i, s) € C,

DD uilzis (0, 0) POk, 1) = vi (4 (00), ..., Gi(Om)) — (BM + 2)n.

teT k

Sep 3. Combining steps 1 and 2, it follows that for edch/,

vi (& (6), ..., & (Om)) > |C|Z[ZZ (xi.s (t), 1) P(tc . 9k>}

seC; k tcelc

|C|S€C [ZZ (2i.s (1), 6) P (O, t)+e}

teT k

1
> |C; | [Ui(fi(el),.-.,{,'i(@n))—(5M+2);7+8i|

SEC,'

=V (gl 01),.... ¢ (em))
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To complete the proof, define an allocati@, (61), . . ., & s (0m)) i.s)ec Whereg; ;(6) =
& (6r) for eachk and each(i, s) € C. Step 1 establishes that

Y EsO=)ICIEO) < Y wis

(i.5)eC iel (i,5)eC
S0(&i5(01), - ... & s(Om))(i.s)ec is C-feasible. Step 3 establishes that

Vis (&is 0D, .- &5 Om) =i (& (O, ..., & (Om)) > vi (£ (6D, ..., i (Om))
=UVis ({,r; 01, ..., {;:S (em))

for each(i, s) € C. Therefore, the coalitiod can improve upon the aIIocatidm{’S (61),
...,gl.fs Om)).5)en, contradicting the assumption th@g{s 1), ..., gl.fs Om))(i.s)en, 1S @
core allocation of the replicated auxiliary econoyr, {w;s, uis}is)en,). O

7. Discussion

1. In independent work, Krasa and Shafer (2001) investigate a question similar to
that addressed in this paper. They consider economies with asymmetric information in
which agents receive noisy signals of the state of the world. They then study a sequence
of economies with incomplete information that converges to an economy with complete
information in the sense that the agents’ signals are asymptotically perfect signals of
the state of the world. Using the notion of strict core, Krasa and Shafer show that, for
a sequence of asymmetric information economies that converge to a complete information
economy for which the strict core is nonempty, the incentive compatible core will be
nonempty for economies close to the limit (see their Theorem 2).

There is a close relationship between their notion of convergence to complete
information and our concept of informational size. If the accuracy of all agents’
information is increased uniformly, the agents’ informational size will go to zero. It can
be the case, however, that if the accuracy of one agent'’s information increases much faster
than the accuracy of other agents, then that agent will not become informationally small.
In McLean and Postlewaite (2002a), it is discussed how our arguments can be extended to
this case.

While uniformly increasing the accuracy of agents’ signals of the state necessarily
makes the agents informationally small, the converseotstrue. This is demonstrated
by our replica theorem. In this case, the agents’ information is not becoming increasingly
accurate, but they are nevertheless becoming informationally small. The relevant informa-
tional consideration for assuring a nonempty incentive compatible core is not that each
agent necessarily have very accurate information about the environment. Rather, the rele-
vant consideration is that no agent haveanopoly on information about the environment.

2. Forges et al. (2002) construct an example of a three person asymmetric information
economy in which the incentive compatible core is empty. Itis straightforward to show that
agents are informationally large, as they must be given our results. One can parametrize the
information structure in their example so that the parameter controls the information size
of agents. In the parametrized version, one can determine the limits on the informational
size of the agents that would guarantee that the incentive compatible core is nonempty.
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