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Abstract

In McLean and Postlewaite (Econometrica 56, 1992, p. 2421), we analyzed pure exchange
economies with asymmetrically informed agents. We defined a notion of informational size and
showed that, when the aggregate information of all agents resolves nearly all the uncertainty
regarding the state of nature, the conflict between incentive compatibility and (ex post) efficiency
can be made small if agents have sufficiently small informational size. This paper investigates the
relationship between informational size and efficiency for the case in which nontrivial aggregate
uncertainty is present, i.e., when significant uncertainty about the world persists even when the
information of all agents is known.
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1. Introduction

It is well understood that, in the presence of asymmetric information, incentive
compatibility and Pareto efficiency often conflict: agents may benefit from misrepresenting
their private information when that information is to be used in making decisions that affect
them. In McLean and Postlewaite (2002), we addressed certain continuity issues when
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agents have small amounts of information that is not common knowledge. Much research in
economics ignores the issue of asymmetry of information, implicitly or explicitly assuming
that the characteristics of the economic environment are common knowledge among agents
even though the assumption that all agentsidestically informed is implausible. This
working assumption greatly simplifies the analysis and is based on a belief that behavior
should be continuous with respect to the information structure. When the asymmetry of
information is ‘small enough,’ predicted behavior when asymmetries are ignored should
be close to predicted behavior when these asymmetries are properly modeled.

McLean and Postlewaite (2002) formally address this question by introducing a measure
of an agent’s informational size and show that, in some cases, the unavoidable inefficiencies
caused by incentive problems can be made small when agents have sufficiently small
informational size. In that paper, two aspects of the informational structure are important.
The first aspect iaggregate uncertainty: to what extent does the agents’ informatinmoto
resolve nearly all the uncertainty in the economy? The secoimfoismational variability
which, very roughly, measures the degree to which an agent’s information is correlated
with the information of other$.McLean and Postlewaite (2002) restrict attention to the
case ofnegligible aggregate uncertainty in which the agents’ information resolves nearly
all uncertainty regarding the state of the world and show that many individually rational
Pareto efficient allocations can be approximated by incentive compatible allocations when
each agent is sufficiently informationally small relative to his informational variability.

In this paper we investigate the relationship between informational size and efficiency
in the presence of nontrivial aggregate uncertainty, i.e., when significant uncertainty
regarding the world is present even when the information of all agents is known. In
the next section, we present the formal model; following this, we discuss in general the
guestion of aggregate uncertainty and the difficulty that aggregate uncertainty presents
when trying to identify nearly efficient incentive compatible allocations, even when agents
are informationally small.

We then prove the existence of incentive compatible, individually rational and nearly
ex post efficient allocations without assuming negligible aggregate uncertainty when
each agent has small informational size relative to informational variability. We also
show that, for general exchange economies with asymmetric information, the conflict
between incentive compatibility and efficiency asymptotically vanishes when an economy
is replicated.

Both this paper and McLean and Postlewaite (2002) are related to Cremer and McLean
(1985, 1988) and to subsequent work by McAfee and Reny (1992). The possibility of
full extraction in mechanism design problems also depends on the correlation of agents’
information in a way that is related to, but not precisely the same, as our concept
of informational variability. This is discussed in detail when that concept is formally
introduced below.

1 This is defined formally below.
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2. Privateinformation economies

The model is similar to that in McLean and Postlewaite (2002). The interested reader
will find a detailed discussion of the model and many of the assumptions there.
Throughout the papet]| - || will denote the 1-norm unless specified otherwise. Let
N =1{1,2,...,n} denote the set ofconomic agents. Let ® = {61, ..., 6,,} denote the
(finite) state space and letTy, T, ..., T, be finite sets wherd; represents the set of
possiblesignals that agent might receive. Letl' =71 x --- x T,, and7_; = x4 T;.
If r € T, we will often writer = (r_;, t;). If X is a finite set, define

Ay = {,0 e ™| p(x) >0, Zp(x) = 1}.
xeX
In our model, nature chooses an element®. The state of nature is unobservable but
each agent receives a ‘signall; that may be correlated with nature’s choicedoMore
formally, let (8, i1, 72, ..., 7,) be an(n + 1)-dimensional random vector taking values in
® x T with associated distributioR € Ao« Where

PO,11,....tn) =Probld =0, 1 =11,....0, =1}

Without loss of generality, we will make the following ‘full support’ assumptions
regarding the marginal distributions: for eathk ©,

P(®)=Probd =6} >0
and for eachi € N and for each; € T;,
P(1;) =Prob{7; =1;} > 0.

LetT*={r € T | P(¢t) > 0}. We note that'* neednot be equal toT. If r € T*, let
Po(- | t) € Ap denote the induced conditional probability measuresoriet xp € Ap
denote the degenerate measure concentrated orfstate

The consumption set of each agent iﬁtﬁ andw; € mﬁ denotes thénitial endowment
of agenti (an agent’s initial endowment is independent of the staté&or eacld € O, let
ui(-,0) :ER?F — N be the utility function of agenitin stated. We note that this formulation
differs from the more standard formulation that specifies utility functions of the form
ui(-, 1), wherer is the profile of agents’ types. Clearly, our formulation is without loss
of generality, since one can always define the sgaee 7. The formulation; (-, 6) that
we have chosen is advantageous for our purposes in that it focuses attention on the manner
in which the types of agents different framwill affect agent’s utility. The utility of i for
any bundle of goods depends only on the state of natéreand the information of other
agents affects only through the way that information changes the likelihood of different
states of nature. This focus simplifies our formulation of informational size below.

Throughout the paper, we make the following assumptions regarding utilities and
endowments for each agent N:

e Continuity: for eachd € ©, u; (-, 6) is continuous.
e Monotonicity: if x,y € Eﬁﬁ_, x > yandx #y, thenu;(x, 0) > u; (y,0).
o Normalization: u; (0,0) = 0.
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o Non-zero endowment: w; # 0.

Eachmr € A can be associated with a pure exchange economy in which each agent's
utility for any bundlex is the expected utility of that bundle given the distributiolon ©.
More formally, theexpected economy corresponding to 7= (expected economy for short) is
the pure exchange economy in which agehas endowment; and utility

vi(x, ) = Z u; (x,0)7(6).

0e®

The expected economy correspondingrtavill be denotede(r) = {w;, vi (-, m)}icy and
we will definee(xy) : = e(0). For eachr € Ag, an allocation fore(r) is a collection
{x;(m)}ien satisfying x; () € ﬂtﬂ for eachi and ),y (x;(7) — w;) < 0. For each
7w € Ag, an allocation{x; (r)};cy for the expected economy(rr) is efficient if there is
no other allocatiory; (;r)};en for e(;r) such that

vi (i (), ) > v (xi (), )

for eachi € N. For eacke > 0, an allocatiorx; (r)};cn for the expected econonyr) is
e-efficient if there is no other allocatiofy; (7 ) };en for e(sr) such that

vi (yi (), ) > v (xi (), ) + &

foreachi € N.

The collection({e(8)}sco, 8, f, P) will be called aprivate information economy (PIE
for short). A PIE allocatiory = (z1, z2, ..., z4) for the PIE is a collection of functions
zi:T — E)tﬂ satisfying ;. y(zi(r) — w;) < 0 for all r € T. We will not distinguish
betweenw; € Eﬂﬁ \ {0} and the constant allocation that assigns the bungli¢o agent
iforallreT.

Recall that Po(- | 1) € Ap denotes the conditional distribution o® given
t € T*. Given a PIE({e()}sco.0,1, P), we can define a natural expected economy
e(t) :=e(Pp(- | 1)) for eachr € T*. In this notation, every PIE allocation for the
PIE ({e(0)}oeco, 0, 7, P) induces an allocation(?) in the expected econont) for each
t € T*. Note thate(r) depends or? and we are suppressing this dependence.

A PIE allocationz for the PIE({e(0)}gco. 0, T, P) is:

e incentive compatible (IC) if

DD iz ), 0)PO i [6) =Y Y wilzit—i, 1)), 0) PO, 1 | 1;)

0e®@1_;eT_; 0e®t_;eT_;

foralli e N,andally;, 1/ € T;.
e expostindividually rational (XIR) if z(z) is individually rational ine(z) for all r € T*.
o expost s-efficient (X E) if z(z) is e-efficientine(r) forall r € T*.

Note that allocations can depend on agents’ types (their information) but Aiotdrich
is assumed to be unobservable. Hence, our use of the term ‘ex post’ refers to events that
occurafter the realization of the signal vectobut before the realization of the state
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2.1. Nonexclusive information, incentive compatibility, and ex post efficiency

In this section, we address the following question: When can we find a PIE allocation
z(+) for the PIE({e(®)}oeco, 8, , P) satisfying IC, XIR, and X¥E? To illustrate the ideas,
we begin with two examples.

Example 1 (Independence). Suppose thaf and7 are independent. LePy denote the
marginal of P on ®. Choose an allocatiofx; };cy that is individually rational and Pareto
efficient for the expected economyPy) with utilities

vi(xi, Po) =Y ui(xi,0) Po(6)
0e®
and endowments; . If we define an allocation(-) for the PIE as
x; ifreT*,

a= { w i1 ¢T"
thenz(-) is XIR, XpE, and IC. Note that IC is trivial in this case; when all agents are
announcing their types truthfully, the only possible effect that an agent can have on the
outcome by misreporting his type is to change the resulting allocation frémnw. This
cannot increase any agent’s utility sincés individually rational.

Example 2 (Perfect correlation). Suppose that
’I} 2@:{917"'79111}
for eachi and that, for each,

_JPor) ift=(b,...,60,
P(ek’t)_{o if £ £ O, ..., 00).

In words, each agent learns the state of natypeecisely. Hence,

T*={6.....00},_, and Po(-|t)=yxg if1=(0.....00.

For eachk, choose an efficient, individually rational allocatidm; (0;)};cy for the
(degenerate) expected econoaty). If we define an allocation(-) for the PIE as
o )Xk if = (O, ..., 0k),

Z’(I)_{wi if 1 ¢ T*,
thenz(-) is XIR, XoE, and IC. As in the first example, incentive compatibility follows from
the fact that, whenever all other agents are announcing truthfully, the only possible effect

that an agent can have on the outcome by misreporting his type is to change the resulting
allocation tow.

The two examples presented above are special cases of the more general concept of
nonexclusive information (Postlewaite and Schmeidler, 1986).

Definition. A measureP € Ag 1 Satisfiesonexclusive information (NEI) if
teT* = Po(|t)=Po(-|t_;) forallieN.
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The following (easily proved) lemma provides a simple but useful characterization of
NEI.

Lemmal. P € Apxr satisfiesNEI if and only if, for eachi € N andfor all 1;, 7] € T;,

[ty eT*and (1_;, 1) € T*] = Po( |i—i,t;))=Po(-|t_i.1).

Examples 1 and 2 above demonstrate that for two particular instances in which NEI
holds, there exist incentive compatible, ex post individually rational and ex post efficient
mechanisms. The logic of those examples can be generalized, and we show nexPthat if
satisfies NEI, then we can always find incentive compatible, ex post individually rational,
ex post efficient mechanisms.

Proposition 1. Let {e(f)}gco be a collection of degenerate expected economies and
suppose thatNP € Apxr Satisfies NEI. Then there exists a PIE allocation z(-) for the PIE
({e(@)}geo, 0,1, P) satisfying XIR, IC, and XoE.

Proof. Letz(-) be a PIE allocation fot{e()}sco, 0, 7, P) satisfying

(i) z(z) is an efficient, individually rational allocation for the expected econetnyfor
eachr e T*,
(i) z(t)=z(@)ift,feT*andPo(-|t) = Po(-|f), and
(i) z(t) = (wy,...,wy) if t ¢ T*.

Clearly, the PIE allocation(-) is XIR and XE. To prove incentive compatibility, note
that

D0 [wi(zitin 1), 0) — uilziCt—i. 1), 0) ]P0, i | )

0e®t_jeT_;

= Z [vi (zi (t=i, 1), Po (- | 1)) — vi(2i (=i, 1)), Po (- | D)) | P (=i | 1)

t_;jeT_;:
(t—i.t;)eT™
(1—i.1))eT*

+ > [vi(ziC-i 1), P 10) = vi(zi (i, 1)), Po (- | 0)]P—i | 1;)

t_jeT_;:
(t—it;)eT*
(1 1))¢T*

= Y [uieiCim), PoC D) —vi(wi, Po- | 0)] P | 1)

t_;jeT_;:
(t—i t;)eT*
(1—i.1])¢T*

> 0. o
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2.2. Informational size and variability of beliefs

2.2.1. Informational size

In the mechanism of Proposition 1, agents reveal their types and the announced
type profilez is used to construct an updated probabil®y (- | ¢) distribution on
©®. The mechanism then specifies an efficient, individually rational allocation for the
economye(Pg (- | t)). The mechanism is incentive compatible because each agent
is ‘informationally small’ in the following sense: when agents other thamnounce
truthfully, there is no residual uncertainty about the state that can be resolved using
i's announcement. In other wordss information is irrelevant if all other agents are
announcing truthfully.

An investigation of these issues in a more general framework requires a formal notion
of informational size. McLean and Postlewaite (2002) introduced such a notion, which we
review.

If + € T*, recall thatPey(- | t) € Ag denotes the induced conditional probability
measure o andyy € Ap denotes the degenerate measure concentratédAdnatural
notion of an agent’s informational size is the degree to which he can alter the best estimate
of the state9 when other agents are announcing truthfully. In our setup, that estimate is
the conditional probability distribution o given a profile of types. Any profile of
agents’ types = (t_;, ;) € T* induces a conditional distribution o® and, if agent
unilaterally changes his announced type frgrto ¢/, this conditional distribution will (in
general) change. We consider agéetd be informationally small if, for each, there is a
‘small’ probability that he can effect a non-negligible change in the induced conditional
distribution on® by changing his announced type fromto some other;. This is
formalized in the following definition.

Definition. Let
LG )y ={ti €T | (t_i, ;) € T* (t_;, 1)) € T*, and
|PoC It ti) = Po(-|1-i, 1) > €}.
Theinformational size of agenti is defined as

v} =maxmaxmin{e > 0| Prob{i_; € I'(t]. ;) | i =t;} < e}.
' Lel; fer !

Loosely speaking, we will say that agenis informationally small with respect toP
if his informational sizevf’ is ‘small.’ If agenti receives signai; but reports; # 1;, the
effect of this misreport is a change in the conditional distributioofmiom Pg (- | 1_;, t;)
to Po(- |1, t). If t_; € I(t,;), then this change is non-negligible in the sense that
|Po (- | i—i, ;i) — Po(- | i, t))|| > &. Therefore, Prob_; € I.(t],5;) | & = ;} is the
probability thati can have a non-negligible influence on the conditional distribution on
© by reportingr/ instead ofr; when his observed signal is An agent is informationally
small if for each of his possible types he assigns small probability to the event that he
can have a non-negligible influence on the distributRy- | t_;, #;), given his observed
type.
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If all agents have zero informational size, themmust satisfy NEI. In fact, we have the
following result which follows easily from Lemma 1.

Proposition 2. P € Ag x 7 satisfies NEI if and only if vl.P =0foreachi e N.

We conclude this section with the observation that informational size is not related
to the ‘quality’ of an agent’s information regarding the state of nature. In Example 1,
an agent’s private signal provides no information regarding the realizatignh (since
Po(-|t;) = Po(-) for eachs; € T;) while in Example 2, an agent’s private signal provides
perfect information regarding the realizationé{since Py (- | ;) = xi; for eachy; € Ty).
Hence, agents may have very good estimates of the true state conditional on their own
types, yet each agent is informationally small.

2.2.2. Variability of agents’ beliefs

Whether an agent can be given incentives to reveal his information will depend
on the magnitude of the difference betweBn (- | ;) and Pr_,(- | /), the conditional
distributions onT_; given different types; and: for agenti. To formally define the
measure of variability that is convenient for our purposes, we first define a nietne o
as follows: for eachy, 8 € Ap, let

B

iz WIBlI2 112"

where| - |2 denotes the 2-norm. Henakw, ) measures the Euclidean distance between
the Euclidean normalizations afandg.

If P e Apxr,recallthatPy (- |t;) € Ag is the conditional distribution o® given that
i receives signa} and define

d(a, p) =

2F =min min d(Pr,16), Pr (- |h)>.
Li€Ti el \y;
This is the measure of the ‘variability’ of the conditional distributi®a_, (- | ;) as a
function of7; and we will refer to this informally as theariability of agents’ beliefs.?

As mentioned in the introduction, our work is related to that of Cremer and
McLean (1985, 1988). Those papers and subsequent work by McAfee and Reny (1992)
demonstrated how one can use correlation to fully extract the surplus in certain mechanism
design problems. The key ingredient there is the assumption that the collection of
conditional distributiong Pr_, (- | #;)};e7; is a linearly independent set for eachrhis of
course, implies thaPr_, (- | ;) # Pr_, (- | t]) if t; # ¢/ and, therefore, thastZiP > 0. While
linear independence implies th@lf > 0, the actual (positive) size dt?f is not relevant
in the Cremer—McLean constructions, and full extraction will be possible. In the present
work, we do not require that the collectid®r_, (- | #;)},er; be linearly independent (or

2 Other essentially equivalent definitions of variability are possible (e.g,&.m;rmin,_/emti I1Pr_; ¢ 15) —
1

Pr_ (| t,-’)l\z) and we have chosen one that is computationally convenient. This notion of variability of agents’
beliefs differs from that in McLean and Postlewaite (2002) and the difference is discussed below.
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satisfy the weaker cone condition in Cremer and McLean, 1988). However, the ‘closeness’
of the members of Pr_, (- | ;) };,e7; is an important issue. It can be shown that for egch
there exists a collection of numbesgr) satisfying 0< z; (1) < 1 and

Z[Zi (t_iti) — 2i(t—i, 1)) | Pr_;(t—i | 1;) > O

[

foreachy;, ! e T; ifand only if .QiP > 0. This means that, if the posteridBr_, (- | ;) }s;er;

are all distinct, then the ‘incentive compatibility’ inequalities above are strict. However,
the expression on the left-hand side decrease@l.’és» 0. Hence, the difference in the
expected reward from a truthful report and from a false report will be very small if the
conditional posteriors are very close to each other. Our results require that informational
size be small relative to the variation in these posteriors.

Small incentives for truthful reporting (i.e., small values @f") are not a serious
problem in the surplus extraction problem studied by Cremer and McLean since the
rewards and punishments can be rescaled so that a false report results in a large negative
expected payment. Of course, the punishments themselves may then become very large.
However, such rescaling is not possible in our framework for two reasons. First, we
deal with pure exchange economies where the feasibility requirement limits the size of
punishments. Second, we do not restrict attention to quasilinear preferences. Since agents
may be risk averse, punishments and rewards that have small (or zero) expected value can
have large negative welfare effects.

2.3. Aggregate uncertainty

As mentioned in the introduction, the main concern of this paper is to provide conditions
under which nearly efficient incentive compatible allocations exist in the presence of
aggregate uncertainty. Before proceeding, we will discuss aggregate uncertainty and its
role in McLean and Postlewaite (2002).

In McLean and Postlewaite (2002), three concepts play an important role in con-
structing individually rational, approximately efficient allocations for private information
economies: informational size, variability of beliefs and negligible aggregate uncertainty.
The definition of informational size in McLean and Postlewaite (2002) is essentially the
same as that presented in this paper. However, McLean and Postlewaite (2002) use a dif-
ferent notion of variability: there we define

AP =min min d(Po(- | 4), Po(-|1))?

Li€Tit/eT;\y;

as our measure of the variability of agents’ beliefs wheiie the metric of the previous
section. In this definitionPg (- | ¢;) is the conditional distribution on the state spage
givens; =1;. Hence,Ql.P measures the variation in ager beliefs regarding the signals
of other agents whileﬁf measures the variation in agerg beliefs regarding the state
of nature. Both definitions of variability open the possibility of providing that agent with
incentives for truthful revelation.

McLean and Postlewaite (2002) require that the information structure erbgbitjible
aggregate uncertainty. Informally, we say that a probability measuPeexhibitsnegligible
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aggregate uncertainty if, for a set of#'s with high probability, Po (- | t) = xe¢ for some
6 € ®. More formally, define

Hf:maTxmin{e>O\ Prob{i e T and| Po(- |7) — xo| > e forallo e © |1} <e}.
tiel;

We define theaggregate uncertainty as u” = max n/” and we will say that? exhibits
negligible aggregate uncertainty jif” is small. In this case, each agent knows that,
conditional on his own signal, the aggregate information of all agents will, with high
probability, provide a good prediction of the true state. The main result of McLean and
Postlewaite (2002) may be stated as follows.

Proposition 3. Let {e(0)}sco be a collection of (degenerate) expected economies and
suppose that there exists a strictly individually rational, efficient allocation for each e(6).
Then for every ¢ > 0, there exists a § > 0 such that, whenever P € Ag .1 and satisfies

maxul <sminAl and maxv” <sminaf,
l 1 1 ]

there exists an allocation z(-) for the PIE ({¢(9)}¢co. 6,1, P) satisfying XIR and IC.
Furthermore, thereexistsaset E C T* suchthat Prol7 € E} > 1—¢ and z(¢) is e-efficient
ine(¢) forall t € E.

In the statement of Proposition 3, aggregate uncertainty is small relative to informational
variability—max /,LI-P < dmin; A{’—and it is instructive to outline the method of proof for
this proposition in order to illustrate the role aggregate uncertainty plays.

Let A = {x(9)}sco be a collection where (0) is a strictly individually rational, Pareto
efficient allocation fore(6). In the presence of negligible aggregate uncertainty, we can
partition7 intom + 1 disjoint setswittdy ={r e T | P(- | t) = xg,} fork=1,...,m, and
Ao=T\ [Uk>1 Ag]. In words, A, with £ > 1 is the set of € T for which the posterior
distribution on® is close to the degenerate distributigg that puts probability 1 o#y.
Therefore,Ag is the set off € T for which the posterior is not close tg for any6. We
next choose a PIE allocatiorn(-) with y(r) =x () fort € Ag,k=1,...,m,andy(t) = w
(the initial endowment) for € Ag. When aggregate uncertainty is small, the information
profile r € T will, with high probability, resolve most of the uncertainty regarding the
state of naturé. There are two consequences of small aggregate uncertainty: theAgvent
has small probability and for eaehe Ay with k > 1, Pg(6¢ | t) is close to 1. Therefore,
> o ui(yi(1),0¢) Po(6e | 1) is close tau; (x; (Bx), k) Whenever € Ax. Sincey(r) is efficient
for the economy (6;), the PIE allocatiorny(-) is approximately ex post efficient for most
realizations of the signal profile

The PIE y(-) as constructed is not incentive compatible in general. Supposeé that
receives signat;, i reportst! and the other agents truthfully repert;. If (r_;, 1) € Ao,
then no trade takes place ahdimply consumes his initial endowment. Since eaahy)
is individually rational, agent has an incentive to misreport {f_;, /) € A; for some
k > 1. However, the (conditional) probability that ;, ;) € Ag is small as a consequence
of negligible aggregate uncertainty so the utility gain will be small if utility is bounded.
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Now suppose thalr—_;, t;) € A for somek > 1. Hence; receivesy;(6y) if he reportsy;.

If (t_;,1]) € Ao, theni receives his initial endowment and he does not gain by lying. If
(t_i,t) € Aj for somej > 1, j # k, he receives; (0;). If x;(6;) results in higher utility
than x; (6x), agenti may have an incentive to misreport. If agenis informationally
small, however, then the (conditional) probability that agerdan ‘move’ the profile from
(i_i,1;) € Ay to (i_;, 1)) € Aj (and hence ‘move’ his allocation from (6x) to x;(6;)) is
small. Therefore(r_;, 1)) € Ax U Ap with high probability, i.e., with high probability, no
utility gain is possible.

In summary, the negligible aggregate uncertainty implies that the contribution to the
total expected gain from lying is small wheneve(if;, 7;) € Ag while small informational
size implies that the contribution to the total expected gain from lying is small whenever if
(t—i, t;) ¢ Ap. Hence, the total expected gain from a lie is small if aggregate uncertainty and
agents’ informational size are both small. In order to offset this (small) potential gaih that
might receive from misreporting, we modify the bundl}€;) thati receives when e Ay.

If the difference betweew® (6x | ;) and P(6x | ¢)) is sufficiently large for different types

t; andt/, relative to informational size and aggregate uncertainty, then we can construct a
PIE allocationz(¢) by slightly modifying eachy(¢) to ensure incentive compatibility. The
final allocationz(-) will be incentive compatible and approximately efficient for nearly

all ¢.

As we have outlined above, incentive compatibility essentially follows from the fact
that, with high probability, a lie results in no utility gain. This is a consequence of the
partition construction made possible by negligible aggregate uncertainty. If aggregate
uncertainty is large, we may still be able to construct an incentive compatible mechanism
in which the gains from lying, while not zero with high probability, will be small with
high probability. This is accomplished in the next section. The technique involves the
construction of an individually rational, efficient allocatio¢) for the expected economy
e(t) for eachr € T* with associated utilities satisfyinglapschitzian property: there exists
a constanik such that for any two probability distributiors(- | _;, ;) and P(- | 1_;, 1)),

i (zi (=i 1), PC 1, 1)) = vi(zi =i 1)), P( | =i, 1))

<K||PCltointi) = Pl 1)

While the allocationz(z) is efficient for any vector of announced types, incentive
compatibility will typically fail to hold. However, an agent’s potential gain from
misreporting his type is essentially determined by his informational size. His informational
size places a bound on the change in the posteriag® dre can induce by misreporting,

and the Lipschitz property puts a bound on the consequent change in utility. Hence, as an
agent’s informational size goes to zero, his potential gain from misreporting goes to zero.
When informational variability is large enough relative to informational size, the allocation
can be slightly modified to insure incentive compatibility, as in the case of negligible
aggregate uncertainty. We demonstrate this next.



R.P. McLean, A. Postlewaite / Games and Economic Behavior 45 (2003) 410-433 421

3. Informational size, incentive compatibility, and approximate ex post efficiency
3.1. Preliminaries and the main approximation lemma

Let {e(0)}9sco be a collection of (degenerate) expected economies. Foreach g,
let

@ () ={(va(x1, ), ..., va(xn, 7)) | (x1,..., xn) is feasible fore()}.

That is,® () is the set of feasible utility profiles for the agents in the expected economy
e(r). Before proceeding, we will introduce several definitions. A nfaple — R is a
@-selection if () € @ () for all m € Ag. A @-selectionf is Lipschitz if eachf; is
Lipschitz onAg. That is, for each there exists &; > 0 such thai f; (x) — f; (7')| <

Ki||lw — n’|| for eachn, 7’ € Ag. A ®-selection ispositive if f;(w) >0 forallz € Ap

and alli € N. A @-selection igndividually rational if f; () > v;(w;, ) forall w € Ag

and alli € N. The monotonicity, normalization, and non-zero endowment assumptions
imply that every individually rationa®-selection is positive.

We will show that certain PIE allocations can be approximated by incentive compatible
PIE allocations when agents are informationally small relative to variability. The idea is as
follows. Let f : Ag — R" be a Lipschitab-selection. Sincg (w) = (f1(7), ..., fu(7T))is
a feasible utility profile foe (), there exists an allocation(rr) = (x1(), ..., x,(7r)) such
that f () = (vi(x1(), ), ..., va (x4 (), w)). Next, define a PIE allocation(-) where
y(t) =x(Po (- | 1)) foreacht € T* and Py (- | t) is the posterior distribution o® givent.

That is,y(¢) is an allocation that generates the desired utility for the distributigt | ¢).

Of course,y(-) need not be incentive compatible. When agents are informationally small,
however, any agent who unilaterally misreports his type can change the posterior by only
a small amount. If the selectiofiis Lipschitz, then the utility change resulting from that
agent's misreport will also be small. When the variability condition is satisfied, agents’
types are correlated in a way that allows us to construct small rewards and punishments
for the agents. These rewards have the property that, by truthfully announcing his type,
an agent maximizes his utility—including his reward—if other agents are announcing
truthfully.Given these rewards and punishments, we can modify the allocgtipin a

way that the modified allocation will be incentive compatible when informational size is
small relative to variability for all agents. The next proposition formalizes this.

Proposition 4. Let {e(f)}gco be a collection of degenerate expected economies and
suppose that f isa positive Lipschitz selection for @. Then for every ¢ > 0, there exists a
§ > 0 such that, whenever P € Ag w1 and satisfies

miaxViP <38 rniin eF,
there exists an incentive compatible PIE allocation z(-) for the PIE ({¢(0)}¢co, 6,1, P)
satisfying

fi(Po(-1D) > vi(zi(1), Po(-10) = fi(Po(- 1) —¢
for eachr € T* and for all i € N. Moreover,

i (5i(0), Po(- | D) =i (zi (1), Po(- | 1)) =i (¢i(t), Po(-| 1)) —e
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for any PIE allocation ¢ (-) for ({e()}sco, 6, 7, P) satisfying

vi (2 (), PC10) = fi(Po (| 1))
forall t € T*.

For proof see Appendix A.
3.2. Themain result for economies of fixed size

Proposition 4 of the previous section provides conditions on the information structure
under which the utilities associated with a Lipschitz selection can be approximated by an
incentive compatible PIE allocation. We next prove the existence of a Lipschitz selection
that gives rise to an approximately efficient, strictly individually rational, incentive
compatible PIE allocation.

In the previous subsection, we definéd the correspondence that associates with
everyr € Ag the set of feasible utility vectors for the agents in the expected economy
e(m), and considered Lipschitz selections from that correspondence. We will now be
interested in selectiong that have the property that(;r) is on the frontier of the utility
possibility set® (r) for the expected economy(r). Toward this end, defin@(r) =
{(vi(x1, ), ..., U (xp, 7)) | (x1,...,x,) is efficient and IR fore(sr)}. The following
definition will be useful in proving our main result.

Definition. Let . > 0 andzr € Ag. An economye(rr) satisfiesi-Individual Rationality
(A-IR) if there exists an allocation(rr) for e(;r) such that; (x; (), 7) — v (w;, ) = A
foralli e N.

We next show that there exist Lipschitz selections that associate with each expected
economye(rr) a utility vector on the frontier of the feasible set fafr).

Lemma 2. Let {e(0)}sco be a collection of degenerate expected economies. The
correspondence ®°: Ao — %" admits an individually rational (hence positive) Lipschitz
selection f. Furthermore, the selection f has the following property: if the economy e(7r)
satisfies A-IR for some A > 0, then f; () — v; (w;, 7) > A for eachi.

For proof see Appendix A.
To prove Lemma 2, we chooses Ag and solve the problem

p(m) =argmafu | v(w, ) + pe € P ()],

wherev(w, 7) := (vi(w1, 7), ..., va(wy, w)) ande is the vector of ones ifk”, . We then
choose a feasible allocation(z) for e(r) satisfyingv; (x; (), 7) = v; (w;, w) + u(mw)e

for eachi € N and show that the selectioh: Ag — N defined byf; () = v; (x; (7))

for eachi has the desired properties. In this construction, we measure utility along the ray
determined by the vectar. Had we measured utility along a different ray, gayhere

p; > 0 for eachi, then the associated maximization problem would have generated a
different selection, but one that was still efficient and Lipschitz. Alternatively, we could
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have maximized the minimal ‘weighted’ utility gain, where different agents were assigned
different weights. These examples illustrate the existence of a large set of Pareto efficient
Lipschitz selections that can be approximated by incentive compatible allocations when
agents are informationally small. It would be interesting to characterize the set of all such
‘weighted’ selections, but that is beyond the scope of the present paper.

Using Lemma 2 and Proposition 4 of the previous section, we can prove the following
theorem.

Theorem 1. Let {e(0)}ygce be a collection of degenerate expected economies. For every
e > 0andevery A > 0, there existsa § > 0 such that the following holds:
if P e Apgxr satisfies

maxv <sminAf
1

1

andif e(P(- | 1)) satisfies 1-IRfor all + € T*, then there exists a PIE allocation z(-) for the
PIE ({e()}seo, 0,7, P) satisfying XIR, IC, and X, E.

Proof. Applying Lemma 2, there exists an individually rational Lipschitz selecjidior
@0 with the property thaff; (P(- | 1)) — v; (w;, P(- | t)) > A for eachi and for each e T*.
Chooses > 0 and let O< n < min{e, A}. Applying Proposition 4, there existsSa> 0 such
that, wheneveP € Ag 1 and satisfies

miaXUiP <8 ml_in.QiP,
there exists an incentive compatible PIE allocatign for the PIE ({e(®)}pecw, 0,1, P)
satisfying
fi(Po(- 1)) = vi(zi(®), Po(- | 1) = fi(Po(-11) —n
for eachr € T* and for alli € N. Let ¢(-) be a PIE allocation fot{e(6)}yco. 6,1, P)
satisfyingv; (¢; (1), P(- | 1)) = fi(Pe (- | 1)) forall t € T*. Obviously, (¢) is efficient and
Vi (6 (), Po(- 1) 2 vi(zi (1), Po (- |D)) 2 vi (& (1), Po (- 1)) —1n
forall r € T*. Sincee(P(- | 1)) satisfiesr-IR for all € T*, it follows that
vi (¢ (), Po(- | D) —vi(wi, Po(- | 1)) = f(Po (-1 1) — vi(wi, Po(-| 1) >4
for eachr € T*. Therefore,

Vi (zi (1), Po (- | 1)) —vi(wi, Po (-1 1) =i (zi (1), Po(- | 1)) — vi (£i (1), Po (- | 1))
+ i (£ (1), Po (- | 1)) —vi(wi, Po (- | 1))
>Ar—n>0
for eachi and we conclude thatz) is individually rational ine(z).
To show that;(¢) is e-efficient ine(¢), suppose instead that there exists an allocation
for e(¢) such thaw; (y;, Po (- | 1)) > v;(z;(t), Po (- | 1)) + ¢ for eachi. Then
vi (yi, Po (- 1D) > i (zi(1), Po (- | D) +& = vi(5i(1), Po(- | 1)) —n+¢
> vi (L (1), Po (- | 1))
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for all i contradicting the efficiency af(z) in the expected econon#fr). This completes
the proof of Theorem 1. O

To conclude this section, we will now describe in somewhat more detail how the results
in this paper relate to the main result in McLean and Postlewaite (2002). Throughout this
discussion, we will assume that=7*.

As suggested in the discussion on aggregate uncertainty, we must follow a different
approach when the assumption of negligible aggregate uncertainty is dropped. Instead
of choosing a collectiond = {x(0)}sco Wherex(#) is a strictly individually rational,
Pareto efficient allocation far(9), we begin with a strictly individually rational Lipschitz
selection f from the correspondence®. We can ‘invert’ this Lipschitz selection to
generate a mapping from Ag into allocations such that, for any € Ag, ¢(7) is a
strictly individually rational, Pareto efficient allocation for the expected econemy. In
the current paper, the mappigg-) plays a role analogous to that of the collectidn=
{x(®)}9eo in our previous work, and it is important to point out thdt) need not even
be continuous o g . For any announced profile of typeswe begin with the allocation
Z(Pe (- | 1)), and then modify it. When agents are informationally small, any agent who
unilaterally misreports his type will change the posterior distributio®doy only a small
amount, and hence, change his resulting utility by only a small amount sineilitis
depends orPg (- | ¢) in a Lipschitzian manner. As long as variability is sufficiently large
relative to informational size, the requisite modificationg t®o (- | 1)) can be made that
ensure incentive compatibility.

4. Thereplicaproblem

In the presence of a large number of agents, we might expect any single agent to
be informationally small, and replica economies are a natural framework in which to
investigate this conjecture.

4.1. Notation and definitions

Let {e(@)}oco be a collection of complete information economies and Jet=
{1,2,...,r}. For each positive integerand eacl®, let e’ () = {wis, uis (-, 0)}i.5)eNxJ,
denote the replication ofe(9) corresponding to statesatisfying:

(1) wiy=w; foralls e J,,
(2) uis(z,0) =u;(z,0) forallze %L, i e N, ands € J,.

For any positive integer, let T" =T x --- x T denote ther-fold Cartesian
product and let” = (t"(1),...,t" (r)) denote a generic element @ wheret (s) =
(t5(5), ..., 10(s)) € T. If P" € Agxrr, thene” = ({e"(9)}gew. 0,1, P") is a PIE with
nr agents.
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4.2. Replica economies and the replica theorem

Definition. A sequence of replica economi¢ge’ (9)}oeco, 0, 1", P")}22, is a condi-
tionally independent sequence if there exist® & Ao« With P(0,17) > 0 for each
(0,t) € ® x T such that

(a) Foreach, eachs € J, and each9,1) € ® x T,
Problf = 6,7 (s) =t} = P(0,t1. 12, ..., 1n).

(b) For each- and eacl®, the random vectors
D, 72,1 ()

are independent giveh= 6. A
(c) Forevery, 6 with 6 £ 0, there exists ac T such thatP(z | 0) # P(t | 0).
(d) Foreach and each;, ) € T;, Pr_, (- | t;) # Pr_,(- | t)).

Thus a conditionally independent sequence is a sequence of PIE'suwittgents
containingr ‘copies’ of each agent € N. Each copy of an agentis identical, i.e.,
has the same endowment and the same utility function. Furthermore, the realizations of
type profiles across cohorts are independent given the true valée A r increases
each agent is becoming ‘small’ in the economy in terms of endowment, and each agent
is also becoming informationally small. Note that, for largean agent may have a
small amount of private information regarding the preferences of everyone through his
information abou#.

Theorem 2. Let {e(0)}geco be a collection of (degenerate) expected economies. Suppose
that u; (-, 0) is concave for each i and 6 and that the expected economy e(rr) has at least
one dtrictly individually rational allocation for each =7 € Ag. Let
{{e" 0))pew. 0,1, P")}°2, be a conditionally independent sequence. Then for every
¢ > 0, there exists an integer 7 > 0 such that for all » > 7, there exists an allocation z"
for the PIE ({¢/ (F)}oeo, 0, 1", P") which satisfiesIC, XIR, and X, E.
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Appendix A. Proofs

A.1. Proof of Proposition 4

Choosee > 0. In the next three steps, we will construct a PIE allocation with the desired properties.
Throughout the proof, we will make use of the continuity, normalization, monotonicity and non-zero endowment
assumptions.



426 R.P. McLean, A. Postlewaite / Games and Economic Behavior 45 (2003) 410433

Step 1. Let f be a positive Lipschitz selection f@r and letK; > 0 denote the modulus of continuity ¢f. Since
eachf;(-) is continuous om g and positive o g, and sinced g is compact, it follows that there existsia> 0
such thatf; () > A for all i andx. For eachr € Ag, choose an allocatiofy; () };en for e() satisfying

vi (G (), ) = fi(m)
for eachi and note that each (=) # 0. Define
M; :u,-(Z w_,,e).
jenN
Suppose that
0 <n<min{x,¢}.
Then for each andx there exist$; (;r) such that O< B; () < 1 and
i (G G). ) —vi (B (). ) = 7.
To see this, define
V() =i (¢ (). ) — vi (BLi (), ).
Note that
YD) =0<n and ¥ (0)=v;(5(n),7)=fi(m)=r>n.

The continuity ofv; (-, ) implies thaty (-) is continuous and the result follows.

Step 2. Suppose thaP € Agr with conditionalsPr_, (- | t;) € Ar_, for all i andz; € T;. Next, define

Pr (i | %)
I Pr_; - 1 t)]l2

for eacht € T (where|| - ||2 denotes the 2-norm) and note that

ai(t—; | 1) =

O<i(t—; | ;) <1
For eachr, i, andt, there exists a numbef” (r_;, ;) > 0 such that
vi (1477 =i 1)) Bi ()G (), 1) — vi (Bi ()G (), 70 ) = mexi (1 | 1)
(this is possible becaugk(rr)¢; () # 0). Furthermore(14-t7 (r_;, ;) 8 (w) < 1. (If (1477 (1—;, 1)) Bi () > 1,
then monotonicity implies that
vi (14 77 1)) Bi ()G (), 1) — 03 (Bi ()G (), 70) > i (63 (), ) — wi (B ()i (), )
=n2zna;(t-i | 1)

a contradiction.)
Defining

x| =1+ 0))Bi () (r)
it follows that the collectiongx; (7 | £)}zea, rer Satisfy

xi(w |1 eny foreachi and Y (xi(r|1)—w;)<O.
ieN

Furthermore,

vi (xi (r Lo 1), ) — v (Bi ()i (), ) = meti (1 | £;)
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for all r € T. Therefore,
vi (xi (r 1o 1), ) = v (G (), ) + e (= | 1) — 7
and

Vi (GG, ) =i (xi G | i 1), ) = v (Bi ()G (), ) + e (0 | 1) > i (G (), ) — 1.

Step 3. For eacty € T*, letq(t) = Po (- | r) and define a PIE allocatiof(-) as follows:

o [xi(q) ) ifreT*,
Zt(f)—{o if[¢T*.
We will now prove that() has the desired properties.

Claim 1. z(-) isa PIE allocation.

Proof. This follows from the observation that
xi(mlen and Y (xi(r|n)—w)<0
ieN
foreveryr e Ag andr e 7. O

Claim 2. For eacht € T*
fi(PoC D) 2 vi(zi®), Po(- 1) = fi(Pa(-|1) —e.

Proof. This is an immediate consequence of the definitiop; ¢f) and the assumption that<e. O

Claim 3. Let B =1/(2,/]T]) and choose § so that

0<d< min{L}.
i | 3(K; + M;)

maxvy <smin2f,
1 1
then z(-) satisfies IC.

Proof. Part 1. Since
i (% (T i, 1), 70) = 0 (G (), ) + mo (= | 1) — 1
for eachm € Ap and eachr_;, ;) € T, it follows that
i (xi(q iy ti) 1100 1i), q Ui, 1)) = i (Gi (g (=i 1)), g (=i, 1)) + meti (1= | ) — 7
and
vi(xi(gCoi ) 11, 6]). q (i ) = vi (Gi(q(t=in 1)), q =i 1)) + nei (t—i | 1) —
whenevenr_;, ;), (t_;, 1)) € T*. Therefore,
vi (xi (q i t) 11—, 1), q (=i, 1)) — vi (xi (@ U—i, ) [ 1=, 1)), q(t=i . 1))
=i (G (qU—i. 1)), qC—ir 1)) — vi (G (q =i 1)), i t)) + 0o (=i | 1) — i (1= | 1))
2 (i (=i 1) —ei (=i | 1)) — Ki | Po (- | t=i. ;) — Po (- | t—i, )]

Part 2. Applying the conclusion of part 1, we conclude that
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Z [vi (xi (qQ—iv 1) 1 1=is 1) q Ui 1)) = vi (xi (q Ui 1)) 1 1=i 1), q Ui 1)) | P (=i | 1)
1
(t—i,t;)€T*
(1—,1))€T*
> > [n(eiti 1t) —aii 1) = Ki|[ P11, t5) = PC Lt ) [ ]P (i | 1)
it
(i, t;)eT™
(1—,t))€T*
> > (el |6) =il |1)) PG | ) = 3K,
1
(t—i,t;)€T*
(1—,1))€T*
where the last inequality follows from the observation tha(- | 7_;, ;) — P(- | 1—;, 1))|| < 2.
Part 3. The normalization assumption implies tha(O, ¢ (¢)) = O for eachr € T*. Therefore,

Z [vi (xi (g =i 1) 1 1 ti) g (i, 1)) — v (0, q (1= 1)) | P (1—i | 1)

ti:
(i, t;)eT™
(r—i.1))gT*
= Z (vi (Gi(q =i, 1)), g =i, 1)) + ey (t—i | 1) — n) P(1—; | 1;)
1
(t—i,t;)€T*
(i )T
> Y (el ) —n+AM)PU )= Y neil )P | 5).
Ja [E
(i, t;)eT™ (i, t;)eT™
(- t)ET* (i t)gT*

Part 4. Finally, we again make the observation tha&(- | 7_;, %)) — P(- | t_;, )| < 2 and conclude that

Z [vi(xi(q Qi ) 1 12in8]), q (i 1)) — vi (xi (qGoin ) |1 8]), i 1)) [P (i | )
(t—if;ii):ET*
(1, t))eT*
= Y Y wixi(qUi i) 1t 8]),0)[PO |t 1)) = PO 1—i,1)]P(t—i | 1))
N o
(f—iffi)ET*
(1—j,1))€T*

>=M; Y |PCleit) = PGl )| PG | )
Tt

(ti1)eT”
(t—i t])eT*
> —3Ml'UiP.
Part 5. Let X be a finite set with cardinality and letp, g € Ax. Then
2 2
[L,L]. _lplz2| p_ _a_ >LH P__ 4
pliz lgll2 2 |liplz Nqlizllz” 2v&lliplz lgliz2 2

To complete the proof of Claim 3, we combine parts 2, 3, and 4 to obtain
D> it 1), 0) —wizi (i 1)), 0)] PO, 1 | 1)
6 1

= Z [vi (i (g =iy 1) L 1= 1), q iy 1)) — i (zi =i, 1), g (=i, 1)) | P (=i | 1)

g
(t—i,1;)eT™
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= Z [vi (xi(qQ—iv 1) 1 1=i, 1) g Ui 1)) = vi (xi (q Ui 1)) 1 1=i 1), q i 1)) | P (=i | 1)
(iireT”
(1—j,1))€T*

+ Z [vi (i (q Q=i t]) 112i, 1), q Ui 1)) — vi (xi (@i s 1)) | 1200 8) . q(—i 1)) | P (=i | 1)
2

i
(tj.t;)eT™
(1—,1))€T*

+ Z [vi (xi (q Q=i 1) [ 1=is 1i), g (=i 1)) — vi (0, g 1=y, 1)) [ P (=i | 1)
1

it
(t—i t;)eT™

(i) ET*
> > (el ) —eiG [D)PG [+ Y neil | 6)P i |4) — 3(Ki + Mpvf.
1 [
(t—i t;)eT* (t—i t;)€T*
(1—j,1))€T* (1, 1)) T

Sincew; (1—; | 1)) =0 if (r_;,t}) ¢ T*, it follows from part 5 that

Dol ) — e ID)PG [+ Y et |1 P | 1)

it t_i:
(t—j t;)eT* (t_i t;)eT*
(1—,t))€T* (t—i 1) ¢T*
= Y (el ) — el 1)) P | 1)
(et
= Y (el |6) =il |1)) PG | 1)
(i iheT
>nBRf.
Therefore,

D> uizitein ), 0) —wi(zi (i 1)), 0) PO, 1 | ) > B2} — 3(Ki + M)v! >0.
0 1_
This completes the proof of Claim 3.0
A.2. Proof of Lemma 2

For eachr € Ag, letv(w, 7) := (vi(w1, ), ..., v, (w,, 7)) and define
n(r)=arg ma){u [v(w, )+ pe e @(ﬂ)].

Note thatu () is well defined sinced (;r) is compact and that (r) > 0. For eachr € A, choose a feasible
allocationx () for e(r) satisfyingv; (x; (), 7) = v; (w;, r) + u(w)e for eachi € N. Finally, let f: Ag — R”"
be the map defined by () = v; (x; (r), 7r) for eachi. Clearly, f satisfies individual rationality since(xr) > 0.
To show thatf (r) € @°(x), it suffices to show that(r) is efficient ine(r). Suppose that () is not efficient
in e(7r). Then there exists an allocation= (y1, ..., y,) satisfyingv; (y;, ) > v; (x; (r), ) for all i. Choose
so that

Vig (Vig» ) _Uio(wios”):?;w[vi(yi»ﬂ) —vi(w;,m]=0

and note thatr > u (). For eachi # ip, there exists &; € [0, 1] such thatv; (8; y;, 7) — v; (w;, 7) = o (this
follows from monotonicity, continuity and normalization). Defining = y;, andz; = 8;y;, otherwise, it follows
that(z1, ..., z,) is a feasible allocation far(sr) and that

(Ul(Zlyﬂ)v---:vn(van))=v(wvﬂ)+0'€-
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Sinceo > (), we arrive at a contradiction and, therefarér) is efficient ine(r).
Next, suppose that the economyr) satisfiesi-IR for somex > 0. Then using precisely the same argument
used above in the proof of efficiency, we can construct a feasible allogation ., z,,) for e(r) satisfying

(v1(z1. 7). .. Up (20, 1)) = v(W, ) + e
ando > A. Thereforeu(r) > A and it follows thatf; (w) — v; (w;, 7) = u(w) > A.

Finally, we prove the following claim.

Claim. Let

M = maxmax; <,§, wj, 9)
and note that M > 0. For each i, the mapping f; isuniformly Lipschitz on Ag with modulus K; = 3M.
Proof. Chooser,nn’ € Ag and w.l.o.g., suppose that(z) < (). To prove the claim, it is enough to show
that (') < () + 2M||w — 7’| since we would then conclude that, for each
| fi ) = fih] = | (vi(wi, ) + () = (vi(wi, 7) + )|
< JviCwi, ) — v (wi, 7| + () — w@@)| < Mz — 7'l + 2M||w —7')|
=3M|x —7'|.
First, definey = (vi(x1('), 7), ..., vy (xn ('), 7)) and observe that
lyi = fih| = |vi(xi ('), 7) = vi (xi (7)), 7)| < M|l — 7).

To complete the proof, suppose thatr’) > u(r) + 2M ||z — 7'||. We claim thaty; > v; (x; (r), ) for eachi,
contradicting the efficiency of the allocation(w) in e(x). To see this, suppose that < v; (x; (), 7) =
v; (w;, ) + () for somei. Using the fact that

vi(wi, ') — v (wi, ) = —|vi (i, ) — v (wi, )| = =Ml — ||

we deduce that

fi@) —yi =viwi, ") + ") —y;
> vi(wi, ") + () + 2M||r — 7| — yi
= (vi(wi, 1) 4+ (1) — yi) + vi (wi, 1) — v (wi, ) + 2M ||w — ||
= v (wi, ") — v (wi, W) +2M ||w — 7’|
=2M||w — 7'l = M|z —='||
=Mz —7'|.
This is impossible sincéy; — f;(n’)| < M||x — =/||. Therefore,y; > v;(x; (), ) for eachi. Hence, the
hypothesis that (') > u () + 2M |7 — 7’| leads to a contradiction and the proof of the claim is complete.

A.3. Proof of Theorem 2

Let {({e" (®)}oco. 0, 1", P")}22, be a conditionally independent sequence and suppose thaugaad) is
concave. Sincé (9, r) > 0 for each(9,1) € ® x T, it follows from the definition of a conditionally independent
sequence that” = (7")* for all r. Chooses > 0.



R.P. McLean, A. Postlewaite / Games and Economic Behavior 45 (2003) 410-433 431

Step 1. From the claim in step 1 of the proof of Theorem 2 in McLean and Postlewaite (2002), it follows that, for
everyp > 0, there exists an integérsuch that for all- > 7,

pr
Vig < p.

Step 2. For the ‘basic’ PIE({e(®)}seo, 0,7, P) (i.e., the PIE withr = 1), we can apply Lemma 2 and
conclude that there exists a strictly individually rational Lipschitz selectfofor ° with the property that
fi(r) — vi(w;, w) > 0O for eachi and for eachr. Since the functionr — f;(r) — v; (w;, 7) is continuous and
positive onAg, and sincedg is compact, it follows that there exists\a- 0 such thatf; () — v; (w;, ) > A for
all i andr. Let K; > 0 denote the modulus of continuity ¢f and define

M; =”i<z wj,0>.
jeN
For eachr € Ag, choose an allocatiof; (7)};en for e(r) satisfying
vi (i (). ) = fiw)
for eachi and note that each (;r) # 0. Finally, choose) such that O< n < min{e, A}.
Suppose that, for each € Ag, the allocation{¢; ()};cn is an allocation foe () satisfying
(v1(¢2(m), ), v (Ca (), ) = f (D).
Duplicating verbatim the steps 1 and 2 in the proof of Proposition 3, we construct
xi(m |0 =(1+ 7 ®)Bi ()¢ ()
for eachrr and eachr € T. From the construction, it follows that the collections( | 1)} zea rer Satisfy

(i) xi(r|neRt and Y (x(r|1)—w;) <0,
ieN
(i) v (Gi(m), m) = v (x; (w |€t—isti)v77)>Ui({i(ﬂ)s”)*7]yand

(W) v (g e, i), ) = v (Gi (), o) + o (e | 1) — 1,
where

Pr_(t-i | 4)

il |tj) = ———.
A ) =

Step 3. We now use this construction for the ‘basic’ Rig(0)}gco, 6,1, P) to define a mechanism for the replica
PIE ({¢"(8)}¢eo, 0,1, P"). For eachr > 1 and each € T", letq(+") = P, (- | ") and define a collection

g () =xi(q(") 117 () i eT"
It follows from the construction of; ( | #) in Step 2 above that

vi(&i(q (") q () = vi(ai s (). (")) Z i (&i(a (7). a (") — .
To complete the proof, we will show that mechanisfi(-) = {z; s O}Yisyenx, is an individually rational,
incentive compatibles-efficient PIE allocation fox{e" (8)}seo . 6,1, P") whenever- is sufficiently large.

Claim 1. For each positive integer r, the mechanism z (-) isa PIE allocation for ({¢" (9)}gew, 8,7, P").

Proof. Since
xi(mlent and Y (xi(r|n)—w)<0
ieN
for everyr € Ap andt € T, it follows that

S () - ) = 3 i) 7)) <0

s=lieN s=1ieN
whenever” e T". O
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Claim 2. For_each positive integer r, the mechanism z"(-) is ex post IR and ex post e-efficient for the PIE
({e" @}oco. 0,1, P").

Proof. Sincev; (¢;(q(t")), q(t")) — vi(w;, q(t")) = f(q(t")) — v; (w;, g(¢")) > A for eachs” € T", it follows that

vi (27,5 (1), 4 (1)) = vi (wi, g (7)) = vi (25 (1), ¢ (7)) = vi (6 (9 (")) 4 ("))
+ui(5i(a (), q (")) = vi(wi ("))
>A—n>0

for eachi soz” (") is individually rational for each’” € T". That is,z” (-) satisfies XIR for the replica PIE .
To show that;” (-) satisfies XE in the replica PIE", suppose that” € 7" and thaty” () is a PIE allocation
for ¢" satisfying

v (Vi (1), (7)) > wi (= (17). 4 (1)) + ¢

for each(i, s). For each, let
I ,
. Zyi: ([Y)
r s=1
and therefore,

Zyz = ZZ» <D wi
i=1s=1 i=1
Since eachy; (-, ¢(¢")) is concave and
vi(zis (1) (")) = viGi(a (")), a (")) = n.
it follows that
1

v (¥ia(1")) = % D00 () a () > 2D ui (e (), a() +e > vi(aila () a () —n+e

>vi(6i(q(t")).a(e"))

for eachi and we conclude thdt; (¢ (t"))};en is not Pareto optimal im(g (")), a contradiction. O
Claim 3. There exists a positive integer 7 such that, whenever r > 7, the mechanism 7" (-) satisfies IC.

Proof. Let K = max K;, M = max M; and defineB = 1/(2\/]T[). Assumption (d) in the definition of a
conditionally independent sequence implies thét> 0. Hence, we can apply the result of step 1 and conclude
that there exists a positive integesuch thatnBAi” —3(K + M)vl.”" > 0 whenever > 7. We will show that the
mechanisny’ (-) satisfies IC whenever > 7. Choose(i, s) € N x J,. Since

vi (xi (r 1o 1), ) = v (G (), ) + e (= | 1) — 7

for eachm € Ap and eachr_;, ;) € T, it follows that
U (Zir,s (t:(i,s)’ ti)' 0) = Ui (xi (q(ti(iys)’ ti) ‘ Zi(s), tl) q( —(i,8)° t’))
:Ui(gi(q(ti(i,:)’ti)) ( —(, :)’tl)) 170[,‘([7,-(5) |[i) -n
and
ui(zgs(ti(i,:)’ti/)’e):Ui(x (q( —(i,s)* ) ‘ tft(s) ) ( (is)’['/))
=i (G (a () 1)) 4 ()0 1) + e (220 1 1) =
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for each(” ), (ti(i 5 t) e T". Therefore,

—(i,5)°

Ui (Zir,s (ti(i,:)’ tf)’ 9) —Ui (Zir,s (ti(i,:)’ ti/)’ 9)
= (e (i) 111) — i (12;() 11]) — Ki | PG (- | sy ) — P51 i )|

so that

Do [wile (e 1), 0) = uile) (-, 1) 0) ] P7 (0,17, s 1 1)
0 1" i)
(Lm; vfi)>eT’
> Y (et o) [6) =i (t ) 1)) P (g 1) — 3Kiv]
s

(t—(i,s) t)ET”

Since

Do (o) [6) — () 1) P 1)
sy
(t_is5)-ti ) ET"

=0 Y e Y Y (@ ) =i () 1)) P @)t (), () 1)

1" (DeT tii(s)eT,,- 1" (r)eT

=n Y ((tZi() 16) =i (i () 1 1)) P(ei(s) | ;)

we conclude that

3OS [wi(ef g i 1).0) —wi (2] (mins 1)), 0) ] P7(0.17, 1) > nBAL —3(K + My >0
6 1.

=i,

and the proof of incentive compatibility is completen
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