






Cooperation with many players
Incentive to play C at N : If player i deviates to playing D at both states, this will propagate

through future random matches to the whole population. The length of the punishment phase
is random: until the public signal z = 1. If a punishment phase lasts t periods,40 call Qt the
expected number of “uninfected” players (that is, those who have not yet seen a bad signal)
that player i will meet during that punishment phase, and define

Q =
X

t

Qt(1− q)tq.

Q corresponds to the average number of uninfected players that player i meets in a punishment
phase, taking into account the fact that the length of the punishment phase is random. The
constraint for a player to have an incentive not to play D in state N is then

(1 + L)(1 +Q) <
X

t

t(1− q)tq =
1

q
,

or equivalently,
∆ > L+Q(1 + L),

hence

L <
∆−Q

(1 +Q)
.

There is also the constraint that player i should play D in state U . When player i plays
C at both N and U , he avoids triggering some punishment phases. Offsetting this, however,
he remains cooperative in punishment phases. Conditional on both players being in state N ,
consider the events where only one player receives a bad signal. In the event that player i
receives the bad signal, player i avoids triggering a false alarm (and saves ∆− L −Q(1 + L)).
However, in the event that some player j 6= i received the bad signal, a punishment phase starts.
Let π denote the probability that i becomes “infected” before a signal z = 1 arises (if ∆ is
large compared to Q, then π is close to 1). In that event, player i loses L in each period of the
punishment phase (i.e. until a signal z = 1 occurs).41 Thus it will be optimal for a player to
play D after first seeing a bad signal if

1

K
(∆− L−Q(1 + L))) + (1− 1

K
)π(−∆L) < 0,

or equivalently42

L >
∆−Q

1 +Q+ (K − 1)π∆ .

40This event has probability (1− q)tq.
41We omit here the fact that by playing C, a player slows down infection and consequently may face “unin-

fected” players for a longer period of time. This term is negligible when K is large: it is of the order of at most
(logK)/K. Intuitively, the effect is smaller than the effect of randomly switching one player each period from
state U to state N . In that case, infection would still spread to the whole population, but it would take slightly
longer, and be comparable to log(K + logK) rather than logK.
42Note that 1

1+(K−1)π corresponds to the probability that player i is the first to switch to U , given that he
switches to U .
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Resetting without a public signal
We show here the calculations of the set of q − L combinations that are consistent with

cooperation when p is close to 1. We illustrate the main transitions for the state pairs for the
case where p is close to 1 and q is small, but not too small:

0 < 1− p¿ q ¿ 1.
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Figure 16: Transition of mental state pairs

As mentioned above, we restrict attention in this example to this case; for the more general case
where q is larger, tedious computations are required. We only report graphically the set of q−L
combinations for which the proposed strategy profile is an equilibrium (as shown in Figure 14).
Analysis:
When players follow the proposed strategy profile, they alternate between long phases of

cooperation (of length 1/π with π = 2(1 − p)), and relatively short punishment phases (of
approximate length 2/q).
Incentives for player 1 at U . Under the proposed equilibrium strategy profile, the expected

loss that player 1 incurs (compared to being in the cooperative phase) until coordination back
to cooperation occurs is approximately 2/q.43

43The exact cost is larger because there are a few periods in which player 1 cooperates while player 2 still
defects. A better approximation of the cost is 2/q + 1

2
+ 3(1 + L). To see this, compute, conditional on being

in (U,U), the expected loss that player 1 incurs (compared to being in the cooperative phase) until coordination
back to cooperation occurs. We denote by ∆ that loss. We have:

∆ = 1 + q[2(1 + L) +∆] + q[1/q + 1 + L] + (1− 2q)∆

or equivalently:

∆ =
2

q
+ 3(1 + L)

Because there is equal chance of going to UU through NU or UN , the expected loss from a punishment phase is:

1

2
(1 + L) +

1

2
(−L) +∆ =

1

2
+∆
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When player 1 cooperates at U , he avoids triggering a punishment phase in the event (U,N),
so the occurrences of punishment phases are reduced by 1/2. In addition, punishment phases
are shorter, as coordination back to cooperation occurs as soon as player 2 transits to W (hence
punishment length is reduced to 1/q), however they are more costly per period of punishment,
as player 1 loses an additional L in each period (compared to the case where he would play D).
The condition is thus:

2

q
<
1

2
(
1

q
)(1 + L)

or equivalently:
L > 3.

Incentives of player 2 at N : Defection generates short period of cooperation (cooperation
lasts 2 periods), during which player 2 gains an additional payoff of L, and long periods of
punishment (that last 1/q periods) during which player 2 looses 1. Hence the condition

2L <
1

q
.

We omit the verifications of the other incentives, which are easier to check and automatically
satisfied. QED
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