


lic perfect equilibrium (or PPE ) if for all states w ∈ W, f(w) is a Nash
equilibrium of the normal form game with payoffs gw : A → Rn, where

gw(a) = (1− δ)u(a) + δ
∑

y

V (τ(w, y))ρ(y | a).

The PPE is strict if f(w) is a strict equilibrium of gw for all w.14

A game with private monitoring has a private signal zi ∈ Zi for each
player, with the vector z ≡ (z1, . . . , zn) ∈ Z ≡ Z1×· · ·×Zn drawn according
to a joint probability distribution π(z | a). Ex ante payoffs are given as
before by ui :

∏
j Aj → R. (Player i’s ex post payoffs are now a function of

the private signal and i’s action only.)

Definition 6 A private monitoring distribution (Z, π) is ε-close to a full
support public monitoring distribution (Y, ρ) if

1. Zi = Y for all i, and

2. for all y ∈ Y and all a ∈ A

|π(zi = y,∀i | a)− ρ(y | a)| > 1− ε.

Observe that any strategy for player i in a repeated game with public
monitoring trivially also describes a strategy in the repeated game with pri-
vate monitoring satisfying Zi = Y . It is thus meaningful to ask if a PPE
of a repeated game with public monitoring induces a Nash (or sequential)
equilibrium of close-by games with private monitoring. Not only is it mean-
ingful, but a weak notion of robustness surely requires that a PPE induce a
Nash equilibrium in sufficiently close-by games with private monitoring.

Mailath and Morris (2006) introduce a more general notion of what it
means for a private monitoring distribution to be close to a public moni-
toring distribution. This notion allows for more private signals than public,
but preserves the critical features of Definition 6. In particular, any strat-
egy from the public monitoring game induces a well-defined strategy in the
private monitoring game, and it is still meaningful to ask if a PPE of a
public monitoring game induces an equilibrium in the private monitoring
game. The central result in Mailath and Morris (2006) is the following: Fix
essentially any strict PPE that does not have bounded recall. Then, for any

14If � has full support (i.e., �(y j a) > 0 8y 2 Y; a 2 A), then a PPE is strict if and only
if each player strictly prefers his public strategy to every other public strategy (Mailath
and Samuelson, 2006, Corollary 7.1.1).

25



private monitoring sufficiently close to public monitoring that also satisfies
a richness condition,15 the strategy profile in the private monitoring game
is not a Nash equilibrium.

In contrast, any strict PPE that does have bounded recall induces a Nash
equilibrium in all close-by games with private monitoring.16

This then raises the question of whether bounded recall is a substantive
restriction. For some parameterizations of the imperfect public monitoring
repeated prisoners’ dilemma, Cole and Kocherlakota (2005) show that the
set of PPE payoffs achievable by bounded recall strongly symmetric profiles
is degenerate, while the set of strongly symmetric PPE payoffs is strictly
larger.

However, at least for games with almost-perfect almost public monitor-
ing, Theorem 3 implies that bounded recall is not a substantive restriction.

A game with full support public monitoring is η-perfect if Y = A and

ρ(a | a) > 1− η.

Clearly, any patiently pseudo-strict subgame perfect equilibrium of the per-
fect monitoring game induces a patiently pseudo-strict PPE of η-perfect
public monitoring games, for η sufficiently small. We then have as an impli-
cation of Theorem 3 and Mailath and Samuelson (2006, Lemma 13.5.6):

Theorem 4 Suppose n ≥ 3 and v is a strictly individually rational payoff.
For all β > 0, there exists δ̄ < 1, and η > 0 such that such that for all η-
perfect full support public monitoring distributions (Y, ρ), there exists ε > 0
such that for all private monitoring distributions ε-close to (Y, ρ), for all
δ ∈ (δ̄, 1), there is a sequential equilibrium of the private monitoring repeated
game with payoffs within β of v.

In the absence of patient pseudo-strictness, the order of quantifiers would
need to be reversed, so that the bound on the closeness of the private moni-
toring distributions, ε, would depend on δ, and become increasingly severe as
δ → 1 (Mailath and Samuelson, 2006, Section 13.5). This is an undesirable
confounding of time preferences with accuracy in the monitoring.

15The condition is weaker than, but of the spirit of, a requirement that for all public
signals, there are private signals with different ordinal rankings of the odds ratios over
actions.

16While Mailath and Morris (2002, 2006) discuss only strict equilibria, the extension to
pseudo-strict equilibria is immediate.
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