











To explain the reason for the other inequality, note that the model requires
that () solving (2.6) be a probability measure (hence non-negative valued). This
is trivially true if A\;1; > 0 but otherwise requires added restrictions: vy, > 0 if

C(ser1 | 0) _ dBU (i St41) (6) S At+1
my (St+1) dpy NPTy

£(sl0
(

A
—— < 2b. 3.4
1+A 7 (3:4)
Because only values for « in (0, 1] are admissible, v = A\(1 — «) is consistent with
(3.4) if and only if —y < b/ (3 —b).
We show that if (3.3), then

mi () — €(-]b) ast — o,

with probability under P* at least %
Abbreviate p, ( ) by 5.

Claim 1: p} = limp; exists P* —a.s. and if p, > 0 for some sample realization
s3°, then m, (H) — 3 and pj — 1 along s3°. (The proof is analogous to that

of part (b).) Deduce that
ps, € {0,1} P* —a.s.

ClaimQ:f()E[(l— )% (1- )1z)+’y}<1forallz€[b 3]. Argue
thatf(z)§1<:>g() [(1— ) vz (1 —=7) +2v(1 — 2)]—4z (1 — 2) <O0.
Compute that g (%) ! (%) = nd g is concave because 7 < —1. Thus

9(2) <g(0)=0.

Claim 3: E* {log ((1 —) iGEEL) + 7) | St}

mg (St+1)

=

1—

lg((l V)WJF’Y) + 1log((1—v)m+v)

=1log (f(b+(5—0) 1 (3))) <0, by Claim 2.
By Claim 1, it suffices to prove that u% =1 P* —a.s. is impossible. Compute

that
14 (3k+1 ’ l)
1 1 — T 2/
k=0 (( 'Y) ms (SkJrl) 7
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* * . C(sk11 | 5)
logp; = logug + g log | (1 =) my (Spe1) o

= logug + X5 (logzky1 — E[logzii | Si]) + X2 E [logziia | Skl

Z(8k+1|%>

where 21 = (1 - 7) m(Sk+1)

+ 7. Therefore, logu; > %log,u{; iff
St (logzisr — E[logziia | Sk]) = —3logug — E)_4 E [logzks1 | Sk] = a.

By Claim 3, a; > 0. The random variable logzy.1 — F [logzr+1 | Sk| takes on two
possible values, corresponding to sxy; = H or T', and under the truth they are
equally likely and average to zero. Thus

P* (logzii1 — Ellogzii1 | Skl > ax) < 5.

Deduce that
P* (logp; > $logug) < 3

and hence that
P*(logu; — 0) < 5. ®

Example 2: Convergence to wrong forecasts may occur with P*-positive proba-
bility when v,,, > 0 (Positive Prior-Bias), if ,,, is only S;+1-measurable.

The coin is as before - it is unbiased, but the agent does not know that and
is modeled via S = {H,T} and ¢ (H | §) = 0 for § € © = {b,1}. Assume further
that a;yq1 and Ay are such that

w sy =H
Y1 = )‘t+1(1 - at+1) = { 0 if 8211 T

where 0 < w < 1. Thus, from (2.9), the agent updates by Bayes’ Rule when
observing T but attaches only the weight (1 —w) to last period’s prior when
observing H. Assume that

w>1—2b.

Then
me() — £ B) ast— oo,
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with probability under P* at least %
The proof is similar to that of Example 1. The key is to observe that

st+1l3 .
E* {log ((1 -7) o) + 7) | St} < 0 under the stated assumptions.

mi(st+1)

The proof of Theorem 2.2 requires the following lemmas:

Lemma 3.1. (Freedman (1975)) Let {z:} be a sequence of uniformly bounded
Si-measurable random variables such that for every t > 1, E* (241|S;) = 0. Let
V¥ = VAR (241|S:) where VAR is the variance operator associated with P*.
Then,

n [e.9]
Z 2z converges to a finite limit as n — oo, P*-a.s. on {Z Vi< oo}

t=1 t=1

and

n n o0
sup z; = 00 and inf E 2y = —00, P*-a.s. on E Vii=o00,.
n
t=1 t=1

n t=1

Definition 3.2. A sequence of {z;} of S;-measurable random variables is even-
tually a submartingale if, P* — a.s., E* (x;41]S;) — w; is strictly negative at most
finitely many times.

Lemma 3.3. Let {z;} be uniformly bounded and eventually a submartingale.
Then, P* — a.s., x; converges to a finite limit as t goes to infinity.

Proof. Write

t

t
T = Z (r; — E* (rj|S;-1)) + Z E* (r;|Sj-1) + xo, where r; = z; — x;_1.

j=1 j=1
By assumption, P* — a.s., E* (1;|S;_1) is strictly negative at most finitely many
times. Hence, P* — a.s.,
¢
Htlf; E* (rj’ijl) > —00.
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Given that z; is uniformly bounded, P* — a.s.,

t

supsz < 00, where z; =1; — E* (rj|S;-1) -

t 4

It follows from Freedman’s result that P* — a.s.,

t

g z; converges to a finite limit as ¢ — oo.
j=1

t

It now follows from x; uniformly bounded that sup Z E*(rj|S;-1) < co. Because
t -
J=1
E* (r;]S;-1) is strictly negative at most finitely many times,

t
Z E* (1r;|Sj-1) converges to a finite limit as ¢ — oc.
j=1

Therefore, P* — a.s., x; converges to a finite limit as ¢t goes to infinity. B

Proof of Theorem 2.2

Claim 1: Define f (0,m) = >, 922—’2 on the interior of the 2K-simplex. There
exists ' € R, such that

| 0, — 0y |[< S forall k = f(O,m)—1 > —yK > | my— 0| .
k

Proof: f(0,6) =1, f(0,-) is convex and hence

fOm—-1 > > (8f Om) _ o1 (H’m)) lm=o (mi — k)

KK 8mk 8mK
= > () =),
k£K

But the latter sum vanishes at 8 = #*. Thus argue by continuity.

Givenany 6 € RY,, 6 << ¢, define ©* = (0" — 0,0 + 0) = IIi, (0}, — b, 05 + 0y
and fif = Ygeorf; (0).
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Claim 2: Define m; (s*) = Sgee-0ip, (0) / 11 (6). Then

| me (8%) —mj (s%) [ <1—p.
Proof: my (s*) — mj (s*) = M (uy — 1) + Zoge-Orp, (7). Therefore,
(i =1) <

my (s%) (up — 1) = 2= C (i — 1) <y (%) — mi (") < Sogo-Oum, (6) <
1— .

Claim 3: For any 6 << ¢ as above,

m}(s* %
QZﬁ—lZ—Z(l—MH-
k

Proof: Because | m; (s*) — 6 |< 0), < 5., we have that
mi(sk — *
Z@Z# —1> K IZ | my (s%) —mj (s%) |
k k

Now Claim 3 follows from Claim 2.

Compute that

E* [Nt+1 (9) ’ St] = (1 - 7t+1) [Z 92%] Ly (9) + 7t+1E>k [1/’t+1 (9) | St] )

(3.5)
where use has been made of the assumption that v, ; is S;-measurable. Therefore,

m}(s* * * *
E* [y (0) | Si]—pr = (1= 7eea) Z (92%) iV Bocer B [y (0) | Si] =1
K

i + 7t+129€®*E* [wm 9) | St} - 7t+1ﬂr-

= (1= ) [; <9k28) -

*

By the LLN, P* — a.s. for large enough ¢ the frequency of s* will eventually be 6}
and

Ygeor E” W)tﬂ (0) | St] =1
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Eventually along any such path,

wy + e (1= )
2

B [0 (0) | 8] = i = (1= 7esn) [Z () 1

> [ (1= Yerr) 1 +Yera) (1= ) >0,

where the last two inequalities follow from Claim 3 and the hypothesis v< v, ;.

Hence (p;) is eventually a P*-submartingale. By Lemma 3.3, u*, = limuy
exists P* — a.s. Consequently, E* [u},, (0) | S;] — 4 — 0 P* — a.s. and from
the last displayed equation, [—1 (1 — 7t+1) Wy + 7t+1} (1—-pf) — 0 P*—a.s.
It follows that p, = 1. Finally, m,(-) = [£(-]6) du, eventually remains in
O = (0" —9,0"+9).

Above ¢ is arbitrary. Apply the preceding to § = % to derive a set 2, such
that P*(©,) = 1 and such that for all paths in €,, m,; eventually remains in
(0 —2,0"+ 1) . Let Q = N2,y Then, P*(Q) = 1 and for all paths in Q, m,
converges to 6. W
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