








To explain the reason for the other inequality, note that the model requires
that (�t) solving (2.6) be a probability measure (hence non-negative valued). This
is trivially true if �t+1 � 0 but otherwise requires added restrictions: �t+1 � 0 if

` (st+1 j �)
mt (st+1)

=
dBU (�t; st+1) (�)

d�t
� � �t+1

1 + �t+1
.

In the present example mins;�
`(sj�)
mt(s)

� 2b, and thus it su¢ ces to have

� �

1 + �
� 2b. (3.4)

Because only values for � in (0; 1] are admissible, 
 = �(1� �) is consistent with
(3.4) if and only if �
 < b=

�
1
2
� b
�
.

We show that if (3.3), then

mt (�) �! ` (� j b) as t �!1,

with probability under P � at least 1
2
.

Abbreviate �t
�
1
2

�
by ��t .

Claim 1: ��1 � lim��t exists P �� a:s: and if ��1 > 0 for some sample realization
s11 , then mt (H) �! 1

2
and ��t �! 1 along s11 . (The proof is analogous to that

of part (b).) Deduce that

��1 2 f0; 1g P � � a:s:

Claim 2: f (z) �
h
(1� 
)

1
2

z
+ 

i h
(1� 
)

1� 1
2

(1�z) + 

i
� 1, for all z 2 [b; 1

2
]. Argue

that f (z) � 1() g (z) � [(1� 
) + 2
z] [(1� 
) + 2
(1� z)]� 4z (1� z) � 0.
Compute that g

�
1
2

�
= 0, g0

�
1
2

�
= 0 and g is concave because 
 < �1. Thus

g (z) � g (0) = 0.

Claim 3: E�
�
log

�
(1� 
)

`(st+1j 12)
mt(st+1)

+ 


�
j St
�

= 1
2
log

�
(1� 
)

1
2

b+( 12�b)��t
+ 


�
+ 1

2
log

�
(1� 
)

1� 1
2

(1�b�( 12�b)��t )
+ 


�
= 1

2
log

�
f
�
b+

�
1
2
� b
�
�t
�
1
2

���
� 0, by Claim 2.

By Claim 1, it su¢ ces to prove that ��1 = 1 P ��a:s: is impossible. Compute
that

��t = ��0

"
�t�1k=0

 
(1� 
)

`
�
sk+1 j 12

�
mk (sk+1)

+ 


!#
,
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log��t = log��0 + �
t�1
k=0 log

 
(1� 
)

`
�
sk+1 j 12

�
mk (sk+1)

+ 


!
= log��0 + �

t�1
k=0 (logzk+1 � E [logzk+1 j Sk]) + �t�1k=0E [logzk+1 j Sk] ,

where zk+1 = (1� 
)
`(sk+1j 12)
mk(sk+1)

+ 
. Therefore, log��t � 1
2
log��0 i¤

�t�1k=0 (logzk+1 � E [logzk+1 j Sk]) � �1
2
log��0 � �t�1k=0E [logzk+1 j Sk] � ak.

By Claim 3, ak > 0. The random variable logzk+1 �E [logzk+1 j Sk] takes on two
possible values, corresponding to sk+1 = H or T , and under the truth they are
equally likely and average to zero. Thus

P � (logzk+1 � E [logzk+1 j Sk] � ak) � 1
2
.

Deduce that
P �
�
log��t � 1

2
log��0

�
� 1

2

and hence that
P � (log��t �! 0) � 1

2
.

Example 2 : Convergence to wrong forecasts may occur with P �-positive proba-
bility when 
t+1 > 0 (Positive Prior-Bias), if 
t+1 is only St+1-measurable.
The coin is as before - it is unbiased, but the agent does not know that and

is modeled via S = fH;Tg and ` (H j �) = � for � 2 � = fb; 1
2
g. Assume further

that �t+1 and �t+1 are such that


t+1 � �t+1(1� �t+1) =

�
w if st+1 = H
0 if st+1 = T ,

where 0 < w < 1. Thus, from (2.9), the agent updates by Bayes�Rule when
observing T but attaches only the weight (1� w) to last period�s prior when
observing H. Assume that

w > 1� 2b.
Then

mt (�) �! ` (� j b) as t �!1,
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with probability under P � at least 1
2
.

The proof is similar to that of Example 1. The key is to observe that

E�
�
log

�
(1� 
)

`(st+1j 12)
mt(st+1)

+ 


�
j St
�
� 0 under the stated assumptions.

The proof of Theorem 2.2 requires the following lemmas:

Lemma 3.1. (Freedman (1975)) Let fztg be a sequence of uniformly bounded
St-measurable random variables such that for every t > 1; E� (zt+1jSt) = 0: Let
V �
t � V AR (zt+1jSt) where V AR is the variance operator associated with P �.
Then,

nX
t=1

zt converges to a �nite limit as n!1, P �-a:s: on
( 1X

t=1

V �
t <1

)
and

sup
n

nX
t=1

zt =1 and inf
n

nX
t=1

zt = �1, P �-a:s: on
( 1X

t=1

V �
t =1

)
:

De�nition 3.2. A sequence of fxtg of St-measurable random variables is even-
tually a submartingale if, P � � a:s:; E� (xt+1jSt)� xt is strictly negative at most
�nitely many times.

Lemma 3.3. Let fxtg be uniformly bounded and eventually a submartingale.
Then, P � � a:s:; xt converges to a �nite limit as t goes to in�nity.

Proof. Write

xt =

tX
j=1

(rj � E� (rjjSj�1)) +
tX

j=1

E� (rjjSj�1) + x0; where rj � xj � xj�1:

By assumption, P � � a:s:; E� (rjjSj�1) is strictly negative at most �nitely many
times. Hence, P � � a:s:;

inf
t

tX
j=1

E� (rjjSj�1) > �1:
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Given that xt is uniformly bounded, P � � a:s:;

sup
t

tX
j=1

zj <1; where zj � rj � E� (rjjSj�1) :

It follows from Freedman�s result that P � � a:s:,

tX
j=1

zj converges to a �nite limit as t!1.

It now follows from xt uniformly bounded that sup
t

tX
j=1

E� (rjjSj�1) <1. Because

E� (rjjSj�1) is strictly negative at most �nitely many times,

tX
j=1

E� (rjjSj�1) converges to a �nite limit as t!1.

Therefore, P � � a:s:; xt converges to a �nite limit as t goes to in�nity.

Proof of Theorem 2.2:

Claim 1: De�ne f (�;m) =
P

k �
�
k
�k
mk

on the interior of the 2K-simplex. There
exists �0 2 RK++ such that

j �k � ��k j< �0k for all k =) f (�;m)� 1 � �
K�1
X
k

j mk � �k j .

Proof: f (�; �) = 1, f (�; �) is convex and hence

f (�;m)� 1 �
X
k 6=K

�
@f (�;m)

@mk

� @f (�;m)

@mK

�
jm=� (mk � �k)

=
X
k 6=K

�
� ��k
�k
+

��K
�K

�
(mk � �k) .

But the latter sum vanishes at � = ��. Thus argue by continuity.

Given any � 2 RK++, � << �0, de�ne�� = (�� � �; �� + �) � �Kk=1 (��k � �k; �
�
k + �k)

and ��t = ��2���t (�).
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Claim 2: De�ne m�
t

�
sk
�
= ��2���k�t (�) = �

�
t (�). Then

j mt

�
sk
�
�m�

t

�
sk
�
j � 1� ��t .

Proof: mt

�
sk
�
� m�

t

�
sk
�
=

��2���k�t(�)
��t

(��t � 1) + ��=2���k�t (�) . Therefore,
(��t � 1) �
m�
t

�
sk
�
(��t � 1) =

��2���k�t(�)
��t

(��t � 1) � mt

�
sk
�
� m�

t

�
sk
�
� ��=2���k�t (�) �

1� ��t .

Claim 3: For any � << �0 as above,X
k

��k
m�
t (sk)

mt(sk)
� 1 � �
 (1� ��t ) .

Proof: Because j m�
t

�
sk
�
� ��k j< �k < �

0

k, we have thatX
k

��k
m�
t (sk)

mt(sk)
� 1 � �
K�1

X
k

j mt

�
sk
�
�m�

t

�
sk
�
j .

Now Claim 3 follows from Claim 2.

Compute that

E�
�
�t+1 (�) j St

�
=
�
1� 
t+1

� "X
k

��k
�k

mt(sk)

#
�t (�) + 
t+1E

� � t+1 (�) j St� ,
(3.5)

where use has been made of the assumption that 
t+1 is St-measurable. Therefore,

E�
�
��t+1 (�) j St

�
���t =

�
1� 
t+1

�X
k

�
��k

m�
t (sk)

mt(sk)

�
��t+
t+1��2��E

� � t+1 (�) j St����t
=
�
1� 
t+1

� "X
k

�
��k

m�
t (sk)

mt(sk)

�
� 1
#
��t + 
t+1��2��E

� � t+1 (�) j St�� 
t+1�
�
t .

By the LLN, P �� a:s: for large enough t the frequency of sk will eventually be ��k
and

��2��E
� � t+1 (�) j St� = 1:
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Eventually along any such path,

E�
�
��t+1 (�) j St

�
� ��t =

�
1� 
t+1

� "X
k

�
��k

m�
t (sk)

mt(sk)

�
� 1
#
��t + 
t+1 (1� ��t )

�
�
�

�
1� 
t+1

�
��t + 
t+1

�
(1� ��t ) � 0,

where the last two inequalities follow from Claim 3 and the hypothesis 
� 
t+1.
Hence (��t ) is eventually a P

�-submartingale. By Lemma 3.3, ��1 � lim��t
exists P � � a:s: Consequently, E�

�
��t+1 (�) j St

�
� ��t �! 0 P � � a:s: and from

the last displayed equation,
�
�

�
1� 
t+1

�
��t + 
t+1

�
(1� ��t ) �! 0 P � � a:s:

It follows that ��1 = 1. Finally, mt (�) =
R
` (� j �) d�t eventually remains in

�� = (�� � �; �� + �).
Above � is arbitrary. Apply the preceding to � = 1

n
to derive a set 
n such

that P �(
n) = 1 and such that for all paths in 
n; mt eventually remains in�
�� � 1

n
; �� + 1

n

�
: Let 
 � \1n=1
n: Then, P �(
) = 1 and for all paths in 
; mt

converges to ��.
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