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this player-2 best response with high probability, ensuring that the normal and
commitment types of player 1 play differently, contradicting the assumption
that pt �→ 0 on F .

Define β ≡ mini{ςi1 : ςi1 > 0} and γ ≡ miny�i�j ρ
y
ij , where the latter is strictly

positive by Assumption 1. Since ς1 is not a best reply for the normal type to
ς2 (the myopic best reply to ς1), there exists η> 0 such that for any repeated-
game strategy for player 2 that attaches probability at least 1 −η to σ̂2 (i.e., to
always playing ς2), ς1 is suboptimal for the normal type in period 1.

As ς2 is the unique best response to ς1, it is strict and so there exists ψ > 0
such that ς2 is the unique best response to any action of player 1, ς ′

1, satisfying
‖ς ′

1 − ς1‖<ψ.
Suppose that there is a positive P̃-probability set of outcomes A on which

p∞ > 0. Choose ξ�ζ such that ζ < βγ and ξ < min{ψ�β− ζγ}. By (12), there
is a P̃-positive measure set F ⊂A and T such that, on F and for any t > T ,

P̃
(

sup
s≥t

∥∥ς1 − Ẽ[σ̃1s|Hs]
∥∥< ξ

∣∣Ht

)
> 1 −ηζ�(14)

Hence, on F ,
∥∥ς1 − Ẽ[σ̃1t|Ht]

∥∥ < ξ P̃-a.s.(15)

Set

gt ≡ P̃
(

sup
s≥t

∥∥ς1 − Ẽ[σ̃1s|Hs]
∥∥ < ξ

∣∣H1t

)

and κt ≡ P̃(gt > 1 −η |Ht). As {H1t}t is a finer filtration than {Ht}t ,

P̃
(

sup
s≥t

∥∥ς1 − Ẽ[σ̃1s|Hs]
∥∥< ξ

∣∣Ht

)
(16)

= Ẽ[gt |Ht]
= Ẽ[gt | gt ≤ 1 −η�Ht](1 − κt)+ Ẽ[gt | gt > 1 −η�Ht]κt

≤ (1 −η)(1 − κt)+ κt�

Combining the inequalities (14) and (16) we get that for almost every state
in F , κt > 1 − ζ. That is, for all t > T and for almost every state in F ,

P̃
(
P̃

(
sup
s≥t

∥∥ς1 − Ẽ[σ̃1s|Hs]
∥∥< ξ

∣∣H1t

)
> 1 −η

∣∣Ht

)
> 1 − ζ�(17)

and so player 2 assigns a probability of at least 1 − ζ to player 1 believing with
probability at least 1 −η that player 2 believes player 1’s strategy is within ξ of
the commitment strategy.
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Since ξ < ψ, player 2 plays ς2, the unique best response to the commitment
action, whenever he believes that 1’s strategy is within ξ of the commitment
strategy. Hence, in any period t > T , player 2 assigns a probability of at least
1 − ζ to player 1 believing that player 2’s subsequent play is σ̂2 with at least
probability 1 − η. Thus, player 2 assigns probability at least 1 − ζ to player 1’s
subsequent play being a best response to player 2’s best response to σ̂1. But
η was chosen so that there is then an action in the support of σ̂1, say i′, that
is not optimal in period t. Player 2 must accordingly believe that i′ is played
with a probability of no more than ζ in period t. But since β − ζ > ξ, this
contradicts (15). Q.E.D.

6. EXTENSIONS

6.1. Many Commitment Types

To extend the preceding analysis to the case in which there are many com-
mitment types, let T be a set of possible commitment types. The commitment
type c plays the repeated-game strategy σ̂ c

1 that plays the fixed stage-game
action ςc1 ∈ ΔI in each period. We assume T is either finite or countably in-
finite, and ςc1 �= ςc

′
1 for all c �= c′ ∈ T . At time t = −1 a type of player 1 is se-

lected. With probability pc
0 > 0, she is commitment type c, and with probability

pn
0 = 1 − ∑

c∈T pc
0 > 0 she is the “normal” type. A state of the world is, as be-

fore, a type for player 1 and sequence of actions and signals. The set of states
is then Ω = T × (I × J × Y)∞. We denote by P̂c the probability measure in-
duced on Ω by the commitment type c ∈ T , and as usual, we denote by P̃ the
probability measure on Ω induced by the normal type. Finally, we denote by pc

t

player 2’s period t belief that player 1 is the commitment type c.
To deal with many types of player 1, we first argue that it is impossible for

two different commitment types to be given positive probability in the limit.

LEMMA 3: At any Nash equilibrium of a game satisfying Assumptions 1 and 2,
for all c �= c′ ∈ T ,

pc
tp

c′
t → 0 P-a.s.

PROOF: Derive (6) for each of the types c and c′. Take the difference of
these two equations, repeat the remaining part of the proof of Lemma 1, and
use ςc1 �= ςc

′
1 . Q.E.D.

THEOREM 4: Suppose ρ satisfies Assumptions 1 and 2. Let T ∗ be the set of
commitment types c ∈ T for which player 2 has a unique best response ςc2 to ςc1,
with (ςc1� ς

c
2) not a Nash equilibrium of the stage game. Then in any Nash equilib-

rium, pc
t → 0 for all c ∈ T ∗ P̃-almost surely.


