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Partial Functions and Partial Differentials

D1. Partial functions of f at (a, b). If X, Y, Z are normed real vector spaces,
f ∈ ZX×Y has full domain, and (a, b) ∈ X × Y , then

(1) fa ∈ ZY is the first partial function of f at a if, and only if, for all y ∈ Y ,

fa(y) = f(a, y).

(2) fb ∈ ZX is the second partial function of f at b if, and only if, for all x ∈ X,

fb(x) = f(x, b).

D2. Partial differentials of f at (a, b). If X,Y, Z are normed real vector spaces,
f ∈ ZX×Y has full domain, and (a, b) ∈ X × Y is such that fb is differentiable at
a and fa is differentiable at b, then

(1) d1f(a,b) ∈ ZX is the first partial differential of f at (a, b) if, and only if, for
all x ∈ X,

d1f(a,b)(x) = d(fb)a(x),

(2) d2f(a,b) ∈ ZX is the second partial differential of f at (a, b) if, and only if,
for all y ∈ Y ,

d2f(a,b)(y) = d(fa)b(y).

D3. Partial differentials of f . If X,Y, Z are normed real vector spaces and
f ∈ ZX×Y has full domain, then

(1) d1f ∈ (ZX)X×Y
is the first partial differential of f if, and only if, for all

(a, b) ∈ X × Y such that fb is differentiable at a,

d1f(a, b) = d1f(a,b),

(2) d2f ∈ (ZY )X×Y
is the second partial differential of f if, and only if, for all

(a, b) ∈ X × Y such that fa is differentiable at b,

d2f(a, b) = d2f(a,b).
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Partial differentiability

S1. The differentiability of a function on a cartesian product implies
the differentiability of its partial functions. If X, Y, Z are normed real vector
spaces and f ∈ ZX×Y is differentiable at (a, b) ∈ f−1(Z), then

(1) fb is differentiable at a and, for all x ∈ X,

d(fb)a(x) = df(a,b)(x, 0),

or, equivalently,
d1f(a,b)(x) = df(a,b)(x, 0),

(2) fa is differentiable at b and, for all y ∈ Y ,

d(fa)b(x) = df(a,b)(0, y),

or, equivalently,
d2f(a,b)(y) = df(a,b)(0, y).

Proof. Let X, Y, Z be normed real vector spaces and f ∈ ZX×Y be differentiable
at (a, b) ∈ f−1(Z),

(1) Let ε > 0. Since ε > 0 and f is differentiable at (a, b), then there exists
δ > 0 such that, for all (x, y) ∈ Bδ(a, b) \ {(a, b)},

∥∥f(x, y)− (
f(a, b) + df(a,b)((x, y)− (a, b))

)∥∥
Z

‖(x, y)− (a, b)‖X×Y
< ε.

Let x ∈ Bδ(a) \ {a}. Since x ∈ Bδ(a), then

‖(x, b)− (a, b)‖X×Y =

‖x− a‖X + ‖b− b‖Y = ‖x− a‖X

< δ.

Since ‖(x, b)− (a, b)‖X×Y < δ, then

(x, b) ∈ Bδ(a, b).

Since x 6= a, then
(x, b) 6= (a, b).

Since (x, b) ∈ Bδ(a, b) \ {(a, b)} and, for all (x, y) ∈ Bδ(a, b) \ {(a, b)},
∥∥f(x, y)− (

f(a, b) + df(a,b)((x, y)− (a, b))
)∥∥

Z

‖(x, y)− (a, b)‖X×Y
< ε,

then
∥∥fb(x)− (

fb(a) + df(a,b)(x− a, 0)
)∥∥

Z

‖x− a‖X
=

∥∥f(x, b)− (
f(a, b) + df(a,b)((x, b)− (a, b))

)∥∥
Z

‖x− a‖X + ‖b− b‖Y
=

∥∥f(x, b)− (
f(a, b) + df(a,b)((x, b)− (a, b))

)∥∥
Z

‖(x, b)− (a, b)‖X×Y

< ε.
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(2) Since df(a,b) is linear, then, for all x, x′ ∈ X,

df(a,b)(x + x′, 0) =

df(a,b)(x + x′, 0 + 0) = df(a,b)((x, 0) + (x′, 0))

= df(a,b)(x, 0) + df(a,b)(x′, 0)

and, for all α ∈ R and all x ∈ X,

df(a,b)(αx, 0) =

df(a,b)(αx, α0) = df(a,b)(α(x, 0))

= αdf(a,b)(x, 0)

Since, for all x, x′ ∈ X,

df(a,b)(x + x′, 0) = df(a,b)(x, 0) + df(a,b)(x′, 0)

and, for all α ∈ R and all x ∈ X,

df(a,b)(αx, 0) = αdf(a,b)(x, 0),

then df(a,b)(·, 0) is linear.
Since, for all ε > 0, there exists δ > 0 such that, for all x ∈ Bδ(a) \ {a},

∥∥fb(x)− (
fb(a) + df(a,b)(x− a, 0)

)∥∥
Z

‖x− a‖X
< ε,

and df(a,b)(·, 0) is linear, then fb is differentiable at a and, for all x ∈ X,

d(fb)a(x) = df(a,b)(x, 0),

or, equivalently,
d1f(a,b)(x) = df(a,b)(x, 0).

(Similarly for fb.)
Q.E.D.

S2. If the differential at a point is continuous then the partial differ-
entials are continuous. If X, Y, Z are normed real vector spaces, f ∈ ZX×Y is
differentiable at (a, b) ∈ X × Y , and df(a,b) is continuous, then

(1) d1f(a,b) is continuous, and
(2) d2f(a,b) is continuous.

Proof. Let X,Y, Z be normed real vector spaces, f ∈ ZX×Y be differentiable at
(a, b) ∈ f−1(Z), and df(a,b) be continuous.

Let ε > 0. Since ε > 0 and df(a,b) be continuous, then there exists δ > 0 such
that, for all (x, y) ∈ Bδ(0, 0),

‖df(a,b)(x, y)− df(a,b)(0, 0)‖Z < ε.
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Let x ∈ Bδ(0). Since x ∈ Bδ(0), then

‖x− 0‖X < δ.

Since ‖x− 0‖X < δ, then

‖(x, 0)− (0, 0)‖X×Y =

‖x− 0‖X + ‖0− 0‖Y = ‖x− 0‖X

< δ.

Since ‖(x, 0) − (0, 0)‖X×Y < δ, then (x, 0) ∈ Bδ(0, 0). Since (x, 0) ∈ Bδ(0, 0) and,
for all (x, y) ∈ Bδ(0, 0),

‖df(a,b)(x, y)− df(a,b)(0, 0)‖Z < ε,

then
‖d1f(a,b)(x)− d1f(a,b)(0)‖Z =

‖df(a,b)(x, 0)− df(a,b)(0, 0)‖Z < ε.

Since, d(fb)a is linear and, for all ε > 0, there exists δ > 0 such that, for all
x ∈ Bδ(0),

‖d(fb)a(x)− d(fb)a(0)‖Z < ε,

then d(fb)a is continuous. Q.E.D.

S3. The continuous differentiability of f implies the continuity of d1f
and d2f . If X, Y, Z are normed real vector spaces and f ∈ ZX×Y is continuously
differentiable, then d1f and d2f are continuous.

Proof. Let X, Y, Z be normed real vector spaces and f ∈ ZX×Y be continuously
differentiable.

Let (a, b) ∈ X × Y .
Since f is continuously differentiable, then f is differentiable at (a, b) and df(a,b)

is continuous. Since df(a,b) is continuous, then d1f(a,b) and d2f(a,b) are continuous.
Since f is continuously differentiable, then df is continuous at (a, b). Since df

is continuous at (a, b), then for all ε > 0, there exists δ > 0 such that, for all
(x, y) ∈ Bδ(a, b),

‖df(x,y) − df(a,b)‖ < ε.

Since, for all (x, y) ∈ Bδ(a, b), ‖df(x,y) − df(a,b)‖ < ε, then, for all (x, y) ∈ Bδ(a, b)
and all (h, k) ∈ X × Y \ {(0, 0)},

‖df(x,y)(h, k)− df(a,b)(h, k)‖Z

‖(h, k)‖X×Y
< ε,

in particular, for all (x, y) ∈ Bδ(a, b) and all h ∈ X \ {(0)},

‖d1f(x,y)(h)− d1f(a,b)(h)‖Z

‖h‖X
=

‖df(x,y)(h, 0)− df(a,b)(h, 0)‖Z

‖(h, 0)‖X×Y
< ε.
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Since, for all (x, y) ∈ Bδ(a, b) and all h ∈ X \{0}, ‖d1f(x,y)(h)−d1f(a,b)(h)‖Z

‖h‖X
< ε, then,

for all (x, y) ∈ Bδ(a, b),
‖d1f(x,y) − d1f(a,b)‖Z ≤ ε.

Since, for any (a, b) ∈ A × B and all ε > 0, there exists δ > 0 such that, for all
(x, y) ∈ Bδ(a, b),

‖d1f(x,y) − d2f(a,b)‖Z ≤ ε,

then d1f is continuous.
(Similarly for the continuity of d2f). Q.E.D.

Implicit function theorem

S4. Implicit function theorem in arbitrary normed real vector spaces.
If

(1) X, Y, Z are normed real vector spaces and Y is a Banach space,1

(2) A ⊂ X and B ⊂ Y are open,
(3) f ∈ ZX×Y is continuously differentiable in A×B, and
(4) (a, b) ∈ A×B is such that f(a, b) = 0 and (d2f(a,b))−1 is a continuous linear

function,

then

(1) there exist ρ, η > 0 such that f−1(0) ∩ (Bρ(a) × ClBη(b)) is a function
φ ∈ Y X , and

(2) φ is continuously differentiable on Bρ(a) and

dφa = −(d2f(a,b))−1 ◦ d1f(a,b).

Proof of (1). Let
(1) X, Y, Z be normed real vector spaces and Y be a Banach space,
(2) A ⊂ X and B ⊂ Y be open,
(3) f ∈ ZX×Y be continuously differentiable in A×B, and
(4) (a, b) ∈ A × B be such that f(a, b) = 0 and (d2f(a,b))−1 is a continuous

linear function,
Since (d2f(a,b))−1 is a continuous linear function, then there exists ‖(d2f(a,b))−1‖.

Since d2f(a,b) ⊂ Y × Z is a function, then (d2f(a,b))−1 ⊂ Z × Y is injective, hence
(d2f(a,b))−1 6= 0, and therefore ‖(d2f(a,b))−1‖ 6= 0.

Since f is continuously differentiable in A×B, d2f is continuous in A×B. Since
d2f is continuous in A×B and (a, b) ∈ A×B, then d2f is continuous at (a, b), and
hence, for all ε > 0, there exists δ′ > 0 such that for all (x, y) ∈ Bδ′(a, b),

‖d2f(x,y) − d2f(a,b)‖ < ε.

and, in particular, there exists δ′ > 0 such that for all (x, y) ∈ Bδ′(a, b),

‖d2f(x,y) − d2f(a,b)‖ <
1
2
‖(d2f(a,b))−1‖−1.

1That is to say, Y is complete with respect to the metric induced by ‖ ‖Y
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Let δ =
1
2
δ′.

Let (x, y) ∈ Bδ(a)×Bδ(b). Since x ∈ Bδ(a) and y ∈ Bδ(b), then

‖(x, y)− (a, b)‖X×Y =

‖x− a‖X + ‖y − b‖Y < δ + δ

=
1
2
δ′ +

1
2
δ′

= δ′.

Therefore
Bδ(a)×Bδ(b) ⊂ Bδ′(a, b).

Since, for all (x, y) ∈ Bδ′(a, b), ‖d2f(x,y) − d2f(a,b)‖ < 1
2‖(d2f(a,b))−1‖−1, and

Bδ(a)×Bδ(b) ⊂ Bδ′(a, b), then, for all (x, y) ∈ Bδ(a)×Bδ(b),

‖d2f(x,y) − d2f(a,b)‖ <
1
2
‖(d2f(a,b))−1‖−1.

For all x ∈ Bδ(a), let Sx ∈ Y Bδ(b) be such that, for all y ∈ Bδ(b),

Sx(y) = y − (d2f(a,b))−1(fx(y)),

i.e.
Sx = iBδ(b) − (d2f(a,b))−1 ◦ fx.

Since iBδ(b) and (d2f(a,b))−1 are linear and f is continuously differentiable in A×B,
then, for all x ∈ Bδ(b), Sx is differentiable in Bδ(b) and, for all y ∈ Bδ(b),

d(Sx)y = diY − (d2f(a,b))−1 ◦ d(fx)y

= iY − (d2f(a,b))−1 ◦ d2f(x,y)

= (d2f(a,b))−1 ◦ (d2f(a,b) − d2f(x,y)).

Since (d2f(a,b))−1 is continuous and, for all (x, y) ∈ A × B, d2f(x,y) is continuous,
then, for all (x, y) ∈ Bδ(a)×Bδ(b), d(sx)y is continuous and

‖d(Sx)y‖ = ‖(d2f(a,b))−1 ◦ (d2f(a,b) − d2f(x,y))‖
≤ ‖(d2f(a,b))−1‖‖d2f(a,b) − d2f(x,y)‖
<

1
2
.

Since for all x ∈ Bδ(a) and all y ∈ Bδ(b), ‖d(Sx)y‖ < 1
2 and Bδ(b) is convex, then,2

for all x ∈ Bδ(a) and all y1, y2 ∈ Bδ(b),

‖Sx(y1)− Sx(y2)‖Y ≤ 1
2
‖y1 − y2‖Y .

2By the mean vaue theorem.
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Since f is continuously differentiable on A × B and (a, b) ∈ A × B, then f is
differentiable at (a, b) and df(a,b) is continuous. Since df(a,b) is continuous, then f
is continuous at (a, b) and hence there exists ρ ∈ (0, δ) such that for all x ∈ Bρ(a),

‖f(x, b)− f(a, b)‖Z <
1
3
‖(d2f(a,b))−1‖−1δ

i.e. (since f(a, b) = 0)

‖(d2f(a,b))−1‖‖fx(b)‖Z <
1
3

δ.

Therefore, the set of real values taken by ‖(d2f(a,b))−1‖‖fx(b)‖Z for x ∈ Bρ(a) is
bounded above by 1

3 δ and thus its supremum exists.
Let

1
2

η = sup ‖(d2f(a,b))−1‖‖fx(b)‖Z .

Since 1
2 η is the smallest upper bound of the set of real values taken by the expession

‖(d2f(a,b))−1‖‖fx(b)‖Z for x ∈ Bρ(a) and
1
3
δ is an upper bound of this same set,

1
2
η ≤ 1

3
δ,

i.e.
η ≤ 2

3
δ < δ,

and thus ClBη(b) ⊂ Bδ(b). Since ClBη(b) is closed and Y is complete, ClBη(b) is
complete too, and ClBη(b) endowed with the restriction of the metric induced by
‖ ‖Y on Y to it is a complete metric space.

If x ∈ Bρ(a) and y ∈ ClBη(b), then

‖Sx(y)− Sx(b)‖Y ≤ 1
2
‖y − b‖Y

≤ 1
2
η

and
‖Sx(b)− b‖Y ≤ ‖(d2f(a,b))−1‖‖fx(b)‖Z

≤ 1
2
η.

Hence, if x ∈ Bρ(a) and y ∈ ClBη(b), then

∀x ∈ Bρ(a),∀y ∈ ClBη(b), ‖Sx(y)− b‖Y ≤ ‖Sx(y)− Sx(b)‖Y + ‖Sx(b)− b‖Y

≤ 1
2
η +

1
2
η

= η,

i.e.
∀x ∈ Bρ(a), ∀y ∈ ClBη(b), Sx(y) ∈ ClBη(b).

Thus, for any x ∈ Bρ(a), Sx is a contraction on the complete metric space ClBη(b)
endowed with the restriction of the metric induced by ‖ ‖Y on Y to it.
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Therefore,
∀x ∈ Bρ(a),∃!yx ∈ ClBη(b) | Sx(yx) = yx.

If φ ⊂ Bρ(a)× ClBη(b) is such that (x, y) ∈ φ iff Sx(y) = y, then
(1) φ is a function,
(2) φ = f−1(0) ∩ (Bρ(a)× ClBη(b)).
Indeed,
(1) if (x, y) ∈ φ and (x, y′) ∈ φ, i.e. Sx(y) = y and Sx(y′) = y′, then both y and

y′ are fixed points of Sx and y, y′ ∈ ClBη(b); since there is a unique fixed
point of Sx in ClBη(b), necessarily, y = y′;

(2) if (x, y) ∈ φ, then Sx(y) = y, i.e.

y − (d2f(a,b))−1(fx(y)) = y;

hence,
(d2f(a,b))−1(f(x, y)) = 0;

since d2f(a,b) is a function, (d2f(a,b))−1 is injective and since (d2f(a,b))−1

is linear, f(x, y) = 0, i.e. (x, y) ∈ f−1(0); moreover, since (x, y) ∈ φ ⊂
Bρ(a) × ClBη(b), (x, y) ∈ Bρ(a) × ClBη(b), and thus (x, y) ∈ f−1(0) ∩
Bρ(a) × ClBη(b); conversely, if (x, y) ∈ f−1(0) ∩ Bρ(a) × ClBη(b), then
f(x, y) = 0 and thus

Sx(y) = y − (d2f(a,b))−1(f(x, y))

= y − (d2f(a,b))−1(0)
= y

since (d2f(a,b))−1 is linear, and thus (x, y) ∈ φ.
Q.E.D.
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