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PARTIAL FUNCTIONS AND PARTIAL DIFFERENTIALS
D1. Partial functions of f at (a,b). If X,Y,Z are normed real vector spaces,
f € ZX*Y has full domain, and (a,b) € X x Y, then
(1) fo € ZY is the first partial function of f at a if, and only if, for ally € Y,

fa(y) = fla,y).
(2) fy, € Z¥ is the second partial function of f at b if, and only if, for allx € X,

fb(x) = f(.’L',b)

D2. Partial differentials of f at (a,b). If X,Y, Z are normed real vector spaces,
f € ZX*Y has full domain, and (a,b) € X x Y is such that f, is differentiable at
a and f, is differentiable at b, then

(1) difiap) € ZX is the first partial differential of f at (a,b) if, and only if, for
allz € X,

dy fa,) (%) = d(f1) 4 (%),

(2) dafiap) € ZX is the second partial differential of f at (a,b) if, and only if,
forally €Y,

da fiap) (y) = d(fa),(y)-

D3. Partial differentials of f. If XY, 7 are normed real vector spaces and
f € ZX*Y has full domain, then

(1) dif € (ZX)XXY is the first partial differential of f if, and only if, for all
(a,b) € X xY such that f, is differentiable at a,

dif(a,b) = difiap),

(2) dof € (ZY Y is the second partial differential of f if, and only if, for all
(a,b) € X x Y such that f, is differentiable at b,

d2f(aa b) = d2f(a,b)-
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PARTIAL DIFFERENTIABILITY

S1. The differentiability of a function on a cartesian product implies
the differentiability of its partial functions. If XY, Z are normed real vector
spaces and f € ZX*Y is differentiable at (a,b) € f~(Z), then

(1) fp is differentiable at a and, for all x € X,

d(fy),(x) = df (a,p)(x,0),

or, equivalently,
d1f(ap) (@) = df (a,p)(z,0),
(2) fa is differentiable at b and, for ally € Y,

d(fa)b(x) = df(a,b) (07 y)>

or, equivalently,
de(a,b) (y) = df(a,b) (07 y) :

Proof. Let X,Y,Z be normed real vector spaces and f € ZX*Y be differentiable
at (a,b) € f71(2),
(1) Let € > 0. Since € > 0 and f is differentiable at (a,b), then there exists
0 > 0 such that, for all (z,y) € Bs(a,b) \ {(a,b)},
1f @) = (F(a,0) + dfian (2, 9) — (@),
1(z,y) = (@, )| xxy

Let € Bs(a) \ {a}. Since z € Bs(a), then
||($,b) - (CL, b)HXXY =
[z —allx +[1b = blly = [l —allx
< 0.

< E.

Since ||(x,b) — (a,b)||xxy < 6, then
(x,b) € Bs(a,b).
Since x # a, then
(x,b) # (a,b).
Since (z,b) € Bs(a,b) \ {(a,b)} and, for all (x,y) € Bs(a,b) \ {(a,b)},
Hf(x7y) - (f(a“7 b) + df(a,b)((xa y) - (a7 b))) HZ
(@, y) = (a,b) || xxy

<e,

then
1 f5(2) = (fo(a) + dftapy(x — a,0))|,

[ = allx

[ £ (2, 0) = (f(a,b) + dfap)(x,0) = (a, b)), |[f(2,0) = (f(a,b) + dfap)((z,0) — (a,b)))]| ,

b —blly 1(, ) = (a,b) || xxy
<e.

|z —allx +



2) Since d is linear, then, for all .2’ € X
( ) (a,b) ) 3 ) )

df (ap)(x +2',0) =
df(a,b) (ZL' + mlu 0+ 0) = df(a,b)((’r7 O) + (.’L‘/7 0))
= df (a.p) (@, 0) + df4,p) (2", 0)

and, for all « € R and all z € X,

df(a,b) (Oél‘, 0) =
df (a,p) (@, 20) = df (4 ) (a(z,0))
= adf(q,1)(z,0)

Since, for all z,z’ € X,
df (ap) (@ +2',0) = df(q,p)(x,0) + df qp) (', 0)
and, for all « € R and all z € X,
df (a,p)(x,0) = adf (b (7, 0),

then df 4. (+,0) is linear.
Since, for all € > 0, there exists § > 0 such that, for all x € Bs(a) \ {a},

1£o(@) = (@) + dfiaty (= — a,0)) ||,

Iz — allx

<eg,

and df 4 4)(+,0) is linear, then f; is differentiable at a and, for all z € X,

d(fo)o(x) = df a0 (,0),

or, equivalently,
dy f(a,b) ('T) = df(a,b) (ZL‘, 0)

(Similarly for f.)
Q.E.D.

S2. If the differential at a point is continuous then the partial differ-
entials are continuous. If X,Y,Z are normed real vector spaces, f € ZX*Y is
differentiable at (a,b) € X x Y, and df 4 is continuous, then

(1) dif(ap) is continuous, and
(2) d2f(a,p) is continuous.

Proof. Let X,Y,Z be normed real vector spaces, f € ZX*Y be differentiable at
(a,b) € f~1(Z), and df 4 p) be continuous.

Let € > 0. Since € > 0 and df(,) be continuous, then there exists 6 > 0 such
that, for all (z,y) € Bs(0,0),

||df(a,b)(xay> - df(a,b)(070)||Z < €.
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Let x € Bs(0). Since z € Bs(0), then
[z —0[|x <é.
Since ||l — 0]|x < d, then

[(2,0) = (0,0)||xxy =
|z —0llx + |0 = 0[ly = [lz — 0| x
< 4.

Since [|(z,0) — (0,0)||xxy < d, then (z,0) € Bs(0,0). Since (z,0) € B;(0,0) and,
for all (z,y) € Bs(0,0),

Ndf (a,p)(,Y) — df(a,)(0,0)]|z < e,

then
d1 fia,p) (@) — difrap)(0)||z =

de(a,b) (377 0) - df(a,b) (07 O)HZ <e&.
Since, d(fy), is linear and, for all € > 0, there exists § > 0 such that, for all

S Bg(O),
1d(fo)a (@) = d(f2),0)][z <&,

then d(fy), is continuous. Q.E.D.

S3. The continuous differentiability of f implies the continuity of d;f
and dof. If X,Y,Z are normed real vector spaces and f € ZX*Y is continuously
differentiable, then dy f and ds f are continuous.

Proof. Let X,Y,Z be normed real vector spaces and f € ZX*Y be continuously
differentiable.

Let (a,b) € X x Y.

Since f is continuously differentiable, then f is differentiable at (a,b) and df(, )
is continuous. Since df(,p) is continuous, then d; f(, ) and da f(4) are continuous.

Since f is continuously differentiable, then df is continuous at (a,b). Since df
is continuous at (a,b), then for all £ > 0, there exists § > 0 such that, for all

(xmy) € B5(a7b)v

||df(m,y) - df(a,b)” <E&.
Since, for all (x,y) € Bs(a,b), ||[df z,y) — dfa,p)|| < €, then, for all (z,y) € Bs(a,b)
and all (h, k) € X x Y \ {(0,0)},

de(a:,y)(hv k:) _df(a,b)(h’7k)HZ c
(R ) x xv ’

in particular, for all (z,y) € Bs(a,b) and all h € X \ {(0)},

1 f () (R) = di fray (W)l z
IRl x
1df (2, (s 0) — df a5y (R, 0) || 2
(R, 0) | x v
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Since, for all (z,y) € Bs(a,b) and all h € X\ {0}, Hdlf(““y)(h|)|;||tf(“"’>(h)|lz < ¢, then,
for all (z,y) € Bs(a,b),

Hdlf(m,y) - dlf(a,b)”Z <e.

Since, for any (a,b) € A x B and all € > 0, there exists § > 0 such that, for all
(:L’,y) € Bg(a,b),
ld1fizy) — d2fapllz <&,

then d; f is continuous.
(Similarly for the continuity of dyf). Q.E.D.

IMPLICIT FUNCTION THEOREM

S4. Implicit function theorem in arbitrary normed real vector spaces.
If

X,Y, Z are normed real vector spaces and Y is a Banach space,!

(1)
(2) AC X and B CY are open,

(3) f € ZX*Y is continuously differentiable in A x B, and
(4) (a,b) € Ax B is such that f(a,b) = 0 and (d2f(4p)) " is a continuous linear

function,
then
(1) there exist p,n > 0 such that f=(0) N (B,(a) x C1B,(b)) is a function
¢ €YX, and

(2) ¢ is continuously differentiable on B,(a) and

doa = —(d2fiap) " © diflap)

Proof of (1). Let

(1) X,Y, Z be normed real vector spaces and Y be a Banach space,

(2) AC X and B C Y be open,
(3) f € ZX*Y be continuously differentiable in A x B, and
(4) (a,b) € A x B be such that f(a,b) = 0 and (daf(4)) " is a continuous

linear function,

Since (da f(a,p)) " is a continuous linear function, then there exists ||(dz f(q,5)) " |-
Since da f(4,p) C Y X Z is a function, then (dgf(a’b))_l C Z x Y is injective, hence
(d2fap)) " # 0, and therefore ||(dzfap) || # 0.

Since f is continuously differentiable in A x B, ds f is continuous in A x B. Since
da f is continuous in A x B and (a,b) € A x B, then daf is continuous at (a,b), and
hence, for all € > 0, there exists 6’ > 0 such that for all (x,y) € By (a,b),

2 fz,y) — d2flap) < e

and, in particular, there exists 6’ > 0 such that for all (z,y) € By (a,b),

1 {1
Wﬁ@w—®ﬂwﬂ<§mﬁﬂmﬁlﬂy

IThat is to say, Y is complete with respect to the metric induced by || ||y
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1
Let § = 56/
Let (z,y) € Bs(a) x Bs(b). Since z € Bs(a) and y € Bs(b), then

1z, y) = (@, b) [ xxy =
lz —allx +[ly = blly <5+

1 1
:_5/ _5/
2 +2

=4.
Therefore
B(;(a) X B(g(b) C B(;/(a,b).

Since, for all (z,y) € Bs/(a,b), Hdgf(x,y) — dgf(a’b)H < %‘|(d2f(a7b))_1H_1, and
Bs(a) x Bs(b) C By/(a,b), then, for all (x,y) € Bs(a) x Bs(b),

1 1y—
lds fla) = da frayll < 5 11(da fray)) 17
For all z € Bs(a), let S, € Y55 be such that, for all y € Bs(b),

Sw(y) =Yy - (d2f(a,b))_1(f93(y))v

i.e.
Sy =ips) — (dafap) " o fo

Since i, (5) and (da f(a,b))_l are linear and f is continuously differentiable in A x B,
then, for all z € Bs(b), S, is differentiable in Bs(b) and, for all y € Bs(b),

d(Sy), = diy — (dofiap) "o d(fz),
=iy — (dof(ap) " © da iz
= (dofiap) " o (dafiap) — d2fizy))-

Since (dgf(a,b))*l is continuous and, for all (z,y) € A x B, daf(,,) is continuous,
then, for all (z,y) € Bs(a) x Bs(b), d(sz),, is continuous and

1d(Sa), Il = 11(d2fap) ™" © (d2f(ap) — d2fia)ll

< (2 f(ap) " lld2 frap) — d2fa)
< 1
5
Since for all z € Bjs(a) and all y € Bs(b), [|d(S:), || < 5 and B;(b) is convex, then,?
for all x € Bs(a) and all y1,y2 € Bs(b),

1
192 (y1) = Saly2)ly < Sllyr — w2y

2By the mean vaue theorem.



Since f is continuously differentiable on A x B and (a,b) € A x B, then f is
differentiable at (a,b) and df(, ) is continuous. Since df(, ) is continuous, then f
is continuous at (a,b) and hence there exists p € (0, ) such that for all z € B,(a),

1£8) = Flab)lz < 312 fian) 1710

i.e. (since f(a,b) =0)
1
(2 fta.0)) " M £ ®)llz < 3 6.

Therefore, the set of real values taken by ||(dzf(ap) |||l f2(b)]|z for € B,(a) is

bounded above by % 0 and thus its supremum exists.
Let

%n = sup || (d2f(ap) " 11 £ (0)]]z-

Since % 7 is the smallest upper bound of the set of real values taken by the expession

1
1(da.fiap)) " Il f2(D)|| z for € B,(a) and 5(5 is an upper bound of this same set,

n < 50,

N | —
W =

ie. 5
<-0<d
M= 3 <o,
and thus C1B,(b) C Bs(b). Since ClB,(b) is closed and Y is complete, C1B,,(b) is
complete too, and ClB,,(b) endowed with the restriction of the metric induced by

| [[y on Y to it is a complete metric space.
If x € By(a) and y € CIB,(b), then

152(y) = Sz(0)llv

IN

1

Zlly—b
Sy~ blly
1

577

IN

and .
152(0) = blly < I(d2f(a,p))” Il f2 (D)l z
1

< -n.
_277

Hence, if x € B,(a) and y € C1B, (b), then

Vz € By(a),Vy € CLBy(b), [|S:(y) — blly < [S2(y) — Se(0)lly + [|5=(b) — blly

N 1 +1
=,

i.e.

Va € B,(a),Vy € C1B,(b), Sy(y) € C1B,(b).

Thus, for any « € B,(a), S, is a contraction on the complete metric space C1B,(b)
endowed with the restriction of the metric induced by || ||y on Y to it.
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Therefore,
Vo € B,(a),3y, € C1B,(b) | Sz(Yz) = Ya-
If ¢ C B,(a) x C1B,)(b) is such that (z,y) € ¢ iff S;(y) =y, then
(1) ¢ is a function,
(2) ¢ = f(0) N (By(a) x CLB,(b)).
Indeed,
(1) if (z,y) € ¢ and (z,v') € ¢, i.e. Sp(y) =y and S,(y') = ¢/, then both y and
y" are fixed points of S, and y,y’ € C1B,(b); since there is a unique fixed

point of S, in CIB,(b), necessarily, y = v';
(2) if (z,y) € ¢, then S, (y) =y, i.e.

y — (d2fiap)  (fo(y) =5

hence,

(d2fap)  (f(z,)) = 0;
since da f(q,p) is a function, (dgf(a,b))_l is injective and since (dzf(%b))_l
is linear, f(z,y) = 0, i.e. (z,y) € f~1(0); moreover, since (z,y) € ¢ C
B,(a) x C1B,(b), (z,y) € B,(a) x ClB,(b), and thus (z,y) € f~1(0) N
B,(a) x Cl1B,(b); conversely, if (z,y) € f~1(0) N B,(a) x ClB,(b), then
f(z,y) = 0 and thus

Sa(y) =y — (d2fiap) "' (f(z.9))
=y — (d2f(ap) " (0)
=Y
since (daf(q,p)) " is linear, and thus (z,y) € ¢.
Q.E.D.



